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1 Introduction

In this chapter we give an overview of numerical methods for analyzing the solution behavior
of the dynamical system

2'(1) = f(z(1),a), z, f(z,a) € R". (1)

where, depending on the context, o denotes one or more parameters. Throughout we assume
that f is as smooth as necessary. We do not consider Hamiltonian systems, reversible systems,
and systems with symmetries in this chapter.

The emphasis in this chapter is on numerical continuation methods, as opposed to simu-
lation methods. Time-integration of a dynamical system gives much insight into its solution
behavior. However, once a solution type has been computed, for example a stationary solution
(equilibrium) or a periodic solution (cycle), then continuation methods become very effective
in determining the dependence of this solution on the parameter a. Moreover, continuation
techniques can also be used when the solutions are not asymptotically stable. Knowledge of
unstable solutions is often critical in the understanding of the global dynamics of a system.

We first review basic continuation techniques for following stationary and periodic solutions
in one-parameter families of (1). We also describe algorithms for detecting codimension-1
bifurcations, namely folds and Hopf (or Andronov-Hopf) bifurcations, and methods for locating
branch points. Branch switching techniques are also described.

Once a codimension-1 bifurcation has been located, it can be followed in two parameters,
that is, with @ € R? in Equation (1). We give details on this for the case of folds, Hopf
bifurcations, period-doubling bifurcations and torus bifurcations. We also describe techniques
for the detection and continuation of codimension-2 bifurcations, including the cusp, and the
Bogdanov-Takens (BT), generalized Hopf, fold-Hopf, and double-Hopf bifurcations. Efficiency
is an important issue in the design of algorithms for following such singularities.

Particular attention is paid to connecting orbits, especially homoclinic orbits. Basic nu-
merical techniques for the computation and continuation of such orbits are outlined. We also
describe algorithms for the detection of higher codimension homoclinic bifurcations.

In many cases, detection of higher codimension bifurcations requires computation of certain
normal forms for equations restricted to center manifolds at the critical parameter values. We
provide explicit formulas for such coefficients for codimension-1 and 2 equilibrium bifurcations.

Finally, we discuss how to start continuation of local and global codimension-1 bifurcations
from some codimension-2 equilibrium singularities.

For an excellent introduction to the subject of numerical continuation and bifurcation meth-
ods we refer to the fundamental paper of Keller (1977), which also appears, along with other
important contributions, in Keller (1992). Comprehensive books on the subject include Kubicek
& Marek (1983), Rheinboldt (1986), Keller (1987), Seydel (1994), Allgower & Georg (1996),
and Govaerts (2000); see also Chapter 10 in Kuznetsov (1998). For tutorial introductions, see
Beyn (1991), Doedel, Keller & Kernévez (1991a, 19916) and Doedel (1999).

1.1 Notation

Throughout this chapter, ¢ and o denote the time and parameter variables, respectively. The
derivative with respect to the time variable ¢ is denoted by 2’ = dx/dt, where z(1) is a function
of t. We write 2 = dz /da for the derivative of a function = = z(«a) with respect to the parameter
a.



If A is a matrix (or a vector represented by a one-column matrix), then A* denotes the
transposed matrix; if A has complex entries, then A* is the transpose and complex-conjugated
matrix. The scalar product of two vectors is then written as (v, w) = v*w, while the standard
norm is defined by ||v]| = /(v,v). The identity matrix in R™ is denoted by I,. We write N'(A)
and R(A) for the nullspace and the range, respectively, of a matrix A. We also use the notation
X = (z,a) (or, more precisely, X = (z*, o*)*).

Let f(z,a) be a smooth function and (z, ag) a given point. We then use the notation

fg(:)v = fr(xo,aO)Ua a(c)acvw = fw(:vo,ao)[v,w]

as a short hand for the derivatives of f with respect to = evaluated at (zg, ) and, as a multi-
linear form, applied to the vectors v and w. Analogous expressions are used for derivatives with
respect to a.

Let A and B be n x n matrices with elements {a;;} and {b;;}, respectively, for 1 <, 5 < n,

and set m = %n(n —1). The bialternate product of A and B is an m X rm matrix, denoted
A ©® B, whose rows are labeled by the multi-index (p,q) (p = 2,3,...,n; ¢ =1,2,...,p— 1),
whose columns are labeled by the multi-index (r,s) (r = 2,3,...,n;s = 1,2,...,7 — 1), and

whose elements are given by

by b

(gr Ggs

(pr  (pg

b, b

pr pbs

b

2 Continuation of Stationary and Periodic Solutions

1
(A0 B)pa)rs) = 5 {

qr qs

Here we consider the computation of one-parameter families of equilibria of (1), that is, solutions

of

flz,a) = 0. (2)
Such a continuum of solutions is often referred to as a solution branch. With @ € R and
X = (z, a) the above equation can be written as

J(X) =0,

where f: R**' — R™. A solution Xy of f(X) = 0 is called regular if f§ has maximal rank,

that is, if Rank(f%) = n. Near a regular solution one has a unique solution branch, as we now
make precise.

Theorem 2.1 Let Xy be a reqular solution of f(X) = 0. Then, near Xy, there exists a unique
one-dimensional conlinuum of solutions X (s) with X(0) = Xj.

Proof. We have X = (z,a) and f% = (f2 | f2). If Rank(f) | f)) = n then either f? is
nonsingular and by the Implicit Function Theorem one has = z(a) near z,, or else one can
interchange columns in f? to see that the solution can locally be parametrized by one of the
components of . Thus a unique solution branch passes through a regular solution. e

Remark. An example of the second case in the proof is the simple fold (or saddle-node
bifurcation) described in Section 3.



Figure 1: Graphical interpretation of parameter continuation.

2.1 Parameter continuation

Here we take a to be the continuation parameter. Suppose we have a solution zy of (2) at
g, as well as its derivatives 7y with respect to the parameter a. We want to compute the
solution z7 at a3 = ap + Aa. See Figure 1 for a graphical interpretation. To find z;, we solve
f(z1,0q) = 0 for zy by Newton’s method,

fx('rgy)aoﬂ) Al‘gy) = —f(l'gy),Oq), $5U+1) :l'gy)‘l'A'rgy) V:071a27"'a

b

with xgo) = z0+ Aa o. If fi(21,01) is nonsingular and A« sufficiently small then the theory

for Newton’s method assures that this iteration will converge. After convergence, the new
derivative vector @7 can be obtained by solving

Jo(zi, an)in = —folzr, o).

This equation follows from differentiating f(z(a),) = 0 with respect to a at @ = a;. In
practice, the calculation of & can be done at negligible computational cost, since the numerical
decomposition of the final Jacobian matrix f.(z1,a;) in Newton’s method can be reused.

2.2 Pseudo-arclength continuation

This method, due to Keller (1977), allows the continuation of any regular solution, including
folds. Geometrically, it is the most natural continuation method. Suppose we have a solution
(20, a0) of f(z,a) =0, as well as the normalized direction vector (g, ¢g) of the solution branch
at (zo,ap). Keller's method consists of solving the following equations for z; and oy :

f(l'l, Oll> = 0, (ZCI — £U0>*Z.U0 + (a1 — a0>d0 — AS = 0

See Figure 2 for a graphical interpretation. Newton’s method for solving these equations can



Figure 2: Graphical interpretation of Keller’s method.

be written as

()Y (1)) (AM)_ . ( [z, al") )
( K % ) Aagl’) - (ZEED)—CEO)*?.CO—(GEU)—ao)do — As )’ (3)

Upon convergence, the next direction vector can be computed from

Lo JaY () _ (0
(G a) ()= ()
Note that, in practice, the decomposed Jacobian of the final Newton iteration can be reused
to compute the new direction vector. Furthermore, the normalization 21 + dody = 1 ensures
that the orientation of the branch is preserved if As is sufficiently small. The new direction
vector must be rescaled to have unit length. In practice, the step size As is updated regularly
during the computation of a solution branch. In the simplest case the choice of the new As
is based on the convergence of the Newton iteration (3). More sophisticated methods rely on

local error estimates; see, for example, Deuflhard, Fiedler & Kunkel (1987), Rheinboldt (1986).
Theorem 2.2 The Jacobian of Keller’s equations is nonsingular at a regular solution.
Proof. With X = (z,a) € R, Keller’s equations are

f(X) =0, (X1 —Xo)*Xo—As =0,
. fO
where || Xy ||= 1. The matrix in Newton’s method at As =0 is <X)S‘> At a regular solution
0

. 0 0
N(fY) = Span{Xy}. We must show that (fé) is nonsingular. If, on the contrary, <§<ﬁ}i> is
0 0



singular, then f$z =0 and X(’)‘z = 0, for some vector z # 0. Thus z = cXO, for some non-zero
constant ¢. But then 0 = X7z = ¢X; Xy = ¢ || Xy ||*= ¢, so z = 0, which is a contradiction. e
Remarks. The addition of Keller’s continuation equation (X; — XO)*XO = As is one of the
simplest examples of an extended system that regularizes an otherwise singular system. In the
current context, the singularity would arise at a fold (see Section 3.2.1), if we did not use
Keller’s method. We shall discuss many other extended systems in this chapter.

The linear system (3) in Newton’s method applied to Keller’s equations has the form

G a) ()= ()

If A is a sparse matrix, for example if A is tridiagonal, then the bordered system can be
solved efficiently using bordered LU -decomposition; see, for example, Doedel, Keller & Kernévez

(1991a).

2.3 Periodic solution continuation

Suppose we want to compute a periodic solution of Equation (1), and follow it as a parameter «
changes. Note that the period T of the solution is not known a priori, and moreover T' typically

varies with a. To deal with this, we fix the interval of periodicity by the transformation ¢t — ¢/T.
Then (1) becomes

2'(t) =T f(x(t),q), (4)
and we now seek solutions of period 1, that is,

z(0) = z(1) . (5)

Note that the period T is one of the unknowns.

In our continuation context, assume that we have computed (z4_1(-), Tx—1, a)—1) and that
we want to compute (x(+), Tk, o). For simplicity of notation, let (x(-), T, a) = (xx(-), Tk, ox)-
Equations (4) and (5) do not uniquely specify « and 7', since x(¢) can be translated freely
in time, that is, if z(¢) is a periodic solution then so is z(t + o), for any o. Thus, a “phase
condition” is needed. An example is the Poincaré orthogonality condition

(2(0) = 24-1(0))" 23, (0) = 0.

However, there is a numerically more suitable phase condition, that has the property of keeping
sharp fronts or peaks in approximately the same position. To be more precise, let Z(¢) be a
solution. We want the phase-shifted solution that is closest to zx_; in phase, that is, we want
the solution that minimizes

Do) = [ 113t +0) —eaca(t) |* at
The optimal solution (¢ + &) satisfies the necessary condition dD/do = 0, that is,
AYﬂp+@_whmwyy@+&)ﬁ=o.
Writing z(1) = #(t + &) gives

A%dw—xhgwyfayﬁ:a

7



Integration by parts, using periodicity, gives

/01 (1) 2 (1) di = 0, (6)

The phase condition (6) is very suitable for numerical computations. It is not difficult to
establish the following version of Poincaré continuation.

Theorem 2.3 Let (xo(-), To) define a solution of (4—6), when a = ag. If the Floquet multiplier
1 is algebraically simple then (xo(-),To) can be continued locally as a function of a.

Remark. The Floquet multipliers are the eigenvalues of the monodromy matriz V(1), where
V(t) is the fundamental solution matrix of the homogeneous linear equation, that is, V()
satisfies

V() = Ty falzo(t),0) V(t),  V(0)=1.

Due to periodicity, V(1) always has an eigenvalue equal to 1, called the trivial multiplier. For
the numerical computation of Floquet multipliers see Fairgrieve & Jepson (1991) and Doedel,
Keller & Kernévez (19915).

Above we have assumed a to be fixed. However, in practice we use Keller’s method (see
Section 2.2) to trace out a branch of periodic solutions. In particular, this allows calculation
past folds along such a branch. In the current function space application, Keller’s continuation
equation takes the form

/Ol(x(t) e (D)) i (8) b+ (T = To) s + (@ — g ey = As. (M)

The complete computational formulation then consists of Equations (4)-(7), which are to be
solved for (), T', and a. These equations correspond to a (generalized) boundary value problem
(BVP), and are solved by a numerical boundary value technique. The most widely used dis-
cretization method for boundary value problems in ordinary differential equations is the method
of orthogonal collocation with piecewise polynomials. In particular, orthogonal collocation is
used in software such as COLSYS (Ascher, Christiansen & Russell (1979)), AUTO (Doedel
(1981)), (Doedel, Champneys, Fairgrieve, Kuznetsov, Sandstede & Wang (1997)), COLDAE
(Ascher & Spiteri (1995)), and CONTENT (Kuznetsov & Levitin (1997)). Its high accuracy
(de Boor & Swartz (1973)) and its known mesh-adaption techniques (Russell & Christiansen
(1978)) make this method particularly suitable for difficult problems.

3 Locating Codimension-1 Bifurcations

An equilibrium without eigenvalues having zero real part, or a periodic solution without non-
trivial Floquet multipliers of unit modulus, is called hyperbolic. When following an stationary or
periodic solution branch, one can encounter bifurcation points, where the solution loses hyper-
bolicity. In the case of equilibria, the Jacobian matrix f, has at least one eigenvalue with zero
real part at such a point, while for the case of a periodic solution there is at least one nontrivial
Floquet multiplier of unit modulus. In this section we introduce test functions (sometimes
called bifurcation functions) to detect codimension-1 bifurcations of stationary and periodic
solutions to (1).



3.1 Test functions

Let X = X(s) be a smooth, local parametrization of the curve
f(X)y=0, f:R""" = R",
such that s = 0 corresponds to a bifurcation point.

Definition 3.1 A smooth scalar function ¢ : R"*1 — R defined along the curve is called a
test function for the corresponding bifurcation if g(0) =0, where g(s) = ¥(X(s)).

The test function ¢ has a regular zero at the bifurcation point if ¢’(0) # 0. A bifurcation point
is detected between two successive points Xo and X7 on the curve if a test function ¢ = ¥ (X)
has opposite signs at these points

P(Xo)y(X1) <0.

In such case, one can attempt to locate the bifurcation point by applying Newton’s method to

J(X) =0,
{¢<(X>> = 0, ®)

with initial point Xo, for example. If the solution branch X(s) is regular near the bifurcation
point, and if the test function is defined and differentiable in a neighborhood of the curve
and has a regular zero at the bifurcation point, then Newton’s method will converge, provided
| Xo — Xi]| is small. One-dimensional secant methods can be used to solve (8) under less
restrictive conditions.

the system

3.2 Locating codimension-1 equilibrium bifurcations

Consider the equilibrium curve (2) corresponding to a one-parameter system (1). There are
two generic codimension-1 bifurcations that can be encountered along the equilibrium curve:
the fold and the Hopf bifurcation. At a fold point, the Jacobian matrix f, has an algebraically
simple zero eigenvalue and no other eigenvalues on the imaginary axis. At a Hopf point f, has
a unique and algebraically simple pair of purely imaginary non-zero eigenvalues. In both cases,
the topology of the phase portrait near the equilibrium changes when the parameter passes the
bifurcation value (see Section 7).

3.2.1 Folds

The function
Yz, a) = Mz, )X (z,a) - A (2, a),

where Aj(z,a) are the eigenvalues of the Jacobian matrix f.(z, ), is a test function for the
fold bifurcation. Since

I/Jf(xva) :detfx('rva)v (9)

this test function can be efficiently computed without computing eigenvalues.
Definition 3.2 A point (zg, ag) in a one-parameter system (1) is called a simple fold if

(S1) p*f2 qq#0 and (S2) p*f2#£0,
where flg= fp=0, ¢*¢=p*q=1.



Note that (S2) means f2 ¢ R(fy). Simple folds are often called simple quadratic folds.
Theorem 3.1 The test function (9) has a regular zero at a simple fold point.

Proof. Near a simple fold the equilibrium branch (2) has the parametrization

z(e) = z0+ eq+ 0(62), ale) =ag — =

The Jacobian matrix f.(z(¢),a(¢)) has a simple eigenvalue A(e) with normalized eigenvector
v(e), such that A(0) = 0,v(0) = ¢. Both A(¢) and v(e) are smooth. Differentiating the first

equation of the eigenvalue problem

Jol(e), ale))ole) = Me)o(e) =0, pofe) =1,

with respect to € at € = 0 and multiplying the result from the left by p*, gives
A0) = p*fl,99 # 0. o

The Jacobian matrix of (8) with X = (z,a) is nonsingular at a simple fold, so that Newton’s
method can be used to locate it.

Another way to detect a fold point is to monitor extremum points with respect to the
parameter a on the equilibrium curve (2). At a simple fold point the a-component of the
tangent vector to the curve (2) changes sign.

3.2.2 Hopf points

Consider the real-valued function

(e, a) = H(AZ(“L’Q) + Aj(z, @), (10)

>]

where, as before, the \;(z, «) are the eigenvalues of the Jacobian matrix f,(z,«). This function
vanishes at a Hopf bifurcation point, where there is a pair of eigenvalues A\; o = Fwwg. Clearly,
Y 1s also zero if there is a pair of real eigenvalues

A = R, Ay = —K.
We have to exclude such points when looking for Hopf bifurcations.
Definition 3.3 A Hopf point (g, ) in a one-parameter system (1) is called simple if
(0) = Re [p"A(ao)q] 0,
where g, p € C" salisfy
fla=iweq,  f7p=—iwop,  plg=1,

and

%fx(fﬂe(a% @) = frz(ze(a); @)ic(@) + fra(zc(a), @),

and where z.(a) denotes the continuation of the equilibrium o for o close to «y.

A(oz) =

10



It is easy to show that £1(0) is exactly the a-derivative of the real part of the critical pair of
eigenvalues Ay 5(a) = p(a) £iw(@), when it crosses the imaginary axis. The following theorem
is then obvious, since

1
(0) = 2((0) + Ma(a)).
Theorem 3.2 The test function (10) has a regular zero at a simple Hopf point.

The Jacobian of (8) is nonsingular at such a point, and Newton’s method can be applied.
As in the fold case, one can compute (10) without explicit computation of the eigenvalues

of f, (Fuller 1968, Guckenheimer & Myers 1996), by using the bialternate product defined in

Section 1 :

Theorem 3.3 (Stéphanos (1900)) Let A be an n X n malriz with eigenvalues Ay, gy ..., Ay
Then

(1) A® A has eigenvalues A\ j;
(Lz) 2A ® I, has eigenvalues A\; + Aj;

where 1 =2,3,...,n; j=1,2,...,0—1.
Therefore, the test function (10) can be expressed as
Yn(e,a) = det(2fu(z,0) © ). ()

The definition of the bialternate product (see Section 1) leads to the following formula for
the elements of 24 © I,,:

—aps if r=gq,
pr if r#p and s=gq,
. B app+aqq lf r=mp 'dIld S =4d,
(240 L)(p,g),(rs) = dys if r=p and s #q,
—Gygr if s= P,
0 otherwise.

Thus, given the matrix A, the computation of the elements of 2A © I, can be efficiently
programmed. Also, in Section 3.4, we give an efficient method for computing a function whose
value is proportional to (11), by solving an extended linear system.

3.3 Locating codimension-1 bifurcations of periodic solutions

We now describe test functions for the location of codimension-1 bifurcations of periodic solu-
tions in terms of the Jacobian matrix A = P, of the Poincaré map associated with the periodic
solution:

z— P(z,a), re€R" aeR',

where x provides a smooth parametrization of a codimension-1 cross-section to the closed
orbit. Let w1, p2, ..., a1 be the multipliers of the periodic solution, i.e., the eigenvalues of A
evaluated at the fixed point corresponding to the periodic solution. Adding p, = 1 gives the
set of Floquet multipliers introduced in Section 2.3.

11



There are three generic codimension-1 bifurcations of periodic solutions: fold, flip (period-
doubling), and Neimark-Sacker (torus) bifurcations. At a fold point, the matrix A has a simple
unit multiplier gy = 1; at a flip point there is a simple multiplier u; = —1; at a torus bifurcation
A has a pair of non-real multipliers on the unit circle: y; o = exp(£:6y),0 < y < 7. In each of
these cases, we assume that the critical eigenvalues are the only eigenvalues of A on the unit
circle.

The following test functions locate fold, flip, and Neimark-Sacker bifurcations, respectively:

n—1
T () (12)
=1
n—1
o= [l +1), (13)
=1
vns =[] (s = 1) (14)
n>i>j
To detect a true Neimark-Sacker bifurcation, we must check that ¥ys = 0 due to nonreal
multipliers with unit product: p;u; = 1. As in the previous section, we can express the test

functions (12)-(14) in terms of the Jacobian matrix, namely,

;= det(A—1I,_y),
¢fl = d6t<A+ ]n—1>a
s = det(A©A-1,),

where m = 1(n —2)(n—1). The last formula follows from statement (i) of Stéphanos’ theorem.

Using the definition of the bialternate product we get
(A O A)pg).(r) = Aprlgs = grlps.

Actually, a fold point can be more easily detected as an extremum point of the a-component
of the (discretized) periodic solution branch. For the flip and torus bifurcations, the following
approach is often applicable. Recall the BVP (4-6) for computing a periodic solution. After
discretization, for example using finite differences or collocation, these equations can be solved
by Newton’s method. Often the Newton matrix can be numerically decomposed such that the
approximate monodromy matrix V(1) (see Section 2.3) is implicitly obtained as a by-product,
namely in the form A; V(1) = — Ay, for certain nonsingular n x n-matrices Ay and Aj; see
Doedel, Keller & Kernévez (1991b). The test functions for flip and torus bifurcation can then
be expressed as

1
by — ay
(N3} det A, det(—Ag + Ay),

1
s = ————det(Ag® Ag— A1 O Ay).
NS (det A, 0 Ay) et(Ag ® Ao 1O Ay)

To obtain the last test function, we used the identities (AB) ® (AB) = (A ® A)(B ® B) and
(A ® A)_1 = A1 © A~'. These test functions are used in CONTENT (Kuznetsov & Levitin
1997).

12



3.4 Test functions defined by bordering techniques

As we have seen, the detection of codimension-1 bifurcations of stationary and periodic solu-
tions can be reduced to the detection of zeros of certain determinants along the corresponding
branches. The numerical computation of a determinant of a square matrix is a simpler task than
computing all its eigenvalues. However, scaling problems can arise when the system dimension
is large. The following bordering technique avoids such scaling problems.

The idea is to construct a scalar function ¢ = g¢(s) that vanishes simultaneously with
the determinant of a parameter-dependent (n x n)-matrix B(s). Suppose that the determinant
vanishes at, say, s = 0, and also assume that the eigenvalue A = 0 of By = B(0) is geometrically
simple. Such a g = g(s) can be computed as the last component of the solution vector to the
(n + 1)—dimensional bordered system:

(5 8)(5)=() &

where gy, po € R™ are certain fixed vectors.

Lemma 3.1 (Keller (1977)) If g0 ¢ R(Bj) and po ¢ R(Bo), then the matrix

i) = (P )

N

is nonsingular for all sufficiently small |s|.

Therefore, generically, Equation (15) has a unique solution. In practical computations, the
vectors qo, po should be adapted along the solution branch to make M(s) as well-conditioned as
possible. Note that ¢(s) is proportional to det B(s). Indeed, by Cramer’s rule

det B(s)
g(s) = m ;

so g(0) = 0. Moreover, if s = 0 is a regular zero of the determinant then it is also a regular
zero of g. A more general result is given in Section 5.

The function g(s) serves as a test function for the fold bifurcation if we let B(s) =
fx(z(s),a(s)), where (z(s),a(s)) is a regular parametrization of the equilibrium branch near
the fold. For the detection of a Hopf bifurcation, one can use g(s) for

B(S) = 2fx($(3)7a(5>) © 1.

Taken literally, this method only applies when n is relatively small. To detect Hopf bifurcation in
large systems, the method can be applied after reduction to an invariant subspace corresponding
to the dominant eigenvalues; see, for example the discussion in Govaerts, Guckenheimer &
Khibnik (1997). Alternatively, detection of Hopf bifurcation in such systems can be based on
computing dominant eigenvalues using standard numerical linear algebra.

If A is the Jacobian matrix of the Poincaré map, then (15) with

B = A-T,
B = A+,
B = A0 A—T1,,
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gives test functions for the fold, flip, and torus bifurcations, respectively.

Remark. The bordering approach can also be used to detect codimension-1 bifurcations of
periodic solutions without explicit computation of the Jacobian matrix of the Poincaré map.
We illustrate this below for the case of the flip (period-doubling) bifurcation.

Consider the BVP (4)-(6) for the continuation of a periodic solution. For given (z(-),T),
introduce the following auxiliary BVP for (v(+), ) with fixed bordering functions @g, to:

v'(t) =T fo(z(t), a)v(t) — Geo(t),
) (16)

(cf. Equation (15)). The functions ¢q and g are selected to make (16) uniquely solvable, which
is always possible. The solution component G of (16) defines a functional

U =Glz(-), T, o

which can serve as a test function for the flip bifurcation. Indeed, if G' = 0 then the first equation
in (16) reduces to the variational equation of the periodic solution z(t). The last equation in (16)
normalizes the variational solution v(t), and the boundary condition v(1) = —v(0) corresponds
to the multiplier g = —1 of the Poincaré map at the flip bifurcation.

4 Branch Switching

In this section we consider the computation of solution branches that emanate from certain
bifurcation points. Specifically, we consider stationary solutions near simple branch points,
and periodic solutions near Hopf and near period-doubling points.

4.1 The algebraic branching equation
Let f: R"" — R” be as in Equation (2). A solution Xy = X(s0) of f(X) = 0 is called a

simple singular point if % = fx(Xy) has rank n — 1. In the parameter formulation, where
I% = (/21 1Y), we have that Xy = (20, ap) is a simple singular point if, and only if,

(i) dim N(f7) =1, /2 € R(J3), or (ii) dim N([7) =2, [ € R([7).
Suppose we have a solution branch X (s) of f(X) = 0, where s is some parametrization. Let
Xo = (w0, ap) be a simple singular point. Then we must have

N(f%) = Span{é1, ¢2}, N(f¥) = Span{y}.

From differentiating f(X(s)) = 0, we also have f* = f(X,) =0, f%Xo = 0, and f%XXoXo +
/% Xo =0. Thus Xy = a¢g, + B¢, for some a, 3 € R', and

Y ¥ x(adr + Béa)(agr + Ba) + v" fx Xo = 0.
Above, the second term is zero, and we can rewrite the equation as
ena’ + 2e300 + cf° =0, (17)

where

= lb*fgqublqéh C12 = ¢*f9(X¢1¢2a Co2 = ¢*f9(X¢2¢2-
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Equation (17) is the algebraic branching equation (ABE); see Keller (1977). If the discriminant
is positive, that is, if ¢}, —cj1¢92 > 0, then the ABE has two real nontrivial, linear independent
solution pairs (ay, 1) and (ay, 32), which are unique up to scaling. In such case we have a simple
branch point, that is, two distinct branches pass through Xj.

Remark. Branch points are not a generic phenomenon in one-parameter solution families:
they disappear under generic perturbations of the equation f(X) = 0, giving rise to nonin-
tersecting branches. However, in systems with certain symmetries or invariant planes, branch
points appear in a persistent manner.

4.2 Branch switching at simple branch points

The direction vector of a bifurcating branch can be written Yo = agy + Béq, where (o, () is a
root of the ABE (17). (Here we write “Yy”, in order to distinguish this direction vector from
the direction vector XO of the “given” branch at the branch point.) We can take ¢; = XO.
Then (e, 61) = (1,0) must be a root of the ABE and we must have ¢;; = 0. If A > 0 then

also ¢13 # 0. The second root then satisfies ay/By = —c92/2¢15. To evaluate ¢;5 and ¢y we need
the nullvectors. Note that v is a simple nullvector of f9*. We already have chosen ¢ = Xj.

0
Choose ¢y L ¢1. Then ¢y is a nullvector of the matrix (iﬁ) .

0
Remark. Note that the above matrix is also the Jacobian of Keller’s continuation system at
Xo. Its null space is indeed one-dimensional at a simple singular point. This implies that

Upp = det (;}X ) (18)
is a test function for singular points. This test function has a regular zero at simple branch
points (for a proof, see Keller (1987), or Kuznetsov (1995)).

Locating a branch point of the curve (2) using (18) might be difficult, since the domain
of convergence for the Newton corrections (3) shrinks as one approaches such a point. This

difficulty can be avoided by introducing (p,3) € R" x R! and considering the exztended system
(see Moore (1980) and Mei (1989)):

f(.r,a)—l—/@p =
f;(.r,a)p =
p*fa(-raa> -
prp—1 =

(19)

oo o O

A simple branch point (zg, ag) corresponds to a regular solution (z,«, 3, p) = (g, ag, 0, po) to
(19). Therefore, the standard Newton method can be applied directly to (19) to locate a simple
branch point.

After determining the coefficients a3 and (35, one must scale the direction vector YO = g+ 8209
of the bifurcating branch so that || ¥y ||= 1. The first solution X; on the bifurcating branch
can now be computed from

f(X1) =0, (X1 — Xo)*Yo —As =0. (20)
As initial approximation to X; we can use Xl(o) = Xy + As YO_ For a graphical interpretation

see Figure 3. This method is implemented in several codes, including STAFF (Borisyuk 1981),
PITCON (Rheinboldt & Burkardt 1983), and CONTENT (Kuznetsov & Levitin 1997).
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Figure 3: Switching branches using the correct branching direction.

Figure 4: Switching branches using the orthogonal direction.
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Instead of Equations (20), one can also use
f(Xl) =0, (X1—X0>*¢52—AS:07

where ¢, is the second null vector of f$, with ¢y L ¢y, ¢y = X,. For a graphical interpretation
see Figure 4. This method is implemented in AUTO and works very well in many applications,
although there may be situations where it fails. Its advantage is that it does not require the
computation of second order derivatives.

4.3 Approximation of periodic solutions near a Hopf point

Let (zg,a0) be a simple Hopf bifurcation point of Equation (1). By the Hopf Bifurcation
Theorem, this ensures the existence of a bifurcating branch of periodic solutions. Moreover,
one has the following asymptotic estimates for periodic solutions near the Hopf bifurcation :

z(tye) =z + ep(t) + 0(62), T(e)=To+ 0(62), ale) = ag + 0(62>.

Here ¢ locally parametrizes the periodic solution branch. 7T'(¢) denotes the period, and T, =
27 /wy. The function ¢(t) is the normalized nonzero periodic solution of the linearized, constant
coefficient problem

¢'(t) = f2 (1).
To compute a first periodic solution (z1, T, 1) = (z, T, «), near a Hopf bifurcation (zg, o),
we solve Equations (4), (5), (7), together with a modified version of the phase condition (6).
An initial approximation for Newton’s method is x(o)(t) =z + As ¢(1), TO =Ty, al® = aq,
where ¢(t) is now a nonzero solution of the time-scaled, linearized equations

d)=To f; &(1),  #(0) = ¢(1),

namely, ¢(1) = sin(27t)w, + cos(27t)w,, where (wg, w,) is a null vector in

(5 ) =0) -7

fg wOIn We N 0/’ wo = TO '
(This nullspace is actually two-dimensional, with (—w,,w,) being a second independent null
vector.)

For the phase equation we “align” z(t) with zo + €¢(¢). Following the derivation that led
to Equation (6), we obtain

/le(t)* S() di =0 .

Finally, in the continuation equation (7) we have &y = To = 0.

4.4 Approximation of double-period solutions near a flip point

Let zo(t) be a Tp-periodic solution at a = ag with a simple Floquet multiplier g3 = —1.
Under certain genericity conditions, the Flip Bifurcation Theorem ensures the existence of
a bifurcating branch of (approximately) double-period solutions to Equations (4-6) for nearby
parameter values. Moreover, one has the following asymptotic estimates for these double-period
solutions near the flip bifurcation:

z(tye) = 2o(2t) + e®(2t) + 0(62), T(e) =2Ty + 0(62), ale) = ag+ 0(62).
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Here € locally parametrizes the branch of double-period orbits and

_ ) 9(), 0<t<l,
‘D(”‘{—J»(t—l), 1<i<o,

where ¢(t) is the solution to

le(t) = TOfx(xO(t)v O‘)Qb(t)y
¢(1) = —¢(0),
fo va(t)s(t) dt =1,
that is, Equation (16) with G' = 0.
Since the flip point is a simple branch point for the second iterate of the Poincaré map, one
can also use the branch switching technique based on ABE described in Section 4.2.

5 Continuation of Codimension-1 Bifurcations

Suppose Equation (1) has a codimension-1 equilibrium bifurcation at o = a. Generically, there
is a curve a = a(s), with a € R* and s € R', along which the equation has an equilibrium
with the given bifurcation. The bifurcation curve, say, B, can be computed as a projection of
a certain curve I' in a space of larger dimension onto the a-plane. Thus, we have to specify a
continuation problem for I', that is, we shall define functions determining the curve in a certain
higher-dimensional space.

5.1 Continuation of codimension-1 equilibrium bifurcations
5.1.1 Minimally augmented systems

In this approach we simply append the relevant test function to the equilibrium equation, thus
obtaining a system of n + 1 equations in the (n 4 2)-dimensional vector of unknowns (z, a).
More precisely, we have the following continuation problem

f(Tva) = 0,
{ det fo(z,a) = 0, (21)

(@]

for the fold bifurcation, and the continuation problem

flz,a) = 0,

{ det(2f.(z,a) ® I,) = 0, (22)
for the Hopf bifurcation, where © stands for the bialternate product defined in Section 1. Fach
system consists of n + 1 equations in n + 2 variables. It is called a minimally augmented system
since 1t only has one extra equation, compared to the equilibrium equations. If a bifurcation
point is detected while continuing an equilibrium and located as a zero of the corresponding
test function ©f or ¥ g, then we have all the necessary initial data to start the continuation of
the bifurcation curve defined by (21) or (22).

The following theorem follows from the discussion in Section 3.

Theorem 5.1 The Jacobian matrices of the minimally augmented systems (21) and (22) have
rank n + 1 al simple fold and simple Hopf points, respectively.

Here “simple” means simplicity with respect to at least one parameter a; or ay. The defining

system (21) has been implemented in LOCBIF (Khibnik, Kuznetsov, Levitin & Nikolaev 1993).
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5.1.2 Bordering techniques

As mentioned earlier, the defining systems (21) and (22) may have scaling problems. In addition
it 1s generally not possible to express the Jacobian matrix explicitly in terms of the partial
derivatives of f(x,a). Thus, we have to rely on numerical differentiation, even if the derivatives
of f are known analytically. To overcome this difficulty, we replace the test function in (21)
or (22) by a function g(x,a) that vanishes together with the given test function but whose
derivatives can be expressed analytically. We have already used this bordering technique in
Section 3.
The mathematical basis of the technique is provided by the following statement.

Theorem 5.2 (Govaerts & Pryce (1993)) Let

A B
()

be a nonsingular (n + m) x (n + m) block matriz with A € R"*", B,C € R™™, D € R™*™.

Let the inverse
a_( P Q
M= ( RS

be decomposed similarly. Let p < min(n,m). Then A has rank deficiency p if, and only if, S
has rank deficiency p.

In the case where m < n and for small p this result is used to express that A has a desired
rank deficiency.
In the fold case, instead of (21), we introduce a modified minimally augmented system

{ o = 0 &

where g = g(z,a) is computed as the last component of the solution vector to the (n + 1)-

) (- (1)

for suitable vectors qo, po € R"™. If gy is close to the nullvector of f,(z,a) and py is close to the
nullvector of fX(z, ), then the matrix

M ( Jo(w,a) po )

% 0

dimensional bordered system:

is nonsingular at (z, @) and (24) has a unique solution. In practical computations, gy and py are
the nullvectors of f, and f}, respectively, at the previous point on the fold curve. For g = 0,
system (24) implies

few =10, gow = 1.
Thus w is a scaled nullvector of f.(z,a) and det f,(z,a) = 0 as in (21). The derivatives of ¢
with respect to (2, @) can be computed by differentiating (24). Let z denote a component of z

() () () ()= (0),
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and (w,,g.)" can be found by solving the system

( fx(;cé @) " ) ( " ) _ ( fxz(:co, aw ) _ (25)

This system has the same matrix M as (24), while the right-hand side involves the known
vector w and the derivative f,.. of the Jacobian matrix f,. The derivative g, can be expressed
explicitly if we introduce the solution (v, h)* to the transposed system

«fvYy (0
e (3)-(1)
Multiplying (25) from the left by (v*, k) and taking into account that (v*,A)M = (0,1), gives

g, = =0 fo.(z, 0)w
or
e = =V fuu(z, 0)w, o = —V" fra(z, 0)w. (26)
These equations can be used to independently verify that the Jacobian matrix of (23),

2
9r Go )’

is nonsingular at a simple fold point by applying Lemma 3.1.
In the Hopf case, the modified minimally augmented system looks exactly like (23), with
the function ¢ = ¢g(z, @) now computed by solving the bordered system

(Zfr(:cbog)mn 1;)(2/):(?) (27)

This system is (m 4 1)-dimensional, where 2m = n(n — 1), and is nonsingular if the vectors
Qo, Py € R™ are the nullvectors of 2f, ® I, and (2f, ® I,,)*, respectively, at a nearby generic
point on the Hopf curve. The partial derivatives g, can be expressed in terms of f,. as in the
fold case.

Remark. Note that (27) is singular at a point where the equilibrium has two pairs of purely
complex eigenvalues (“double-Hopf”, see Section 7) regardless of the choice of vectors @)y and
Py. To overcome this difficulty, allowing the continuation to pass through such codimension-2
points, one can use double bordering. Instead of (27), double bordering uses the (m + 2)-

dimensional system
2fo(z, )0 I, Py Wiy [0
(P ) (E)-(0) 9

where Py, Qo are m x 2 matrices, selected to ensure regularity of the system (28), while W is
a m X 2 matrix and G is a square 2 X 2 matrix. We then use

g=detG

as the defining function in (23).
The system (23) with g computed via (24) and (28) is implemented in CONTENT.
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5.2 Standard augmented systems

5.2.1 Folds

If one allows the dimension of the continuation space to be increased by more than one, then
many more defining systems can be formulated for computing codimension-1 bifurcation curves.
For example, the following system of 2n + 1 scalar equations for the 2n + 2 components of

(.9, 0),

flz,a) =0,

ferads = 0. (29)

Tqp—1 =0,
can be used to compute a fold bifurcation curve (Moore & Spence 1980). Here, gy € R is a
reference vector that is not orthogonal to the null-space of f.. In practical computations, g is
usually the nullvector of f, at the preceding point on the solution curve. The projection of the
solution curve of (29) onto the parameter plane gives the fold curve B. To start the continuation
of a fold curve, we have to supply the nullvector gy in addition to the critical equilibrium and
the parameter values.

Theorem 5.3 Let (zq, ) be a simple fold point of (1), and let qo denote a normalized nul-
lvector of [ = fi(xo,a0). Then the Jacobian matriz of the standard augmented system (29)
has full rank, namely 2n + 1, at (zo, ap).

Proof. It is sufficient to show that the (2n + 1) x (2n + 1)-matrix
T U
J = 200 fr foado
0* g 0

is nonsingular, where a now refers to the one-dimensional parameter that arises in Definition
3.2 of a simple fold. Suppose J is singular, i.e.,

(@) foutwfy =0,

(“) fa(c)xqou + ng + wfa(c)aqo = 07

(vir) qov =0,
for some nonzero u,v € R", w € R'. Multiplying () by the left nullvector py of f2, we get

wpgfy = 0.
Using Property (S2) of a simple fold, it follows that w = 0 and hence
u = ¢14o, a € RN
From (u1) we get
1P fowtodo + pofov =0,
so ¢; = 0 by Property (S1) of the simple fold. Thus « = 0. From (iz) it now follows that
frv =0,

or v = ¢3q0, ¢z € R'. But then, by (i7i), ¢ = 0. Thus, v = v = 0 and w = 0, which is a
contradiction. e

Remark. The last equation in (29) may be replaced by the standard normalization condition
qgqg—1=0.
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5.2.2 Hopf points

Next, consider the following system of 3n + 2 scalar equations for the 3n 4+ 2 components
consisting of (z,v,w,a) and w:

Sz, a) =
folz,a)v+ww =

fe(lz,0)w —wv =

v¥vg + wrwyg —1 =

.OOOOO
—~
o
[ew)
~—

v wy — vyw =
These equations are the real form of the complex system for (z, ¢, o, w)

f(z,a) = 0,
fx(w,a)q —wq = 0, (31)
g ug — 1 = 0,

that defines a necessary condition for Hopf bifurcation. Such systems were first introduced and
analyzed by Griewank & Reddien(1983); see also Holodniok & Kubicek(1984), Beyn (1991), and
Doedel, Keller & Kernévez (1991a). Here g = v+iw € C™ is the critical complex eigenvector and
ug = vo + 1wy € C” is a vector that is not orthogonal to the critical eigenvector corresponding
to w. As in the case of a fold, ug 1s usually chosen as the critical eigenvector at the previously
found solution point on the bifurcation curve. The projection of the solution curve I' to (30)
onto the (ay,az)-plane defines the Hopf bifurcation boundary. To start the continuation of
such a curve I" from a Hopf point detected along an equilibrium curve, we also need to compute
the Hopf frequency wy and the two real vectors vy and wy.

Theorem 5.4 The Jacobian matriz of the augmented system (30) has full rank, namely 3n+ 2,
at a simple Hopf point (xo, ag).

Proof. Let f2 = f.(zo, ) and

fg?(JO = Wy qo, [fg]*l’o = —1Wopo, PS(JO = 1.

It is sufficient to prove that the Jacobian matrix of (31) with respect to (z,q, a,w) evaluated
at (I07 qo, aOa”O)a namel}]a

2 0 o0
J = gx% fg — ZwOIn fxaqO _l% ,
0* wl 0 0

has the trivial null-space. Here o denotes the one-dimensional parameter in Definition 3.3 of a
simple Hopf point. Note that the real form of J gives the square Jacobian matrix of (30).
If J has a nontrivial null-space, then

(i) fiu+Bfl =0,
(i1)  fowqou + (fy —iwoln)s + Bfo,q0 — idge = 0,

(vir) wuys = 0,
for some u € R”, s € C", 3,6 € R! with |[u]|* + ||s||* + 8* 4+ 6% # 0.
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Denote by z.(a) the continuation of zy for small |a|, z.(ay) = zo. Then f2i.+ f) =0, and
Equation (z) implies

u=ki.(ap), B =k,
for some k € R'. Substituting these into (i7) and multiplying by p§ from the left, gives

klps Aao)qo] + p(f;) — iwoln)s — i6p5q0 = 0,
where, as in Definition 3.3, .
A((lo) = a?ac']“3<0> + fa(:‘)aa

It follows that kRe[pfA(ag)qo] = 0. Taking the Definition 3.3 of the simple Hopf point into
account, we get

k=0,
so u =0, #=0. The equation (i7) now takes the form

(f2 —iwol,)s —idgy = 0,
implying ¢6(p5q0) = 0, which gives § = 0. From
(fg —twpl,)s =0

we conclude that
s=zq, z€C.

However, (1:7) means z(ujqo) = 0, and therefore z = 0, since ug € C” is not orthogonal to ¢o
by construction.
We have u =0,s = 0,8 = § = 0, which is a contradiction. e

Remark. The second and third equations in (30) imply
fgv + w?v = 0.

Thus w can be eliminated, thereby reducing the dimension of the augmented system (Roose &
Hlavacek 1985). This gives the following 2n + 2 equations in the 2n 4 3 variables (z,v, a, k):

f(z,a) =
[f2(z,0)+ kl)v =

v —1

(32)

oo o o

’U*lo =

Here the reference vector Iy € R™ is chosen such that it is not orthogonal to the real two-
dimensional eigenspace of f, corresponding to the eigenvalues A\; + Ay = 0, Ay = k. A
solution to (32) with k > 0 corresponds to a Hopf bifurcation point with w? = &, while that
with £ < 0 correspond to a neutral saddle with two real eigenvalues Ay » = £1/—£. Unlike (30),
the system (32) is also regular at a point where w® = k = 0.

Since [f2(x,a) + kI,] has rank defect 2 at points where f.(z,a) has a pair of eigenvalues
with Ay + Ay = 0, A1 A2 = &, one can consider the following (n + 2)-dimensional system similar

to (28): 2 .
(g ) (8)- ()
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At Hopf points, all elements of the (2 x 2)-matrix ¢ vanish by Theorem 5.2. Therefore, the
following defining system in the (z, e, k)-space specifies a Hopf curve in the a-plane:

flz,a) =0,
gn(z,a,k) = 0, (33)
922($7a7’€> = 0)

(cf. Werner (1996)). Systems similar to (29) and (30) are used in AUTO, while the systems
(29), (32), and (33) are implemented in CONTENT.

5.3 Continuation of codimension-1 bifurcations of periodic solutions

Continuation of codimension-1 bifurcations of periodic solutions to Equation (1), requires two
problem parameters (o € R?) in addition to the period. This is a more delicate problem than
the corresponding problem for equilibria. If the system is not very stiff then we can eliminate
the period by computing the Poincaré map and its Jacobian by numerical integration, and
then apply continuation methods for fixed point bifurcations. This works satisfactorily in some
cases; however, it fails if the periodic solution has very large or very small multipliers, which 1s
often the case. In such situations, the BVP approach below is more reliable.

5.3.1 Folds

Recall Equations (4-6) for computing a periodic solution. We augment this BVP by the lin-
earized, homogeneous equations

V() = T fo(x(t), @)o(l) — o f(x(t), ) = 0,
( )—U(O) 0,
vH(t)do(t) di = 0,

where, as in Section 2.3, z¢(t) denotes a reference solution. Normalize (v(-), o) by requiring

/01 o (t)o(t) di 4 0% = 1.

This resulting augmented system can be used for the continuation of fold bifurcations for
periodic solutions. It is to be solved for the functions z(¢) and v(t) defined on [0, 1], scalar
variables T" and o, and two parameters «; and ay. As in Section 2.3, the equations must be
suitably discretized.

5.3.2 Period-doublings

For the period-doubling (flip) bifurcation, we augment Equations (4-6) by

o'(t) = T fo(z(t),a)o(t) = 0,

v(1) + v(0) = 0,

fo v*(t)v(t) dt — 1 = 0.
where the boundary condition v(1) = —v(0) expresses that the Jacobian matrix of the Poincaré
map has a multiplier p = —1. After suitable discretization this augmented system can be used

to compute flip bifurcation curves of (1).
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5.3.3 Tori (Neimark-Sacker)

For the continuation of the Neimark-Sacker bifurcation we introduce a complex eigenfunction
w(t) and a scalar variable  parametrizing the critical multipliers p; » = ¢, The augmented

system consists again of Equations (4-6), now augmented by

w(t) = Tfu(a(t).a)ult) = 0
o) = a0 )

)

where wg(?) is a complex-valued reference function. Written in real variables, this augmented
system can be discretized in order to continue generic Neimark-Sacker bifurcations.

5.3.4 Minimally augmented BVPs

The above standard augmented BVPs for continuing fold, flip, and Neimark-Sacker bifurcations
of periodic solutions, involve double or triple the number of the differential equations in the
underlying periodic solution continuation. It is also possible to derive minimally augmented
BVPs to continue these bifurcations, using a bordering technique similar to that in the finite-
dimensional case. We illustrate this approach for the flip bifurcation. The continuation of the
flip bifurcation curve in two parameters can be reduced to the continuation of a solution of
Equations (4-6) augmented by the single equation

Gu,T,a] = 0, (34)

where ( is the test functional for the flip bifurcation defined in Section 3.4. The value of G is
computed from the linear BVP for (v(-), ) with given bordering functions pg, o and factor T

V'(t) = T fo(x(t), 0)v(t) + Gpo(t) = 0,
v(1) + v(0) 0, (35)
Jo 5(t)o(t) dt = 1.

The functions ¢, and ¢y are selected to make (35) uniquely solvable. Equation (34) is the flip
bifurcation condition. To apply the standard continuation technique, we have to use suitable
finite-dimensional approximations. It is also possible to efficiently compute the derivatives of
G with respect to u, T, and a. A similar approach is applicable to the continuation of the fold

and Neimark-Sacker bifurcations.

6 Continuation of Codimension-1 Homoclinic Orbits

A heteroclinic solution x(t) connecting two equilibria z_ and z; of an ODE system (1) satisfies

tl}fnoo z(t)=x_, tlifloo z(t) = xy4. (36)
We shall concentrate on the special case where x, = x_ = ¢, called homoclinic solutions, as

they have particular importance in global bifurcation theory. The approach is easily extended to
the case where x, # x_ provided a careful count is taken of the codimension of the connecting
orbit, and the consequent number of free parameters a required.

For the case of a homoclinic orbit, their existence is of codimension-1, given the following
nondegeneracy condition.
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B*(z0) B*(z0)

Figure 5: Illustrating (for n = 2, n. = 1, ny, = 1, n, = 0), the difference between
(a) a codimension-1 central saddle-node homoclinic orbit, obeying Definition 6.2, and (b) a
codimension-2 non-central saddle-node homoclinic orbit.

Definition 6.1 A homoclinic orbit x,(t) to a hyperbolic equilibrium of (1) at parameter value
a = ay, with o € R, is called regular or nondegenerate if the linear variational equation

y'(t) = folon(t), a0)y(t) + folzn(t), a0)B,  Tim {y(t),y'(t)} exists, 3 € R
has the unique solution (up to scalar multiples) 3 =0 and y(t) = z},(1).

Remark. The final condition of this definition can be expressed geometrically in terms of the
stable and unstable manifolds W?*(zq) and W"(z¢) of z¢ (see Section 8.2).

Another possibility of codimension-1 homoclinic connections is if A = f,(zg, ag) has a simple
zero eigenvalue and all other eigenvalues are off the imaginary axis. Then one only requires
the transverse intersection between the center-stable and center-unstable manifolds of zq for
a connection to occur. Since the sum of the dimensions of these manifolds is n + 1, such
a connection will be of no extra codimension than that of a saddle-node equilibrium, i.e.,
codimension-1. In order to define a regularity condition for such a connection, we need the
notions of the stable and unstable sets B*(z) and B*(zy) being the subsets of the center-stable
and center-unstable manifolds composed of trajectories that tend to xy as t — *oo respectively.
For precise definitions of these sets, see Deng (1990) and references therein; Figure 5 illustrates
the case n = 2.

Definition 6.2 A homoclinic orbit x,(t) to a saddle-node equilibrium o at parameter value
ag of (1), with o € R', is called regular or nondegenerate if A = f.(xg,a9) has n. =1 simple
eigenvalues at zero, ng > 0 eigenvalues in the left-half plane and n, > 0 eigenvalues in the
right-half plane (counting multiplicity), with n, + ny = n — 1, and in addilion the stable and
unstable sets B*(xo) and B*(xq) inlersect transversally along x4 (1), i.e., for each t € R',

codim (T, (1) B*(20) + T 0y B"(x0)) = 0, (37)

Remarks.

1. In (37), for both tangent spaces to be defined, it is implicit that z,(¢) does not lie in the
boundary of either B"(zq) or B*(zg), that is {z,(¢)|t € R'} & W*(xo) U W*(z0). Orbits
which violate this condition we refer to as non-central saddle-node homoclinic orbitls (see

Figure 5(b)).
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2. Unlike Definition 6.1 above, we have not said anything about non-degeneracy with respect
to the parameter, but this can be ensured by assuming that « is well-chosen so that the
equilibrium undergoes a simple fold bifurcation upon varying o.

Indirect methods for computing homoclinic orbits include numerical shooting (Hassard 1980,
Kuznetsov 1983, Rodriguez-Luis, Freire & Ponce 1990) and continuation of periodic solutions
(as in Section 2) up to large period (Doedel & Kernévez 1986). In this section we shall focus on
a direct formulation as a two-point boundary-value problem which may then be solved using
continuation methods, as outlined in Section 2 above, to trace out codimension-1 paths of
homoclinic solutions in a two-parameter plane.

6.1 A truncated boundary-value problem

Equation (1) subject to (36) defines a boundary-value problem on the real line, which cannot
be solved directly for ¢ € (—oo,+00). There are two main approaches for defining problems
on finite intervals. Omne is to use a different parametrization than time, say the arclength
along the orbit, and the other is to truncate to ¢t € (—=7_,T}) for some suitably chosen T,
and approximate boundary conditions. We shall concentrate on the truncation method, but
the interested reader is referred to (Liu, Liu & Tang 1994, Moore 1995, Liu, Moore & Russell
1997, Bashir-Ali 1998) for recent developments in arclength methods.

Suppose now that z,(¢) is a regular homoclinic orbit to the equilibrium zy at parameter
value ag. If xg is hyperbolic, there exists a unique equilibrium z.(«) for all a close to ag such
that z.(ag) = xo. If, on the other hand, z¢ is a saddle-node equilibrium, we set z.(«) = zo.

Consider the following boundary-value problem on an infinite interval

#'(t) = f(z(1), ),
i a(t) = a.(a). (39)
Note that any homoclinic solution to the equilibrium z, is a solution of (38)—(39). Since any time
shift of the solution z(t) is still a solution, a condition is required to fix the phase. Suppose that
some initial guess Z(¢) for the solution is known. Then the following integral phase condition

|Gty =) @'y de =0 (40)

— 00

is a necessary condition for a minimum of the Ly-distance between x and & over time shifts (cf.
Equation (6)).

The boundary-value problem (38)—(40) defined on an infinite time-interval can be approxi-
mated by truncation to a finite interval [—7_, T ], with suitable boundary conditions as follows
(Beyn (19906, 1990a)). Suppose that A(a) = fo(z.(a), @) has n, eigenvalues (counting multi-
plicities) with negative real part, n. eigenvalues with zero real part, and n, eigenvalues with
positive real part, so that

Ng + Ne + Ny = N

In the hyperbolic case, n, = 0, while if the equilibrium =z is a saddle-node, one has n, = 1.
Note that (39) can be cast as

o(—=T_) € BY(z.(a)), x(Ty) € B®(z.()).
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Linearizing this condition about the equilibrium z.(«), we obtain the projection boundary con-
ditions

Ly(a)(a(=T-) = zc(@)) = 0, (41)

L(@)(x(Ty) — z.(a)) = 0, (12)

which replace (39). Here Li(a) is a ny X n matrix whose rows form a basis for the stable

eigenspace of A*(a). Accordingly, L,(a) is a n, X n matrix such that its rows form a basis for

the unstable eigenspace of A*(a). The boundary conditions (41) and (42) place the solution at

the two end points in the center-unstable and center-stable eigenspaces of A(a), respectively.
Finally, take the phase condition of the truncated problem to be

[ttty =)y #wyde =0, (43)

It is not difficult to see that the truncated problem (38), (41)-(43) is a formally well-posed
codimension-1 problem, when zq is hyperbolic, since one has n boundary conditions (41) and
(42) plus one integral constraint (43). More precisely, we have the following result.

Theorem 6.1 (Beyn (19900), Schecter (1995), Sandstede (1997)) Let x,(t) be a regu-
lar homoclinic orbit of (38) to the equilibrium xy al o = ag. Suppose I(1) is such that (40) is
salisfied with x(t) = x,(t), where

/_O:o (1) &'(t)dt # 0.

Then there exist constants p,C, T, > 0 such that, for any T_, Ty > T\, there exists a solution
(Z,@) to the truncated boundary-value problem (38), (41)—(43) thal is unique in the ball

{(2,0) € C'([=T_, Ty, RY) x Rt ||la — anl o mylly + o] < pf
and satisfies the error estimates
CYG—Zmin{/\“T_,|/\5|T+}7 (44)

|7 — @nl—z_ 1]l
(o= min{ (2N HN DT (A A T4

IA A

|6z—oz0|

Here || - ||1 denotes the usual Ct-norm, and Re{A{} < A* <0 and 0 < A\* < Re{A\*}, where X,

1=1,...n,, and \¥

Yor=1,...,ny are the stable and unstable eigenvalues of f.(xo, ap).

If z¢ is a saddle-node, then (41) and (42) give only (n — 1) boundary conditions. We then

have the following theorem.

Theorem 6.2 (Schecter (1993), Sandstede (1997)) Letl z(t) be a regular homoclinic or-
bit of (38) to the saddle-node equilibrium xo at o = . Suppose E(l) is such that (40) is
satisfied with x(t) = x,(t), where

| Z (1) # () dt 4 0.

Then there exist constants p, C, T, > 0 such that, for any T_, Ty > T., there exists a solution

T to the truncated boundary-value problem (38), (41)~(43) with o = «ag fizved that is unique in
the ball

{o € C (=T, T RY ¢ |z — anlir malh < p(T2+ TN},

and satisfies the error estimate

|7 - ealime gl < C(T7 +T72).
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Proof. The statements follow readily from the proofs of Schecter (1995, Theorem 2.1) and
Sandstede (1997, Theorem 3.1), where non-central homoclinic orbits to saddle-node equilibria
have been addressed. o

In the case that the saddle-node homoclinic solution is continued in two parameters, we
simultaneously need to compute the curve of saddle-node equilibria. This issue has been ad-
dressed in Section 5. For numerical experiments, we refer to Friedman (1993) and Bai &

Champneys (1996).

6.2 Implementation details

The above codimension-1 truncated boundary-value problems for regular homoclinic orbits
or central saddle-node homoclinic orbits can be solved using standard boundary-value codes.
For example, a particular implementation is available in AUTO (Doedel, Champneys, Fairgrieve,
Kuznetsov, Sandstede & Wang 1997), using a suite of routines for homoclinic continuation called
HoMCoNT (Champneys, Kuznetsov & Sandstede 1996). Here one can compute codimension-
1 curves of homoclinic orbits with two free parameters, detect various codimension-2 points
along such branches (see Section 8 below) and switch to continuation of higher codimension
homoclinic bifurcations in three or more parameters. Some of the numerical issues involved in
the continuation of solutions to such boundary-value problems include: efficient computation,
ensuring smoothness with respect to «, of the boundary conditions (41), (42); the choice of T_
and Ty; and the accurate determination of starting solutions for two-parameter continuation.

The evaluation of (41), (42) requires a method for obtaining robust bases for the stable
and unstable subspaces of A(a)*. A good choice is to use the Schur factorization of A*, as
in (Champneys et al. 1996) and (Doedel, Friedman & Kunin 1997). In the latter reference,
smoothness with respect to a has been achieved by adding the coefficients of this factorization,
subject to various defining equations, to the list of unknowns to be solved for by the continuation
algorithm. This is likely to lead to little extra computational work provided n? is small compared
to the size of the linear systems to be solved by the BVP-solver. A simpler but less robust
method is to perform the Schur decomposition exactly at each continuation step using blackbox
linear algebra methods; see (Champneys et al. 1996). An additional step is then made to
normalize the stable and unstable subspaces in order to make them approximately smooth
with respect to a (Beyn 199056, App. C).

The choice of T_ and T, can be made adaptively during the continuation process using the
error estimate (44) to achieve some desired tolerance, assuming the BVP to be solved exactly,
(Beyn 19906, Sect. 4).

Starting points for homoclinic orbit continuation may be periodic solutions computed to
large period (Doedel & Kernévez 1986) or small amplitude solutions constructed near certain
local codimension-2 bifurcations such as Bogdanov-Takens points (see Section 11.2.2). If neither
of the above is available, a careful homotopy technique may be used to successively continue a
small piece of the unstable manifold of zg at a parameter value away from the true homoclinic
orbit, into a full solution of the truncated boundary-value problem. An account of this latter
method is beyond the scope of this Handbook, but the interested reader is referred to Doedel,
Friedman & Kunin (1997) for the theory and (Doedel, Friedman & Monteiro 1994, Doedel,

Friedman & Guckenheimer 1994) for some applications.
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7 Locating Codimension-2 Equilibrium Bifurcations

When investigating a two-parameter problem, one usually encounters higher-order degeneracies
along codimension-1 bifurcation curves. Some of these degeneracies are determined by the
Jacobian matrix, while others can only be detected taking into account nonlinear terms. For
this reason we start this section with the nonlinear normal forms for codimension-1 equilibrium
bifurcations, namely the fold and Hopf. Appropriate coefficients in these normal forms play
the role of test functions for detecting codimension-2 bifurcations.

Codimension-2 equilibrium bifurcations are important, as they serve as organizing cen-
ters, from which several curves of codimension-1 bifurcations can emanate. For example, the
Bogdanov-Takens (BT) point, discussed in this section, gives rise to curves of Hopf points, folds,
and homoclinic orbits. The switching to such codimension-1 curves from a codimension-2 point
is discussed in Section 11.

7.1 Normal forms for codimension-1 bifurcations

Suppose (1) has an equilibrium = = 2y at o = o, where a € R. Let F(z) = f(z, ap) represent
the multivariate Taylor series

1 1
F(z) = A($—$0)+§B(I—$0,$—$0>‘|‘EC(w—xo,x—xo,x—.IO)
1
+ ﬂD(x—xo,x—xo,x—xo,x—xo) (45)
1
+ WE(x — To,T — To, T — To, T — Tg, T — 7o) + O(||z — 0]|°),

where
A=f,  Bpa) = fape,  Cp,¢,2) = [l0g2.
To analyze codimension-1 bifurcations we need to take into account the linear, quadratic, and

cubic terms. We also introduce the following multilinear terms of order 4 and 5 here, as they
will be needed in Section 10.

D(p,q,Z,’U) - fg(‘l)pqzvv E(p7Q727U7’w> - f£(5)pqsz7

where p,q,z,v,w € R". The dependence of A, B,C, D and E on (zg,0ag) is not indicated to
simplify notation. Assume further that zo = 0, o = 0.

If the solution z = 0, @ = 0 of (1) corresponds to a fold bifurcation, then the Jacobian
matrix A has a simple zero eigenvalue Ay = 0 and no other critical eigenvalues. Let

Aq =0, A*p =0,
be the nullvectors, normalized according to

(p,q) = (q,9) = 1.

Lemma 7.1 The restriction of (1) al @ = 0 to the one-dimensional center manifold W* has
the form

w = aw® + O(|w|3), w E Rl,

where the coefficient a can be computed by the formula

a= l<1'D,B(q,q)> =

»* 0 ga. 46
5 P fo.aq (46)

DO | —
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If we have a simple fold with respect to the parameter o then the restriction of (1) to the
(parameter-dependent) center manifold is locally topologically equivalent to the normal form

w' = B4 aw?,

where (3 is the unfolding parameter. This normal form predicts the collision of two equilibria
when the parameter 3 passes through zero. Note that the unfolding parameter 3 can be
expressed in terms of the original parameter « as

B =(p, fa(0,0))a + O(a’)

(see Section 10).

If the equilibrium = = 0 of (1) has a Hopf bifurcation at o = 0, then the Jacobian matrix
A = f-(0,0) has a simple pair of purely imaginary eigenvalues \j 2 = Fiwp, wo > 0, and no
other critical eigenvalues. Introduce two complex vectors

Aq = 1wyq, A%p = —iwgp,

and normalize them according to
(p.q) = 1.

Lemma 7.2 The restriction of (1) at a = 0 to the two-dimensional center manifold is locally
smoothly orbitally equivalent to the complex normal form

w' = iwow + Lw|w|* + O(|w]*), w € Ct,

where the normal form coefficient [, can be computed by the formula

h= %Re (p.C(¢,0.7) + B(@, (2iwol — A)7'B(q,q) = 2B(¢, A7' B¢, 7). (47)

If the Hopf point is simple and its first Lyapunov coefficient l; # 0, then the restriction
of (1) to the (parameter-dependent) center manifold is locally topologically equivalent to the
normal form

w' = (/3 + iwo)w + l1w|w|2.
This normal form describes a bifurcation of a unique periodic solution branch from the equilib-
rium w = 0, when the parameter 3 passes through the bifurcation value 3 = 0. The direction
of the bifurcation is determined by the sign of ;. The unfolding parameter 3 has the following
asymptotic representation:

B = [Re(p, A(0)g)] + O(a?),

where, as in Definition 3.3,
. d
Ale) = %fm(me(oz),oz),

and z.(«) is the continuation of the equilibrium for small |a/, z.(0) = 0.

The formulas (46) and (47) were derived using the center-manifold reduction and subsequent
normalization on the center manifold in (Kuznetsov 1995). Originally, an expression equivalent
to (47) had been obtained by Lyapunov-Schmidt reduction and asymptotic expansions for the
bifurcating periodic solution by Kopell and Howard in (Marsden & McCracken 1976) and by
van Gils (1982). These formulas will be rederived in Section 10 below. The first algorithms to
determine numerically the direction of Hopf bifurcation were developed by Hassard, Kazarinoff

& Wan (1981) and implemented into the code BIFOR2.
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7.2 Locating codimension-2 bifurcations
7.2.1 Codimension-2 points on the fold curve

While tracking a fold curve one can encounter the following singularities.

1. An additional real eigenvalue Ay meets the imaginary axis, with their geometric multi-
plicity remaining one, while the center manifold W* becomes two-dimensional:

)\1’2 — 0

These are the conditions for the Bogdanov-Takens (or double-zero) bifurcation.

A test function to detect this bifurcation is given by
YBT =T17¢, (48)

where
Ag= A'r =0, gq=r"r=1.

Indeed, if ¥ g1 # 0, then the zero eigenvalue is simple. If the standard augmented system
(29) or the modified minimally augmented system (23),(24) is used to compute the fold
branch, then the normalized nullvector ¢ is known from the continuation. The function
(48) has a regular zero at a generic Bogdanov-Takens point.

2. Two extra non-real eigenvalues Ay 3 meet the imaginary axis, and W¢ becomes three-
dimensional:

/\1 == 0, /\2’3 == :l:’l:(.d(),

for wy > 0. These conditions correspond to the fold-Hopf bifurcation, also known as the
Gavrilov-Guckenheimer bifurcation. The Hopf-bifurcation test function ¢y based on the
bialternate product (see Equation (11)) can be used to detect this singularity. It is regular
at a generic fold-Hopf point. However, ¢z will also vanish at Bogdanov-Takens points.

3. The eigenvalue A\; = 0 remains simple and the only one on the imaginary axis (dimW¢ =
1), but the normal form coefficient a in Equation (46) vanishes:

)\1:0, QZO.

These are the conditions for a cusp bifurcation. One cannot detect this bifurcation by
looking at eigenvalues of the equilibrium, because quadratic terms of f(z,0) are needed
to compute a. The coefficient a can be used as a test function to detect this bifurcation:

Yop = a. (49)

Again, if the standard or the modified minimally augmented system is used to compute
the fold branch, the nullvector ¢ is known from the continuation. The function (49) has
a regular zero at a generic cusp point.
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7.2.2 Codimension-2 points on the Hopf curve

While following a Hopf bifurcation curve for Equation (1), one can encounter the following new
singular points:

4. Two extra non-real eigenvalues X34 meet the imaginary axis and W€ becomes four-
dimensional:
)\1’2 = :]:Z(.c)h /\3’4 = :':ZUJQ,

with wy 3 > 0. These conditions define the two-pair or double-Hopf bifurcation.

This bifurcation is most easily detectable if the double-bordered bialternate-product sys-
tem (28) is used for the Hopf continuation. At this bifurcation, 2A © I,, has rank defect
2, so that all elements of the matrix GG vanish. For example, the test function

¢DH = g22

will have a regular zero at a generic double-Hopf point.

5. Finally, the first Lyapunov coefficient [; (Equation (47)) may vanish, while Ay 2 = +iwg
remain simple and therefore dim W*° = 2:

/\1’2 - :i:iwo, [1 = 0

At this point, a “soft” Hopf bifurcation turns into a “hard” one (or vice versa). It is often
called a generalized Hopf bifurcation (or Bautin bifurcation). The test function is given
by

¢GH = ll-

The Bogdanov-Takens bifurcation can also be located along a Hopf bifurcation curve defined
by the augmented system (32) (or (33)) as & passes zero. At this point, two purely imaginary
eigenvalues collide and we have a double zero eigenvalue. Following the curve further, we will
continue a neutral saddle equilibrium with real eigenvalues A\ = —A,. The value of k£ can be
calculated if the defining system (27) (or (28)) is used to continue the Hopf curve. One has in
that case

(v*Av)(w*Aw) — (w* Av)(v*Aw)

(v*v)(w*w) — (v*w)?
where v,w € R” are two real vectors such that ) = v A w, where A denotes the wedge
product, and @) is a right nullvector of 24 © [,,. We recall that the wedge product v A w of two
vectors in R” is a vector in R™"=1/2 indexed by pairs (1,7) where 1 < 5 < i < n such that
(v A w),;) = vjw; — vaw;. In the present case v, and w span the two-dimensional eigenspace

K = )

that corresponds to the pair of eigenvalues with zero sum. This is an invariant subspace of A.
An easy computation shows that 1;(= k) is the product of the two zero-sum eigenvalues.

A fold-Hopf bifurcation can also occur while tracing a Hopf bifurcation curve. In this case
it can be detected as a regular zero of

iy = det A.

Remark. In order to be able to use the above test functions to detect codimension-2 points,
the underlying defining systems for the codimension-1 bifurcations must remain regular at the
codimension-2 points. Otherwise, the continuation algorithms may not be able to pass such a
point. The following two lemmas provide necessary information.
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Lemma 7.3 If (z,a) is a point corresponding to any generic codimension-2 equilibrium bifur-
cation of (1), except the double-Hopf singularity, then rank J =n + 1, where J is the Jacobian
matriz of the corresponding minimally augmented system (21) or (22). A generic double-Hopf
point is a simple branch point for (22).

Lemma 7.4 The Jacobian matriz of the augmented system (29) has rank 2n + 1 al generic
Bogdanov-Takens and cusp bifurcation points of (1), while the Jacobian matriz of the augmented
system (30) has rank 3n + 2 at generic Baulin, fold-Hopf and double-Hopf bifurcation points of

(1)

The first interactive software to detect all codimension-2 points was LOCBIF (Khibnik 1990,
Khibnik et al. 1993). Detection of all codimension-2 points as described above is implemented

in CONTENT (Kuznetsov & Levitin 1997).

8 Locating Codimension-2 Homoclinic Bifurcations

In Section 6 we considered numerical methods for the two-parameter continuation of homoclinic
orbits to equilibria. Suppose that we continue a branch of regular codimension-1 homoclinic
orbits to (1) in two parameters, i.e., @ € R*, so that a homoclinic loop to the equilibrium z(s)
exist whenever a = a(s) with s € R!; see Section 2.2 and Section 6. Here the one-dimensional
parameter s is typically Keller’s pseudo-arclength. We refer to these homoclinic solutions as the
primary homoclinic orbits. Along this primary branch, codimension-2 homoclinic bifurcation
points may arise. Such bifurcations may, for instance, lead to more complicated homoclinic
connections such as so-called n-homoclinic orbits which follow the primary homoclinic loop n
times. Another possibility is that the stability of the periodic solutions which accompany the
primary homoclinic orbit changes. The issue addressed in this section is the detection of such
codimension-2 homoclinic bifurcation points. We shall focus only on those known codimension-
2 bifurcations that, at the critical parameter value, involve a unique finite-amplitude homoclinic
orbit. Also, we confine ourselves to numerics. Details of the dynamics near each codimension-2
point are given elsewhere in the Handbook; see also the review papers (Fiedler 1996, Champneys
& Kuznetsov 1994).

Codimension-2 homoclinic bifurcation points are detected along the primary branch o =
a(s) by locating zeroes of certain test functions; see Section 3 for the concept of test functions.
The issue of defining these test functions is actually two-fold. First, consider the primary
codimension-1 homoclinic orbits to the original problem (38)-(40) on the infinite time interval.
A test function for a certain codimension-2 homoclinic bifurcation is a smooth function defined
along the primary branch such that its regular zeroes correspond to the occurrence of the
bifurcation. Afterwards, we need to define test functions for the truncated boundary-value
problem (38), (41)—(43) on the finite time interval (=7_,7}). We require that each such test
function is a smooth function along the branch of primary homoclinic orbits to the truncated
problem such that the limit of the test function exists as T_, T, — oo, and is equal to the
test function of the original problem on the infinite time interval. We call such test functions
well-defined.

In the simplest cases, test functions are computable via eigenvalues of the equilibrium. In
other cases, the homoclinic solution at the endpoints or solutions to the adjoint variational
equation with appropriate boundary conditions are utilized. We address these two different
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types of test functions in the following two sections. Test functions along branches of central
saddle-node homoclinic orbits are considered in the last section.

The stable and unstable eigenvalues of A = f,(z.(s),a(s)) are denoted by Af, i = 1,...n;
and A\, 1 =1 ,Ny. In addition, if a branch of central saddle-node homoclinic orbits is
computed, we have n, = 1, 1.e., there is a simple eigenvalue A = 0 at zero. We assume that

the eigenvalues are ordered so that

PRI

RefX,,} < - < Re{A{} < 0 < Re{A!} < --- < Re{\!,}. (50)

The stable (unstable) eigenvalues with real part closest to zero are termed the leading stable
(unstable) eigenvalues.

8.1 Test functions utilizing eigenvalues

Let n. = 0 so that z.(s) is hyperbolic. The following test functions have been shown in
Champneys & Kuznetsov (1994) to be well-defined:
Resonant saddle:

= A} + AL
Neutral saddle, saddle-focus or bi-focus:

i = Re{A} + Re{A7}.
Double real stable leading eigenvalue:

_ J (Re{Ai} = Re{A3})?, Im{Aj} =0,
V= { (Im{A7} — Im{A3})?, Im{A{} # 0. (51)

A test function for double real unstable leading eigenvalues is obtained by replacing A7 with
A} in (51). We remark that zeroes of (51) are regular at generic double eigenvalues since
the expressions in (51) represent the discriminant of the quadratic factor of the characteristic
polynomial corresponding to this pair of eigenvalues.

Transitions to non-hyperbolic equilibria are detected in the following fashion. First, the
truncated problem should be formulated in such a way that the branch of homoclinic orbits can
be continued through parameter values at which eigenvalues cross the imaginary axis. Secondly,
the labeling (50) has to be modified: the n, leftmost and the n, rightmost eigenvalues are

Figure 6: Continuation through a Shilnikov-Hopf bifurcation arising at s = 0. The homoclinic
orbit exists for s < 0. For s > 0, the solution of the truncated problem is a connection between
the equilibrium and a periodic solution with small amplitude.

35



labeled A? and A}, respectively, without regard to the sign of their real part. The test functions
detecting fold and Hopf bifurcations are then defined as follows:
Non-hyperbolic equilibria (crossing of stable or unstable eigenvalues):

v =Re{M}, ¢ =Re{Aj}.

We comment further on the first condition that the branch of homoclinic solutions to the
truncated problem can be continued through the bifurcation point.

For the Shilnikov-Hopf bifurcation, where the equilibrium undergoes a Hopf bifurcation
at, say, s = 0, there exists a solution to the truncated boundary-value problem (38), (41)-
(43) beyond the codimension-2 bifurcation point. This solution corresponds to a heteroclinic
connection between the equilibrium z. and the bifurcating periodic solution of small-amplitude;
see Figure 6 for an illustration. We refer to Champneys & Kuznetsov (1994) for more details.

A similar situation arises if we continue along a primary branch of homoclinic solutions
towards a fold bifurcation. This scenario is explained in more detail in Section 8.3.

8.2 Test functions for homoclinic flip bifurcations

Homoclinic flip bifurcations are related to a discontinuous change of the exponential rate of
convergence of either the homoclinic orbit itself or a certain solution to the adjoint variational
equation along the homoclinic loop; see below.

Let n, = 0 so that z.(s) is hyperbolic and assume that the leading eigenvalues are simple
and real, i.e.,

Re{X } <  <Ref{A} <A <0 <X < Re{M\}} <--- <Re{M }.

Hence, the matrix A = f,(z.(s), a(s)) has normalized eigenvectors v{ and v} associated with
the eigenvalues A] and A}, respectively. Analogously, the adjoint matrix A* has normalized
eigenvectors w] and w}] belonging to A] and A}. These quantities depend smoothly upon s.

In this situation, a codimension-1 homoclinic orbit is expected to converge to zero expo-
nentially with rates A and A} as t — too, respectively. An orbit-flip bifurcation occurs if the
homoclinic orbit picks up a faster exponential rate, i.e., if it is contained in either the strong
stable or the strong unstable manifold of the equilibrium; see Figure 7(a).

If the homoclinic solution is contained in the strong stable manifold, we have

tlif?o M (2(l) — x.)* wi =0,
see Sandstede (1993). The following test function detects this codimension-2 bifurcation for
the truncated problem.

Orbit-flip (in the stable manifold):
= e M (2(Ty) — 2.)" w?

The exponential factor guarantees that the test function converges to the test function of the
original problem; without it, this limit would be identically equal to zero. Analogously, the test
function

Orbit-flip (in the unstable manifold):

=M= (2(=T_) — z.)" w
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We(z.)

W (z.)

Figure 7: Illustrations of a homoclinic orbit at (a) an orbit-flip and (b) an inclination-flip
bifurcation both occurring in the stable manifold. The dotted vectors shown in the right-hand
picture are the solution y,(t) L W*(z.) of the adjoint variational equation.

detects homoclinic orbits in the strong unstable manifold.
Next, we focus on inclination-flip bifurcations. For any regular homoclinic orbit z,(t) to a
hyperbolic equilibrium z., the adjoint variational equation

y'(t) = =7 (zn(t), c0) y(1) (52)
has a unique bounded solution y,(t), which in fact converges to zero exponentially. This
solution has the following geometric interpretation. Since the homoclinic orbit z,(¢) is regular,
we have that Txh(t)Ws(l'e) N Txh(t)W“(:L'e) is one-dimensional by Definition 6.1. In particular,
the codimension of Tmh(t)Ws(:L'e) + Txh(t)W“(we) is one. The aforementioned solution y(t) to
(52) satisfies

un(t) L (ToyyW?*(xe) + Topy W* ()
for all £. In analogy to the situation for homoclinic orbits, y(t) is expected to decay ex-
ponentially with rates A} and A] as { — +oo. An inclination-flip bifurcation occurs if the
solution y;(t) converges to zero with a higher exponential rate. We refer to Figure 7(b) for an
illustration.

In order to detect inclination flips, we have to calculate the solution y;(¢). Note that y;(¢)
can be regarded as a homoclinic orbit to (52). We can then follow the procedure outlined in
Section 6 in order to derive an appropriate truncated boundary-value problem. Since (52) is
non-autonomous, we do not need a phase condition. It is replaced by a condition which fixes
the amplitude of y,(¢); note that (52) is linear. For the boundary conditions, let L*(a) be the
ns X n matrix whose rows form a basis for the stable eigenspace of f;(z.(), ). Similarly, L% («a)
is a n, X n matrix such that its rows form a basis for the unstable eigenspace of f.(z.(a), ).
The truncated boundary-value problem for the computation of y;(¢) is then given by

Y0+ S0 0000+ £ 1500,
Lo(T) =

LT

/_;_(y(t) — g gty dt =

where x = z(1) denotes the homoclinic solution, and §(t) is such that

[ viwand £ o

-1

Y
9

Y

0
0
0
0

3
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The truncated system is then solved with respect to (y,¢) for a given function z(t) at the
parameter value a. Here, ¢ € R! is an artificial parameter, which makes the boundary-value
problem well-posed. We refer to Champneys et al. (1996) for more details.

Analogously to the case of an orbit-flip bifurcation for the homoclinic orbit, we then obtain
the following test function for inclination-flip bifurcations.

Inclination-flip (of the stable manifold):

Y=y (=T ) vy,
Inclination-flip (of the unstable manifold):
g =My (Ty) of

It can be shown that these test functions are well defined.

8.3 Test functions detecting non-central homoclinic orbits

Figure 8: Continuation through a fold bifurcation arising at @ = 0. If a branch of central
homoclinic orbits is continued, we have a € SNy. The algorithm will then continue through the
fold bifurcation by computing solutions along the curve SN. On the other hand, if the branch
H of homoclinic orbits to hyperbolic equilibria is computed, the algorithm continues along the

branch C.

Suppose that a branch of central homoclinic orbits is continued in two parameters. Recall
that in this case the truncated boundary-value problem is composed of (38), (41)-(43) plus
conditions for the continuation of the saddle-node equilibrium; see Section 5 for the latter. One
is then interested in detecting a transition to non-central homoclinic orbits.

Note that, by assumption, the equilibrium z.(s) has precisely one central eigenvalue A\{ = 0,
ie.,, n. = 1. Let w{ be a normalized eigenvector corresponding to A{ = 0 of the adjoint matrix
A* = f¥(z.(s),a(s)). The following test functions will then detect non-central saddle-node

homoclinic orbits.
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Non-central saddle-node homoclinic orbit (in center-stable and center-unstable manifold):

1 * o C / 1 * e
Y = T_+<t<T+> - Ie) Wy, Y= f('r<_T—> - ;Ue) wy.

These functions measure the spectral projection of the end points of the approximate homoclinic
orbit onto the one-dimensional center space. Note that, for the original problem on the infinite
time interval, the branch SNy of central homoclinic orbits cannot be continued beyond the point
a = 0 since no homoclinic loop exists along the branch SN; see Figure 8. For (-7_,7}) = R!,
the above test functions are defined on account of Schecter (1993, Lemma 3.1), are smooth
along SNy including the point @ = 0, and have a smooth (artificial) extension along the curve
SN. For finite time intervals, the test functions are also smooth and they converge to the test
functions of the original problem as T_, T, — oo along the branch SNy including « = 0. Note,
however, that the artifical solution of the truncated problem along the curve SN shown in
Figure 8 has no limit as T_ — oc.

Finally, suppose that we continue along a primary branch H of homoclinic solutions to
hyperbolic equilibria towards a fold bifurcation. At the fold bifurcation, another equilibrium is
created. To be definite, we suppose that an unstable eigenvalue approaches zero; see Figure 8.
Beyond the bifurcation point, the solution to the truncated boundary-value problem is then
a heteroclinic orbit connecting the newly created equilibrium to the original equilibrium. In
other words, the algorithms continues on the branch C shown in Figure 8; see Champneys et

al. (1996) for more details.

9 Continuation of Codimension-2 Equilibrium Bifurca-
tions

In this section we give regular defining systems based on bordering techniques for continuing
codimension-2 equilibrium bifurcations of (1) in three parameters. Detailed proofs of regularity
can be found in (Govaerts 2000). Test functions to detect codimension-3 bifurcations due to
linear terms are also given. All defining and test functions are implemented in CONTENT
(Kuznetsov & Levitin 1997). Earlier methods based on minimally augmented systems with
determinants were proposed by Khibnik (1990) and implemented in LOCBIF (Khibnik et al.
1993).

9.1 Bogdanov-Takens

For computational purposes a Bogdanov-Takens point is characterized by the fact that the
Jacobian matrix A = f,(z, @) has a double eigenvalue zero with geometric multiplicity one and
no other eigenvalues on the imaginary axis (the dependence on (z, @) will be suppressed in the
following). In particular, the characteristic polynomial p(A) = det(A — A1,,) satisfies

p(0) = 0,
{li((o)) = 0, (53)

and A has rank defect 1. Hence there exist vectors vy, w; € R” such that

A=A, w
M()\):( p 01)
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is nonsingular in a neighborhood of A = 0. If we define v(A) € R™ and g()A) € R by solving

w (3)-(%)

p(A)
W= Gat M\

Differentiating (54) with respect to A we obtain

w(3)-(3)

M()) ( " ) - ( e ) | (56)

The defining equations for the Bogdanov-Takens (BT) curve are the equilibrium equation (2)
supplemented by
{ 9(0) =0,

g/\(O) = 0.

These two equations are mathematically equivalent to (53), but they are better scaled and their

then

derivatives can be computed more easily.

In practical computations v; and w; are chosen as approximations to the normalized right
and left nullvectors of the local Jacobian matrix A. On a BT-curve, one can encounter the
following singularities of certain linear terms:

1. Triple zero eigenvalue: iy = 0.

2. Hopf-BT : ¢ = 0.
Here
Y1 = g
Y2 = g,
where g,, is obtained from (56). The construction of gy; is more complicated and requires
auxiliary data vip, vgp, w1y, wep € R™, 2 = n(n — 1), and scalars dz, dy; such that the matrix
2A0 I, wy wy
My = UL 0 di
’U;b d21 0

is nonsingular. Then gz is computed by solving
V O,
(e )-(%)

G — g11 G2
gn g2 )

The vectors vy, wyp are chosen as normalized right and left nullvectors of 24 © I,,, respectively,

where

initialized and updated essentially like v; and w;. Finally, the vectors

U2b Wb
dyr )7\ diy
are updated jointly to make M, as well-conditioned as possible.

40



9.2 Fold-Hopf

A fold-Hopf point is characterized by the fact that the Jacobian matrix A = f,(z, ) has an
algebraically simple eigenvalue zero, a pair of pure imaginary algebraically simple eigenvalues
+iwg, wo > 0, and no other eigenvalues on the imaginary axis. This implies that there exist
vectors vy, w1 € R, vy, v, wip, wop € R™, 2m = n(n — 1), and scalars dy2, ds1 such that the

matrices
A w1y
M‘(ﬁ 0)
and
2A0 1, wy wy
My = Uy 0 di
’U;b d21 0

are nonsingular. The defining equations for the fold-Hopf curve are the equilibrium equation

(2) and
g =0
detG = 0,

where the scalar g results from solving
v 0,
()= (%)

G= ( i g2 ) (57)

921 g22

w(2)-(5)

The bordering rows and columns in M and M, are initialized and updated essentially as in
the BT case.
Along the fold-Hopf curve, the following test functions can be computed :

{'@bl = G2,
7#2 - g,\(O),

where ¢y, is defined by (57), (58), and g, is obtained from (55).

The following linear singularities can be detected and located as regular zeros of the afore-

and the 2 x 2 matrix

is obtained by solving the system

mentioned test functions :

1. Fold 4+ double-Hopf : 11 = 0, ¢y # 0.
2. Hopt + BT : ¢y =0, v = 0.

3. Triple zero eigenvalue: 1 # 0, 1y = 0.
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9.3 Double-Hopf

A double-Hopf point is characterized by the fact that the Jacobian matrix A = f, has two
pairs of purely imaginary algebraically simple eigenvalues tiw;, 1wy, wi,ws > 0 and no other
eigenvalues on the imaginary axis. This implies that 24 ©® I,,, where A = f,(x, @), has rank

defect 2 and there exist vectors vyp, vop, wip, wop € R™"=1/2 guch that the matrix

2A0 1L, wi wy
M, = vy, 0 0
U3 0 0

is nonsingular. The defining equations for the double-Hopf curve are the equilibrium equation
(2) and
{ Gan = 0
Gizjs = 0
where ¢;; = gij(u, ) are the components of the matrix

G:<911 912)
g1 ga22

V (]
wle)=(%)

The vectors vy, vap, wip, wep and the indices i1, j1, %2, j2 are updated along the curve in the
following fashion. The vectors vy, vg are chosen to form an orthogonal basis of the right null
space of 2A ® I,,, and wyy, wqp are chosen similarly for the left null space. The choice of (i1, j1),
(t,72) is such that the space spanned by the gradient vector g;,;,» has the largest component
orthogonal to the equilibrium surface and ¢, ;,, has the largest component orthogonal to the
space spanned by both the tangent space to the equilibrium surface and g;, ;,.; here z ranges
over the state variables and free parameters.
Along the double-Hopf curve, the following test functions can be computed :

obtained by solving the system

¢1 = detGl,
vy = det A,
Y3 = pq,

where the matrix G is obtained by solving

w(5)-(1),

and p € R” and ¢ € R” are obtained by solving

(£3)0)-

and



Above, e,, is the (p;)" unit vector and s denotes a dummy real number. The values for p; and

p2 are obtained by looking for the smallest pivot elements in the decomposition with complete
pivoting of the (Jacobian) matrix A = f,(z, a).

The following linear singularities can be detected and located as regular zeros of the above
defined test functions :

1. Resonant double-Hopf : ¢, = 0.
2. Fold + double-Hopf : ¢y = 0,93 £ 0.
3. Hopf + BT : ¢, = 0,93 = 0.

9.4 Cusp

Since a cusp is a fold point where A = f,. has rank defect 1, there exist vectors vy, w; € R”

such that
. A w1
M‘(ﬁ 0)

is nonsingular. In addition, there has to be a degeneracy in the second derivatives. The defining
system of the cusp curve then consists of the equilibrium equation (2) together with

(s =0 o

g .:C,a) = 07

where g is obtained by solving the bordered (n + 1)—dimensional system

and ¢' is obtained by solving

where B(v,v) = fo.(z, a)vv.

9.5 Generalized Hopf
9.5.1 Minimally augmented system

This method is suitable when the Jacobian matrix of the defining equations is computed nu-
merically. The idea is, as in the simple Hopf case, that at a generalized Hopf point the
bialternate-product matrix 24 ® I, is singular. Here A = f.(z,a). The auxiliary data are
vectors vy, Vap, wip, wep € R™ and scalars dy,, dy; such that the matrix

2A0 L, wiy wo
Mb = Urb 0 d12
U;b d21 O

is nonsingular.
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The defining equations for the generalized Hopf (Bautin) curve are

flea) = 0
det G(z, a)
Li(z,a) = 0,

G = g1 Gi2
921 G22

()= (%)

and where [; denotes the first Lyapunov coefficient defined as

I
o

(60)

where the matrix

is obtained by solving the system

1 _ _ ey _
b= gRe(p,Clg,9:9) — 2B(q, A7 B(q,9) + B(T, (2iwoln — A)™' B(g,9)))
(see formula (47)). The complex vectors p, g € C" satisfy
Ag=2Xg, Ap=2p, (Req,Req)=(p,q) =1, (Req,Img)=0,

where XA = 1wy along the curve (60) and the last condition is added to ensure smoothness of the
vector ¢. The multilinear functions B(p, q) and C(p, q,r) are defined by (45) and thought of as
functions of (z, ).

9.5.2 Standard augmented system

We now describe another computational scheme for the generalized Hopf bifurcation. When
available, symbolic derivatives up to order 4 can be used in this scheme. The continuation data
consist of 8n + 5 real numbers. As before, it is convenient to express some of the equations in
complex form.

The idea is to express first that A = f,(z, @) has an imaginary eigenvalue iw, with right
eigenvector ¢ € C” and left eigenvector p € C”, and then to add the condition that the first
Lyapunov value vanishes. To fix the right and left eigenvectors we add the normalization
conditions (qo,q) = (p,q) = 1, where gy € C” is the normalized right eigenvector ¢ at a
previously computed point on the curve. To simplify the expression for /1, we introduce v € R”
and w € C™ as additional unknowns, where

v=A"B(¢,9), w=(2iwl,— A)"" B(q,q).

Thus, the continuation space consists of the state variables, the parameter variables, and the
components of

(q, P, v, W, W, )\).

The defining equations for the generalized Hopf (Bautin) curve are then given by (2) sup-
plemented by the complex system
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Ag — 1woq
ATp+ Ap
(90, 9) — 1
(p,q) —1
Av — B(q,9) =
(2twol, — A)w — B(q,q) =
Re (p,C(q,4,9) —2B(q,v) + B(g,w)) = 0.
The complex variable A is introduced artificially to regularize the system; formally, along the

generalized Hopf curve, A = iwy. When written in real variables, (2) and (61) form a system of
8n + 5 equations with 8n + 6 variables including the three free parameters.

Il
coocoo oo

(61)

10 Normal Forms for Codimension-2 Equilibrium Bifur-
cations

Bifurcations of phase portraits of (1) are determined by the normal form coefficients at critical
parameter values. For example, depending on the values of certain coefficients for the fold-Hopf
and double-Hopf bifurcation, the system may exhibit quasi-periodic and “chaotic” behavior. In
this section we show how such coefficients can be computed numerically, while the final section
deals with the nondegeneracy of parametric unfolding. If the critical parameter values and the
equilibrium position are known exactly then symbolic manipulation software such as MAPLE
or Mathematica can be applied; see, for example, Sanders (1994).

10.1 List of codimension-2 normal forms

As we have seen in Section 7, there are five codimension-2 equilibrium bifurcations:

1. The cusp (A =0, a = 0). Equation (1) restricted to the center manifold at the critical
parameter values is given by

w' = bw’ + O(w), we R (62)

If b # 0 and if the system (1) depends generically on the two parameters (a1, az), then its
restriction to the center manifold is locally topologically equivalent to the normal form

w' = f + faw + cw®,

where (01,32) are unfolding parameters that are related to (g, az) via an invertible
smooth transformation. This normal form predicts a hysteresis phenomenon near the
bifurcation.

2. Bogdanov-Takens (A2 = 0). The restriction of (1) to the center manifold at the critical
parameter values is locally smoothly equivalent to the normal form

wy = w
63
{wa = aw? + buwow, + O([w]?), (63)
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where w = (wg, w;)* € R%. If ab # 0, and if the parameters (ay, ay) enter (1) generically,
then the restricted system is locally topologically equivalent to the normal form

!
Wy = w
w, = B+ Brwo + aw? + bwow,.

An analysis of this normal form reveals a parameter plane curve of saddle homoclinic
bifurcations emanating from the codimension-2 point. The unique periodic solution family
born in the Hopf bifurcation approaches the homoclinic orbit and terminates there as its
period T" — oo.

. Generalized Hopf (), ; = tiwg, I; = 0). The restriction of (1) to the center manifold at
the critical parameter values is locally smoothly orbitally equivalent to the normal form

w’ = iwow + l2w|w|4 + O(|w|6)7 w e Cla (64)

where the second Lyapunov coefficient I3 is real. If I3 # 0 then, generically, the restricted
system (1) is locally topologically equivalent to the normal form

w' = (B + iwp)w + Bow|w|® + lyw|wl|*. (65)

This normal form predicts the existence of a curve originating at the codimension-2 point
in the parameter plane, where two periodic orbits collide and disappear through a non-
hyperbolic periodic solution with a nontrivial multiplier y; = 1.

. Fold-Hopf (A = 0, X33 = fiwy). The normalized restriction of (1) to the center
manifold at the critical parameter values has the form

w, = %Gzoowé + Gou|w |* + éGsoowg
+ Ghiiwo|ws |* 4+ O(]| (wo, wy,w1)]|*)
w) = wgw + Grigwew; + %Gmowguh + %G021w1|w1|2

+ O([|(wo, wr,@1)]|*).

(66)

Here wg € R! and w; € C!, the coefficients Gy, in the first equation are real, while those
in the second equation are complex. If G300Glo11 # 0, then, generically, the restriction of
(1) to the center manifold is locally smoothly orbitally equivalent to the system

{UI = Bt bu’ + ez + O(||(u, 2, 2)|1Y)
z

"= (Bt iw)z + duz + eutz + O(||(u, 2,2)||*), (67)

where w, b, ¢, e are real functions of 3, while d is a complex function of 3 with

1 .
W(()) = Wo, b(O) = §G200, C(0> = Gon, d(()) = (119 — 1wy

and

Re Gog _ Gis00 n G]n) _ G021G200]
Gon Gao  Gon 2Gon 17

In general, the O-terms in (67) cannot be truncated, since they affect the topology of

1
e(0) = 3 Re [Gmo + Gho <

the bifurcation diagram of the system near the bifurcation. Depending on the coefficients
b,c,d, e the system can have two-dimensional invariant tori, chaotic dynamics, Neimark-
Sacker bifurcations, and Shil’'nikov homoclinic bifurcations.
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5. Double-Hopf (A ; = f+iw, A34 = tiw;). Assume that
kwy # lw,, k,l >0, kE+1<5, (68)
where k,[ are integer numbers. The normalized restriction of system (1) to the center

manifold has then the form

W) = ww + %G2100w1|w1|2 + Giop1wy [w;|?

+ %G3200w1|w1|4 + %G2111w1|w1|2|w2|2 + iG1022w1|w2|4
+ O(IleawlanaEQ)HG) (69)
wh = dwawy + Griowa|ws |* + %G0021w2|w2|2 '

+ iG2210w2|w1|4 + %Gu21w2|7«01|2|wz|2 + 11—2Gooszw2|7172|4

+ O(H(wlamla w27w2)”6)a

where (wy, w2)* € C?, and G € C'. Moreover, if
(Re G2100)(R6 G1011><Re G1110)<Re G0021) 79 0

and the critical eigenpairs cross the imaginary axis with nonzero velocities, then the
system (1) is locally smoothly orbitally equivalent near the bifurcation to the system
v = (B Fiw)vr + fPuviof? + Povi ol
+ i Ryvy oy |* + %Slvl [voa|* + O(H(UHEUU%E?)W%
vy = (B2 4 iwz)va + Porva|vi]? + 1 Prvalvs]?
+ i52v2|vl|4 + i Ryva|va|* + O(||(v1, o1, U2a62>”6)’

(70)

where (vy,v7)* € C?, and the coefficients Pji and Sy are complex, while the numbers Ry
are real. Moreover, the real parts of the critical values are given by the expressions

Re Pane G2100, Re P12=Re Gmn, Re P21=Re Gnm, Re P22=Re G0021,

and

_ 1 [ Re Gy Re Goosz (Re GBQOO)(Re Goom)
Re 51 = Re Grom + 3Re Grou _6Re G1110 Re G0021 (Re szo)(Re GlllO)_ ’

1 [ Re G2111 Re G3200 (R,e G2100>(Re Googg)-
Re S; = Re G0+ zRe G 6 —4 - .
2 ¢ trazo 3 ¢ 1o L Re G1011 Re G2100 (Re GlOll)(Re G0021)_

As in the fold-Hopf case, the O-terms in (70) cannot be truncated, since they affect
the topology of the bifurcation diagram of the system. Depending on the values of the

normal form coefficients, the system can have invariant tori and chaotic dynamics, as well
as Neimark-Sacker bifurcations and Shil’nikov homoclinic bifurcations.

Proofs of the results formulated above can be found in (Kuznetsov 1995) with relevant bifur-
cation diagrams and bibliographical references.
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10.2 The normalization method

Our aim is to derive efficient formulas to numerically compute the coefficients of the normal
forms (62), (63), (64), (66), and (69).

The following normalization technique is due to Coullet and Spiegel (Coullet & Spiegel
1983) (see also (Elphick, Tirapegui, Brachet, Coullet & Tooss 1987)). Suppose that the system
(1) has the equilibrium = 0 at o = 0, and suppose that the Jacobian matrix A = f,(0,0)
has n. eigenvalues with zero real part (counting multiplicities). Let T° be the corresponding
generalized critical eigenspace of A. Write the system at a =0 as

' = F(z), x e R", (71)

with F'given by (45), and restrict it to its n.-dimensional invariant center manifold parametrized
by w € R":
r = H(w), H:R"™ — R", (72)

The restricted equation can be written as
w' = G(w), G:R"™ = R"™. (73)

Substitution of (72) and ( ) into (

gives the following homological equation:

1)
H,y(w)G(w) = F(H(w)). (74)
We expand the functions G, H in (74) into multivariate Taylor series,

1 1
G(w) = Z —‘_C]ywy, H(w) = Z —‘hyw”,
V .

> Y >t Y

and assume that the restricted equation (73) is put into the normal form up to a certain order.
The coefficients g, of the normal form (73) and the coefficients h, of the Taylor expansion for
H(w) are unknown, but can be found from (74) by a recursive procedure, from lower to higher
order terms. (Obviously, one has D=1 hpw” € T¢.) Collecting the coefficients of the w”-terms
in (74) gives a linear system for the coefficient h,,

Lh, = R,. (75)

Here the matrix L is determined by the Jacobian matrix A and its critical eigenvalues. The
right-hand side R, depends on the coeflicients of G and H of order less than or equal to |v|
as well as on the terms of order less than or equal to |v| of the Taylor expansion (45) of F.
When R, involves only known quantities, the system (75) has a solution because either L is
nonsingular or R, satisfies Fredholm’s solvability condition

<p7 RU> = 0,

where p is a nullvector of the adjoint matrix L*, and (p,q) = p*q. When R, depends on the
unknown coefficient g, of the normal form, L is singular and the above solvability condition
gives the expression for g,.

For all codimension-2 bifurcations, except Bogdanov-Takens, the invariant subspace of L(L*)
corresponding to the zero eigenvalue is one-dimensional in C”, i.e., there are unique (up to
scaling) nullvectors ¢ and p,

Lg=0, L*p =0, (p,q) =1,



and no generalized nullvectors. Then the unique solution h, to (75) satisfying (p, h,) = 0 can
be obtained by solving the following nonsingular (n + 1)-dimensional bordered system:

L q hz/ _ Ru
p* 0 s ) L0 )
We write h, = LINVR,,.

The Taylor expansion of H(w) simultaneously defines the expansions of the center manifold,
the normalizing transformation on it, and the normal form itself. Since we know a priori which
terms are present in the normal form, the described procedure is a powerful tool to compute
the normal form coeflicients at the bifurcation parameter values. In the following sections, we
summmarize results obtained by this method with the help of the symbolic computation software

MAPLE. Details can be found in (Kuznetsov 1997).

10.3 The cusp bifurcation

At such a bifurcation point, the system (1) has an equilibrium with a simple zero eigenvalue
A1 = 0 and no other critical eigenvalues. Let ¢,p € R" satisfy

Ag=0, Ap=0, (pq) =1
The restriction of (1) to the corresponding center manifold has the form
w' = aw? + bw® + O(w4),

with unknown coefficients @ and b. Applying the normalization technique described above, one

gets
1

a=5(p, B(4:9)) ;

which already appears in (46) for the fold bifurcation.
For the coefficient b we obtain

1
b= g(p, C(q,9,q9) + 3B(q, hs)),

where hy = —A™Y[B(q,q) — (p, B(q, q))q], which can be computed by solving the nonsingular
(n 4 1)-dimensional bordered system

(;1 g) ( hgz ) _ ( —B(q,Q)Jrép, B(g.4))q )

Recall that @ = 0 at the cusp bifurcation. Thus the coefficient b in the normal form (62) can
be expressed more compactly as

b= %<p, C(q,9,9) —3B(q, ANV B(q,q))) -

49



10.4 Bogdanov-Takens bifurcation

Here the equilibrium of system (1) has a double zero eigenvalue A2 = 0, and there exist two
real, linearly independent, (generalized) eigenvectors, go, g1 € R", such that

A =20,  Aqp = q.
Moreover, there exist corresponding vectors pg, p1 € R" of the transposed matrix A*:
A™pr =0, A%po = p1.
One can choose these vectors so that they satisfy
(g0, p0) = (q1, 1) = 1, (q1,p0) = (qo,p1) = 0.

Then one obtains

1
a = §<p17 B(q07q0>> and b= <p07 B(q07q0>> + <p17 B(q07q1>> ’

for the coefficients a, b of the normal form (63).

10.5 Bautin (generalized Hopf) bifurcation

At such a bifurcation point the system (1) has an equilibrium with a simple pair of purely
imaginary eigenvalues, A\; o = +iwg, wo > 0, and no other critical eigenvalues. As in the simple
Hopf case, we introduce two complex eigenvectors ¢,p € C™:

Aq = iwoq, A"p = —iwop,
and normalize them according to
(p,q) =p"q=1.
The normalized restriction of (1) to the two-dimensional center manifold can be written as

. 1 1
w' = iwow + §G21w|w|2 + EG32w|w|4 + O(|wl®),

where G € C'.
An application of the normal form algorithm gives the cubic normal form coefficient

G = (p,C(q.9,9) + B(q, (2iwol, — A)7' B(q.q)) — 2B(q. A~ B(q.79))), (76)
while [; = %Re (21 is given by (47). The second Lyapunov coefficient is given by
Iy = iRe (g,
12
with

Gy = (p, F(9:9.9.7,9)
+ D(q, 9,9, ha0) + 3D(q,7,q, hao) + 6D(q, .G, h11)
+ C(9,9, hao) + 3C(q, q,Em) +6C(q,G, har) + 30((],%0, hao)
+6C(q, hi1, hi1) + 6C(q, hao, hiv)
+2B(G, ha1) + 3B(q, ha2) + B(E207 hso) + 3B(ﬁ21, hao) + 6B(h11, ko)),
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where

hoo = (inoln—A)_lB(q,q),
hin = —A_IB(%G)-

The complex vector hy; is found by solving the nonsingular (n+ 1)-dimensional complex system

( wol, —A ¢ ) ( ha ) _ ( C(q,4,9) + B(q, hao) + 2B(q, h11) — Gag )
p* 0 s o 0 ’

while
hso = (3iw0]n - A>_1 [C((Ja q, Q) + 33((1, h20)],
hsy = (2iwol, — A)7'[D(q,q,9,9) + 3C(q. ¢, h11) + 3C(q, G, hao) + 3B(hao, h11)
+ B(q, hso) + 3B(q, ha1) — 3Ga1hao),

h22 = _A_I[D(Q7 qaq7 q) + 4C(Q7G7 hll) + 0(67 67 hQO) + C(q7 Q7E20)
+2B(hi1, ki) + 23(%%1) + 2B(q, ha1) + B(%207 hao) — 2h11(Gar + @21)]-

10.6 Fold-Hopf bifurcation

At a fold-Hopf bifurcation point of (1) the Jacobian matrix A = f,(0,0) has a simple zero
eigenvalue A; = 0 and a pair of purely imaginary simple eigenvalues:

/\1 = O, /\273 = :i:iwo,

with wg > 0, and no other critical eigenvalues. Introduce two eigenvectors, g9 € R” and
q1 € Cn7
Ago = 0, Aqr = 1woqy,

and two adjoint eigenvectors, py € R" and p; € C”, with
A*py =0, A™py = —iwop;.
Normalize these vectors such that
<P0,(J0> = <P1,Q1> = 1.

The following orthogonality properties hold: (pi,qo) = (po,q:) = 0. One obtains the following
expressions for the quadratic coefficients in (66):

Glago = <P0,B(CI0aQO)>a Ghio = <P1,B(CI07(]1)>a Gonn = <P0,B(Q1@1)>a

and the following formulas for the cubic coefficients in (66):

Gis00 (po, C(qo, G0, o) + 3B(qo, haoo)),

Gir = (po,C(q0,q1,7,) + B(qo, ho11) + B(QhEllo) + B(Gy, h110)),
Gaio (p1,C(qo,q0,q1) + 2B(qo, h110) + B(q1, haoo)),

Goan = (p1.C(q1,61,G,) + 2B(q1, hot1) + B(@y, ho)),
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where

haoo = —AINV[B(QO, QO) - <P0, B(QO,QO)>QO]7

hoso = (Q'iwofn - A)_lB(qh (J1)a

hiio = (iwo[n - A)INV[B(QO, Ch) - <P1, B(QO, Q1)>Q1]7
hoin = —AINV[B(QI@J — (po, B(q1,@1)) o).

Here the vectors hago and hoi1 can be computed by solving the nonsingular (n 4 1)-dimensional

real systems
( A g ) ( h200 ) _ ( —B(q0, 90) + (o, B(q0, 90))0 )

py O s 0

(pAS qoo ) ( hc;n ) _ ( ~B(a1,3) + <§OaB(q1,§1)>qO )

while the vector hq19 can be found by solving the nonsingular (n + 1)-dimensional complex

( iwols = A a1 ) ( hato ) _ ( Blqo: 1) = (p1, B(go, 1)) ) '

pi 0 S 0

and

system

10.7 Double-Hopf bifurcation

At the double-Hopf bifurcation the system (1) has an equilibrium for which the Jacobian matrix
A = [,(0,0) has two pairs of purely imaginary simple eigenvalues:

)\1’4 = :l:'&(.dh )\2’3 = :l:Z(.Qg,

with w; > wy; > 0, and no other critical eigenvalues. Assume that condition (68) holds. Since
the eigenvalues are simple, there are two complex eigenvectors, g1, g, € C", corresponding to
these eigenvalues:

Aql = iwlql, AQQ = Z.(.UQQQ.
Introduce the adjoint eigenvectors py,p2 € C" by

A*pl = —iwlpl, A*pg = —iWng.
These eigenvectors can be normalized using the standard scalar product in C”,

(p1,q1) = (P2, q2) = L.

The resonant cubic coeflicients in the normal form (69) are given by

G100 = (p1,C(q1,91,q) + B(h2000,G;) + 2B(h1100, ¢1)),
Gror = (p1,C(a1,492,7,) + B(h1o10,Gy) + B(h1oo1s ¢2) + B(hoo11, ¢1)),
Ghivo = (p2,C(q1,G1,92) + B(h1100s G2) + B(hi010, @) + B(hioor, a1)),
Goozr = (P2, Cl42,92,Ty) + B(hov2o, Gy) + 2B(hoor1, 42)),
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where

hiioo = —A_IB(‘]h@):
(inlfn - A>_1B(q17 q1>7

h2000

hioio = [i(wi +we)l, — A]_lB(qh q2),
hioor = [i(wl - W2>[n - A]_lB((Zla %)7
hoo2o = (inzln - A)_IB((D,%)a

hoorr = _A_IB(‘]%%)-

All matrices involved in the above formulas are nonsingular, due to the conditions (68) on the
critical eigenvalues.
Expressions for the fifth-order coefficients in (69) are given in (Kuznetsov 1997).

11 Branch Switching at Codimension-2 Bifurcations

Suppose that the system (1) has a codimension-2 equilibrium # = 0 at a = 0. Generically, one
expects curves of codimension-1 bifurcations to emerge from the origin in the a-plane. In this
section we describe methods to start the continuation of such curves based on the information
available at the singularity. As we mentioned in Section 10, there are not only codimension-1
equilibria that emanate from codimension-2 points but, depending on the type, there may also
be codimension-1 families of periodic and homoclinic orbits.

The analogous problem of switching from codimension-1 bifurcations to codimension-0 equi-
libria or periodic solutions was treated in Section 4. Here we will not consider switching between
bifurcations of the same codimension, which is typical for nongeneric parameter situations (e.g.
in systems with symmetries).

One way to set up a computational procedure is to consider the normal form of the
codimension-2 singularity including the parameters 3 € R?

w' = G(w, B), G :R™? 5 R™, (77)

For all five codimension-2 bifurcations these normal forms are listed in Section 10. Suppose
that an exact or approximate formula is available that gives the emanating codimension-1
bifurcations for the normal form (77). In order to transfer this to the original equation (1) we
need a relation

a=K(p), K:R* =R’ (78)
between the unfolding parameters 3 and the given parameters o and, moreover, we need to
extend the center manifold parametrization (72) with respect to (3

r = H(w, ), H:R"™ 5 R (79)
Taking (78) and (79) together as (z,a) = (H(w,3), K(8)) yields the center manifold for the

suspended system ' = f(z,a), o’ = 0. The homological equation (74) now turns into

H,(w, B)G(w, B) = f(H(w, 3), K(3)) (80)

and the method of Section 10.2 extends readily to this case. We assume the Taylor series of G
to be known as

1
G(“%ﬁ) = Z ?guuwyﬁua

V..
ol ulz1 VH
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and the Taylor series of H and K to be unknown

1
H(w,p) = >, —hows, K@) = )

o
l|+ul>1 Vo H ul>1 -

1
k3",

We insert these expansions into equation (80) and apply a recursive procedure as in Sec-
tion 10.2. For g = 0 this reproduces the coeflicients from Section 10 while the coefficients
with |p| > 1 yield the necessary data on the parameter dependence. Again, as in Section 10,
we emphasize that this approach requires the knowledge of the normal form (77) and derives
necessary conditions for the transformations.

We also notice that the Taylor terms are not always determined uniquely in this way and
that the number of terms needed depends on the type of codimension-1 singularity we want to
follow. For example, folds and Hopf points usually need fewer Taylor terms than periodic and
homoclinic orbits. In the following sections we give some results for the cusp, Bogdanov-Takens,
and Bautin bifurcations and comment on the remaining cases.

11.1 Switching at a cusp point

The cusp is the simplest case for branch switching because there is a smooth and regular curve
of folds passing through it, and no other codimension-1 points are nearby. To be more specific,
suppose that a cusp of (1) has been located at some (zg, ) by solving the augmented system
which consists of (2) and (59). The tangent vector to the curve of folds passing through it is
then given by (g,0,0) where fYq = 0. Note that according to (26) we have

gz, a0)qg = —p” fow(wo, a0)gq = 0

and hence (¢,0,0) spans the null space of the Jacobian of (f,g). We may then continue the
fold branch with the predictor

(0, 0) +¢(q,0,0) for some small ¢ # 0.

To obtain more information on the location of the fold curve in the parameter plane we use
the normal form

G(w,3) = 51+ Bow + cw’ + ...

For simplicity, let g = 0, a9 = 0 and consider the expansions

K(B3) = KB+0(|8|),
H(w,ﬁ) = Hpup+ quw+ %HQOUJQ + Hywi + éH30w3+O(|WH2+w4)
flz,a) = AJJ-I—Al(X—I-%B(J,‘,J,‘)-I- Bl(m,oz)—l—éC(m,m,m)—l—O(HaHZ—l— HTH4>

Using the method described above one finds as in Section 10.3 that

1 %
Hyo = —AINVB(‘LQ)a €= Ep (3B(Hzo,9) + C(q,4,9))

and Hoy, Hy1, Hyg, Hso, K1 are in addition determined through the following bordered systems

p*Bqg p*Big ( [‘91 ) =10 1],
P 0 ! 0 0
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Hy, = A[NV([HQ Q] - B(q, HOI) - Bl(q7 [(1))7

Hiyy = A™Y(6cq —3B(Hy,q) — C(q,q,q)).
It turns out that the first bordered system is nonsingular for generic cusps and can be reduced
to one left and two right solves with ATV and to a small 2 x 2 system.

Since the curve of folds for the truncated normal form is given by
w=c¢, [ =2 [y=—3ce?

we obtain an O(e*) approximation of the fold curve in the original system as follows

2
o = 6621(1 03 + CSSI(] 0 + O(€4>

0 2 0
xr = €q—|—€2 (CH(” ( _3 ) —|— %HQO) —|—63 (ch ( 0 ) +CH]] ( _3 ) + éH‘go) +O(€4>

11.2 Switching at a Bogdanov-Takens point
11.2.1 Switching to folds and Hopf points

According to Section 7.2, any generic BT-point (zg, o) in a two-parameter system is a regular
solution of the minimally augmented fold equations f = 0,gr = 0 (see (23), (24)) as well as
of the corresponding Hopf equations f = 0,95 = 0 (see (23), (27)). In this sense there is no
problem of starting either of the two branches by solving the appropriate system.

However, if one replaces the large system (27) by the Hopf system (30), then the BT-point
becomes a simple (actually symmetry-breaking) branch point for (30) and the branch switching
methods of Section 4 apply, cf. (Spence, Cliffe & Jepson 1989). Starting Hopf curves at BT-
points was suggested by (Roose 1987) and the use of bordered systems in (Griewank & Reddien
1989).

We provide here some higher-order approximation for the functions in (78), (79) which will
be used in the next subsection for the fold and Hopf branches as well as for the homoclinic
branch.

Let # = 0, a = 0 be a BT-point; then choose vectors qq, ¢1, po, p1 and compute the coeffi-
cients a, b in the normal form

wn
G(w, 3) = 7
(12, ) ( B + Bawo + awd + bwow; + . .. )

as in Section 10.4. We use the homological equation (80) with the expansions

K(B) = KB+ iK.854 OB} + |515:] + |32]°)
H(w,ﬁ) = Hyup+ [qo, ql]w + %HZO’OUJ(Z) + Hypwow; + %HOQJ/BZZ

81
FO(w? + wown] + wof? + 52 + 06| + |Baf) )
flz,a) = Az + Aja+ %B(m, z)+ Bi(z,a) + %Bgoﬂ + O(H:EHB + Ha“‘o’)
The linear terms K, Hoy are easily determined through
Koo o= (2427 [ " T where (yi.%) = piA,
Y2om (82)

H01 = AINV([ql, O] — All/(l).
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Here we have defined A"V by solving the bordered nonsingular matrix ( ;}( 161 ) as in
0

Section 10.2. Note that
Pi([q1,0] — A Ky) = (1,0) — (piA) K,y = 0.

This equation does not define K uniquely and the above choice of Ky was made for convenience.
Let us introduce columns in Ky = [K 0, K1,1] and in Hoy = [Ho1,0, Ho1,1] respectively. Then
the fold curve for the normal form

Wy = &,W; = 0,/31 = 062,62 = —2ae

transforms into

o = —2@6[(1’1 + O(€2>, €r = 6((]0 — QCLH()Ll) + O(€2>.
and the Hopf curve wy = w; = 0,8, = 0,8, = —e < 0 into

a = —61—(171 + O(€2>7 r = —€H01’1 with ¢ > 0.
With AV as defined above, one finds for the quadratic terms

Hzo,o = AINV(QG% - B(Qm%)) Hyy = AINV(b% + Hzo,o - B(Q(J, Q1))

83
[(2 = —(pTZ)[(LO H02 1 = —AINV<Z + All(g) ( )

where

z=B(Ho,Hoi1) +2B1(Hoi1, K11) + B2 K1, Ky p).
Using the expressions for a and b it is easily verified that the right-hand sides in the first two
equations are in the range of A. With the formulae above and (81) one can write down an
O(&”) approximation of the fold and the Hopf curve.
11.2.2 Switching to homoclinic orbits

The key to the construction of the homoclinic orbits in the normal-form system is a blowup
transformation which anticipates the cuspoidal shape of the phase curves in the (wq, wy)-plane.
Introduce new parameters 7,c and phase variables £, 7 via

. 1
ﬁQZTéSZ, 51 = 4—(7'2—1)64
a

This transforms w’ = G(w, 3) into

()= (et )i (o P ) =

At ¢ = 0 this system is Hamiltonian and has a homoclinic orbit given explicitly by

(€o,m0)(t) =2(1 =3 SechQ(t), 6 sechQ(t) tanh(t)).
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One can now apply well-known techniques due to (Pontryagin 1934) and (Melnikov 1963) to
obtain periodic and homoclinic orbits for the perturbed Hamiltonian system. Alternatively,
according to (Hale 1983), one may treat this problem as a bifurcation problem in suitable
function spaces. For this purpose take 7 as a parameter and write (84) as an operator equation

F(z,7) =0, where z=({n,¢e)¢€ Céounded x R!.

Setting zo = (o, 10, 0) we have F(zp,7) = 0 for all 7 € R and a computation shows that a sim-
ple (in fact, a pitchfork) branch point occurs at 75 = —g. This proves the existence of a branch
of nontrivial homoclinic orbits for the system (84) and leads to a first order approximation of
the bifurcating branch as

z = (&,n0,€), T =To.

For the normal form system we obtain an approximate homoclinic at

8y = —49%64 L0, By = —252 +O(h
=2 (0(5)+ ) 000, mi0= (5000

Finally, with the data collected in (82), (83) and using (78), (79), (81) we arrive at a homoclinic

predictor for the original system

o = =K+ 5 (—6Ki 0+ £Ky) + O(cf)
x(t) = &* (—gHom + ﬁ (50 (%t> + 17—0 + O(€>) CZO) + %770 (%t) q + O(e?).

This predictor can also be used to set up a phase fixing condition and thus start the continuation
of a branch of codimension-1 homoclinics with the methods from Section 6. Starting homoclinic
orbits at Bogdanov-Takens bifurcations was first considered in (Rodriguez-Luis et al. 1990) and
(Beyn 1994).

11.3 Switching at Bautin (generalized Hopf) bifurcation

Since for this bifurcation there exists a continuation of the critical equilibrium zy(a) for all
sufficiently small |||, with 2¢(0) = 0, we can write (1) in a coordinate system with the origin
at zo(a) as

' = A(a)r + F(z,a), F:R"" = R",

where F' = O(||z||?). This allows one to avoid expanding the center manifold and the normal
form into Taylor series in the parameters.
We have | |
F(z,a) = §B(x, T, o) + EC(.I, z,z,a)+ O(|lz|*),

H(w,w,a) = wq(a) + wg(a) + %hm(a)wQ + hai(@)ww + %hOQ(Q)wQ + O(Jwl?), (85)

S\
I
=
2
g
+

cr(@)wlw]? + ex(a)wlw|* + O([w]®),

0
Aa)g(@) = Ma)g(a), A™(a)p(a) = AMa)p(a),
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and p, ¢ are normalized in the standard way for all ||| small.
From the homological equation (80) we now get

cr(@) = %<P(Q)C(Q(a), q(@), (@), a) + B(q(@), hao(a), @) + 2B(g(a), hii(e), ),

where

hoo(a) = [QA(a)[n_—A(a)]_lB(q(a),q(a),a),
ha(a) = [(\(@) + 3(@)la — A(e)]™ Blg(a), gla), o).

Note that ¢i(a) is not uniquely defined and the above choice gives a ¢;(0) that coincides with
(76) from Section 10.5.

To arrive at the normal form with real coeflicients of the nonlinear terms
w' = (p(a) 4 iw(a))w + Li(a)w|wl* + l(a)ww|' + O(|wl), (86)

one has to reparametrize time (Kuznetsov 1995) according to

= (1= o))

which gives

li(a) =Re ¢1(a) — pe) Im ¢ (a). (87)

w(a)
The unfolding parameters of the normal form (65) can then be expressed as

ﬂl = Iu(a)7
{62 = ll(a)v (88>

where [i(a) is defined by (87). The equations (88) can be written as
B=Kia+0(|a]?), o 3€cR?

where K is the 2 x 2 Jacobian matrix of (88) that is nonsingular at a generic Bautin point.
Thus,
a=K{'8+0(|8])

This allows relating the equation for the curve of fold periodic solutions in the truncated normal

form (86), namely
lw| =¢, B =1lhe', By=—20e%

to the original parameters. We also obtain an asymptotic estimate for the periodic solution
using (85). Recall that an expression for /5(0) given in Section 10.5. Relating the Hopf curve
in the truncated normal form with that in the original system is easy, since it is defined by

ﬁ1:0,ﬁ2:€,w:0.
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11.4 Other Codimension-2 cases

A more delicate situation appears at a fold-Hopf bifurcation point (Section 10 and (Kuznetsov
1995)). Assuming an approximate normal form as in Section 10.1, asymptotic formulae for a
curve of Shilnikov homoclinic orbits and for a curve of torus bifurcations have been derived in
(Gaspard 1993) and applied to a specific example, the Rossler model. Note that the Shilnikov
orbits appear in an exponentially narrow wedge in the parameter plane and their precise form
depends on the higher-order terms of the approximate normal form. In addition there may be
curves of heteroclinic tangencies of periodic solutions and torus bifurcations. Similar phenomena
arise at double-Hopf bifurcations (cf. (Kuznetsov 1995)). A complete set of formulae suitable
for switching to homoclinic and heteroclinic orbits in the fold-Hopf and the double-Hopf case
seems not to be available.
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