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Abstract

The problem of distinguishing density-independent (DI) from density-dependent (DD) demographic time series is important
for understanding the mechanisms that regulate populations of animals and plants. We address this problem in a novel way by
means of Statistical Learning Theory (SLT); SLT is built around the idea of VC-dimension, a complexity index for classes of
parameterized functions. Though VC-dimensions of nonlinear models are generally unknown, in the linear case VC-dimension
actually corresponds to the number of free parameters; this allows one to straightforwardly apply the model selection framework
developed within SLT, and called Structural Risk Minimization (SRM). We generate noisy atrtificial time series, both DI and DD,
and use SRM to recognize the model underlying the data, choosing among a suite of both density-dependent and independer
demographies. We show that SRM significantly outperforms traditional model selection approaches, such as the Schwartz
Information Criterion and Final Prediction Error in recognizing both density-dependence and independence.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction stimulated a great research effort over the past three
decadeqBulmer, 1975; Pollard et al., 1987; Dennis
To recognize whether a population is growing in and Taper, 1994)
a density-dependent or independent way is of great  Earlier works were based on hypothesis-testing ap-
practical importance in the design of proper policies proaches and contrasted a single density-independent
for sustainable management and exploitation of nat- model (usually Malthusian) with a single alternative
ural populations. In fact, statistically distinguishing density-dependent one (often the Ricker model). A
density-dependent from independent time series is of milestone in this context is for instance the work of
paramount interest for predicting future population Dennis and Taper (1994)ho proposed a powerful hy-
abundances and understanding the mechanisms thapothesis testing framework based on parametric boot-
regulate the species demography. Therefore, this topic strapping of likelihoods ratios. Despite their statistical
soundness, hypothesis testing frameworks often suf-
"+ Corresponding author. Tel.: +39 02 2399 3562; fered from the problem of Iqw power, .an.d were there-
fax: +39 02 2399 3412. fore recognized as conveying only limited informa-
E-mail address: corani@elet.polimi.it (G. Corani). tion (Zeng et al., 1998)In fact, the diversity in pat-
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terns of natural population regulation can be hardly ad- ear models can be addressed through the methodology
dressed by comparing just a couple of models and, on originally proposed byapnik et al. (1994)although
the other hand, managing many models through hierar- little applied work has been done on this topic up
chical pairwise hypothesis testing does not necessarily to now.
lead to the selection of the best mod@8trong et al., The model selection framework developed within
1999) SLT is called Structural Risk Minimization (SRM); it
To overcome such limitations, several auth@msng provides an analytical upper bound on the future er-
et al., 1998; Strong et al., 1999; Dennis and Otten, ror of a given model. The VC-bound is the product of
2000; Taper and Gogan, 200Rpve proposed the the training error and a penalization factor, which de-
use of information criteria (IC) to choose the best pends on the VC-dimensidnand on the sample size
among a suite of alternative models including both ¢. The model which minimizes such a bound is finally
density-independent and density-dependent demogra-selected.
phies. Generally speaking, ICs address the model se- With reference to linear regression problems, it
lection by choosing the model that minimizes the prod- has been show(Cherkassky et al., 1999#)at SRM
uct of the squared deviation from data and a penaliza- can consistently outperform traditional Information
tion factor, which is an increasing function of the ra- Criteria for different dataset sizes and noise levels;
tio of free parameterd to the sizeg of the dataset;  the performance gap in favor of SRM is especially
the rationale for such a penalization is that an opti- strong on small datasets, which are usual in ecological
mal trade-off should be found between the quality of modelling.
data fitting and model complexity. Different ICs pro- As far as we know, this paper uses for the first time
vide different expressions of the penalization factor, SRM to detect density-dependence, comparing its ef-
obtained under different hypotheses; however, they are fectiveness against SIC and FPE. We simulate differ-
all (a) based on asymptotic arguments — which there- ent demographic models — with different parametric
fore hold just for large datasets — underlying a set settings —and then corrupt the simulated data with dif-
of common assumptions such as (b) the linearity of ferent levels of noise. For each noisy simulation, we
the target function, which (c) must be contained in identify different candidate models (including the one
the set of the candidate approximating functions. As underlying the time series), and then select the best one
a consequence of these restricting hypotheses, ICs areaccording to the different model selection criteria. This
very often applied even if their constitutive assump- way, we statistically assess the skill of each model se-

tions are not strictly met. In the literature, the Final
Prediction Error (FPE) and in particular the Schwartz
Information Criterion (SIC) appear to be the most
widely used by ecologistStrong et al., 1999; Dennis
and Otten, 2000; Zeng et al., 1998; Taper and Gogan,
2002)

lection criterion in recognizing the model which really
underlies the data.

Our experimental results show that SIC may some-
times favor too parsimonious models (which implies
that the Malthusian demography can be chosen even if
the time series is a density-dependent one) while, on

As a viable alternative to classical ICs, we propose the contrary, FPE may favor overparameterized mod-
the use of the model selection framework developed els (i.e., it may select a density-dependent demography
within Statistical Learning Theory (SLT). SLV4pnik, evenifitis notthe case, or include useless covariates in
1995 is derived under very general hypotheses, such the chosen model). SRM is well-balanced, and in fact
as finite sample settings and nonlinear estimation, and it shows the best ability in choosing the appropriate

is built around the idea of VC-dimensi@ana complex-

ity index for classes of functions. In the case of linear
estimators, VC-dimension is known and actually corre-
sponds to the number of free parameters,i.es,d; on

the contrary, VC-dimensions of nonlinear models are
generally unknown a priori and this constitutes a ma-
jor obstacle to a wide application of SLT findings. The
challenge of estimating the VC-dimension of nonlin-

model complexity.

The paper is organized as followSection 2
presents the suite of demographic models considered,
Section 3details the different model selection ap-
proachesSection 4explains the experimental method-
ology, andSection 5reports the obtained results. In
Appendix A we sketch the theoretical definition of
VC-dimension.
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2. The demographic models of the suite 3. The model selection problem

The considered demographic models are linear with From an abstract viewpoint we can think of the
respect to the parameters, i.e. the output variable is model selection problem as the problem of approxi-
given by a weighted sum of the input variables. In mating the functioning of a true system; such a system
particular, the models return as output the instanta- receives an input vectat, characterized by a prob-
neous rate of population increase between years, i.e.,ability distribution P(x) and correspondingly returns
Y11 = In(N:+1/N;), where N; denotes the popula- an outputy, according to the conditional distribution
tion abundance at time Input variables are, for in-  P(y|x). Both P(x) and P(y|x) are unknown. We as-
stance, the abundance in the previous year and exogesume that the system is represented by the unknown
nous driving forces, such as temperature, precipitation, relationship:

etc.
We introduce the models inincreasing order of com- y = g(x) + ¢ (5)
plexity, the next being obtained by adding a linear term
in the previous. The suite is as follows: wheree is an independent identically distributed zero
mean random noise.
e the Malthusian model (M): A model selection procedure is aimed at choosing
the best approximating function among a set of several
IN(N;41/N;) = a (1) candidatesf;(x, w), wherew denotes the parameters
specifying the function, and the subsciiptfers to one
which is the only density-independent model; of different classes of functions. For example, class
¢ the Ricker model (R): might be a polynomial of degrge

The choice is based on a finite humleof sam-
IN(N;+1/N;) = a+bN,, (a>0,b<0) 2) ples;, vi),i =1, ..., q.If, as usual, the quality of the
approximation is measured through the squared error,
the optimal approximating function should in principle
minimize the followingprediction risk functional:

whose only nontrivial equilibrium corresponds to
N = —a/b. Also, note thab is a scale parameter. In
fact, settingZ, = bN;, we obtain InZ’Z—j1 =a+Z.
e the Ricker model with one covariate (RI):
Ri@) = [0 fx )fdP(x.) ©)
IN(N;+1/N;) = a + bN; + cXa(t) 3)
which is however unknown because the joint probabil-
ity distribution function P(x, y) = P(y|x)P(x) is un-
known.
Onthe other hand, what can be experimentally mea-
sured by using the samples is thempirical risk:

whereX1(¢) is an exogenous forcing variable, such
as a climatic indicator, which may affect the popu-
lation dynamics;

¢ the Ricker model with two covariates (RII):

IN(N;31/N;) = a+ bN; + cX1(t) + dXo(t)  (4) w
R j(w)emp= p Z(Yi — fi(xi, @))? (7)

whereX»(¢) is a further exogenous variable. p
The above presented models have VC-dimenksigee Information criteria attempt to estimate the unknown
Appendix A) that corresponds to the number of free pa- prediction risk(6) as the known empirical risk7),
rameters/, because all the equations are linear. These penalized by some measure of the model complex-
models are often used as alternative candidates whenity. Once an accurate estimate of the prediction risk
one has to identify the demographic mechanism under- is found, the model that minimizes the estimated pre-
lying the available field data, and are usually compared diction risk with respect to both the classf functions
by SIC (Zeng et al., 1998; Dennis and Otten, 2000; and the parameters defining each function inside the
Taper and Gogan, 2002; Peek et al., 2002) class is chosen. In general, for a functifhavingd;



G. Corani, M. Gatto / Ecological Modelling 191 (2006) 186—195 189

free parameters, ICs take the form: Actually, VC-theory has been formalized under the
. . assumption ok andy being independent identically
estimated risk(;) = R j(@)emp (1)) (®) independent distributed, which is not true for our prob-

wherer(p) is the penalization function ans}; denotes lem. Nevertheless, the effectiveness of the approach
the ratiod; /4. In this paper we consider the Final Pre- @IS0 in this unusual context is clearly shown by the
diction Error @kaike, 1970: experimental findings reported later.

FPE estimated riskf;)

= Rj(@)emd (1 + p;)/(1 = pj)] )

H@emd ! _ ’ - To test the methodology, we generate artificial time
and the Schwartz Information Criterio€ljerkassky  series, simulating the models and adding noise to the
and Mulier, 1998Cherkassky et al., 1999a simulations. By adopting a log-normal multiplicative
SIC estimated risk(;) no_lse, th(nT equations of a noisy simulation can be

written as:

4. The experimental methodology

= Ri(@emp |1+ (N@)/20p;1=p) 7| (A0 N Ly exotat bV, + eXa() + dXa(t) + nWN)

These classical approaches are motivated by asymp- (13)
totic argumentsq — oo) for linear models and indeed
risk estimates provided by FPE and SIC are asymp- Wheren is the noise level and WN a standard normal
totically equivalent. They also assume that the target white noise (. = 0, % = 1). Depending on the type
function g(x) is contained in the set of candidate ap- of the simulated model, coefficients c or d can be
proximating functiong’;(x, ). Itisworthwhiletonote ~ set to 0. Covariatex; and X» are also generated as
that the experiments carried out in this paper will actu- standard normal white noises.
ally meet such an assumption. A simulation is therefore characterized by the fol-

These classical approaches can be contrasted to thdowing simulation settings:
VC-theory approach where, fora sample of finite length
g, one can calculate a bound for the risk function e the initial conditionNo;
(6). For “practical” regression problems, the following e the model coefficientsu( b, ¢, d);
Structural Risk Minimization holds with probability e the noise levek;
(11— (1//9)) (Cherkassky et al., 1999a) e the simulation lengtl.
SRM estimated risk(;) ) ) . .

Simulation settings for the different models are ob-

-1 : S : .
< Remp {1_ VPi—pjinp;+In(g)/2q (11) tained by combining the following values in all the
+ possible ways:

wherep; = hj/q (h; is the VC-dimension of thgth
class offunctions). Ifthe models are lindaycoincides e Malthusian model: Ng = 100;a = [0.5; 1;15];

with the number of free parameters,sp= d;/q. The n = [0.05;01; 0.25; 0.5]; ¢ = [10; 20; 50; 100];
model that minimizes the right-hand-side(af) is fi- e Ricker model: since parametér < 0 does not
nally selected. Therefore, in practice SRM is yet an-  influence the results (see e.@ennis and Ta-
other way of penalizing the empirical rigkemp. per (1994) being just a scaling parameter, we

With reference to our application, the problem of fix b =—0.01. On the other hand, simulations
predicting the rate of demographic increase between started in correspondence of the model equi-
yeart and year + 1 can be obtained by setting librium (No = —a/b) make the model recog-

B . nition especially difficult (Dennis and Taper,
Yy =In(Nesa/Ni), x =[N, Xa(0). X2()] - (12) 1994) and therefore deserver particular consid-

where the variables have the meaning already specified eration. No = 100and- a/b;a = [.5;1;15];6 =
in Section 2 —0.01;n = [.05;.1;.25;.5]; ¢ = [10; 20; 50; 100];
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e Ricker | model:Ng = 100;a = 1;b = —0.01;c = (3) acceptability check: density-dependent models
[0.01;01;0.5];n = [.05;.1;.25;.5]; ¢ = [10; 20; (i.e., all but the Malthusian) should have a negative
50; 100]; parameteb, meaning that intra-specific competi-

e Ricker Il model:Ng = 100;a = 1;b = —0.01;c = tion negatively affects the population growth rate;
0.01;d =[0.01;0.1;0.5]; » =[0.05; 0.1; 0.25; 0.5]; thus, models with a positive estimateoére dis-

g = [10; 20; 50; 100]. carded;
(4) model selection: FPE, SIC and SRM are used in

For each simulation setting, we perform 500 model order to choose the model from among the set of

recognition experiments. The model selection proce- candidates.

dure can be summarized as follows:

(1) simulation: 500 noisy simulations are performed 5. Results
according to Eq(13), using the given simulation
setting; Table 1summarizes the results by reporting the av-
(2) identification: the time serie§11 = In (N;4+1/N;) erage proportion a model is selected using the differ-
is calculated and the parameters of the four candi- ent model selection criteria. The average is taken over
date models are estimated by means of linear least || the different simulation settings (model parameters,

squares; simulation length, noise level). More detailed results
Table 1
Average ability of FPE, SIC and SRM in recognizing the model underlying the artificially generated time series
Simulated model  Selected model (FPE) Selected model (SIC) Selected model (SRM)

M%) R(@®) RI@®%) RI®%) M@®) R(@®) RI(%) RI®%) M@®) R(®%) RI(%) RI (%)

M 81 9 5 5 99 1 0 0 98 2 0 0
R(No = 100) 0 72 15 13 19 78 2 1 4 92 3 1
R(No = -3 2 71 15 12 49 49 1 1 10 86 3 1
RI 0 23 58 18 19 29 49 3 3 36 58 3
RII 0 7 21 72 6 24 18 51 2 17 24 58

Percentages in bold refer to the model that really generated the data (the higher, the better). See text for symbols.

Table 2
Detailed results for the recognition of the simple Malthusian model with different settings

Recognized models (FPE) Recognized models (SIC) Recognized models (SRM)
M) R(®%) RI(%) RI(%) M (%) R(%) RI(%) RI(%) M%) R(%) RI(%) Rl (%)

050 79 10 6 5 99 1 0 0 97 3 0 0

1.00 81 8 6 5 99 1 0 0 98 2 0 0

150 84 7 5 4 99 1 0 0 98 2 0 0
n

005 84 7 5 4 99 1 0 0 99 1 0 0

010 83 7 5 5 100 0 0 0 98 2 0 0

025 81 9 5 5 99 1 0 0 98 2 0 0

050 76 12 6 6 929 1 0 0 97 3 0 0
q

9 76 8 7 9 97 1 1 1 95 4 1 0
19 81 9 5 5 100 0 0 0 97 3 0 0
49 84 9 4 3 100 0 0 0 99 1 0 0
99 84 8 5 3 100 0 0 0 100 0 0 0

Percentages in bold refer to the model that really generated the data (the higher, the better).
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Table 3
Detailed results for the recognition of the simple Ricker mod&l £ 100) with different settings

Recognized models (FPE) Recognized models (SIC) Recognized models (SRM)

M©®) R(%) RI(%) RI®%) M%) R(®%) RI(%) RI%) M@®%) R(%) RI®%) RIl(%)

0.50 1 72 15 12 55 42 2 1 7 89 3 1

150 O 72 15 13 1 95 2 1 95 3 1
n

005 O 72 15 13 0 96 2 2 0 96 3 1

010 O 71 16 13 23 74 2 1 0 95 4 1

025 O 72 15 13 43 54 1 2 5 92 3 0

0.50 1 72 16 11 48 50 2 0 10 86 3 1
q

9 2 61 17 20 18 70 6 6 10 82 6 2
19 0 71 17 12 25 75 0 0 4 90 5 1
49 0 77 13 10 33 67 0 0 0 98 2 0
99 0 78 13 9 0 100 0 0 0 99 1 0

Percentages in bold refer to the model that really generated the data (the higher, the better).

are reported iTables 2—@hat evidence the sensitivity  (Table 2, one notes that SIC and SRM recognize cor-
of the recognition proportion to variations of each sin- rectly the Malthusian demography, as they are in prac-
gle parameter, by pooling the experiments that share tice insensitive to any variation of the noise lexgthe
the same value of a given parameter. For instance, thesimulation lengthy or the drift parametes; however,
row (@ = 0.5) in Table 2refers to the average result FPE too shows little sensitivity of its performances to
obtained on 8006-= 500 x 4 (different values of) x4 changes in one of these parameters.
(different values ofy) experiments. As for the ability to recognize the Ricker model
As for the Malthusian modelTable ), it is almost (Table 3, SRM (92%) strongly outperforms FPE and
always recognized both by SIC and SRM (99 and 98%), SIC (78 and 72%, respectively); for whatever value of
while FPE fails about 20% of times, selecting adensity- «, n andg, a consistent advantage of SRM over both
dependent demography. Looking at the detailed results FPE and SIC is found. Remarkably, FPE and SRM ap-

Table 4
Detailed results for the recognition of the simple Ricker modigl & —a/b) with different settings (simulations started at the model equilibrium)

Recognized models (FPE) Recognized models (SIC) Recognized models (SRM)
M (%) R (%) RI (%) RII(%) M (%) R (%) RI (%)  RII (%) M%) R((%) RI(%) RII (%)

0.50 4 70 14 12 94 4 1 1 23 74 2 1

1.00 1 72 15 12 a7 50 2 1 6 90 3 1

1.50 0 72 16 12 5 92 2 1 2 94 3 1
n

0.05 2 71 15 12 51 47 1 1 10 86 3 1

0.10 2 71 15 12 51 47 1 1 10 86 3 1

0.25 1 71 15 13 49 49 1 1 10 86 3 1

0.50 2 71 15 12 46 52 1 1 10 86 3 1
q

9 5 59 17 19 50 42 4 4 31 63 5 1
19 1 72 15 12 51 49 0 0 10 84 5 1
49 0 75 15 10 48 52 0 0 0 97 2 1
99 0 78 14 8 47 53 0 0 0 99 1 0

Percentages in bold refer to the model that really generated the data (the higher, the better).
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Table 5
Detailed results for the recognition of the Ricker (1) model with one covariate and with different settings

Recognized models (FPE) Recognized models (SIC) Recognized models (SRM)

D(%) R(%) RI(%) RI®%) D@®) R(@®%) RI(%) RI®) D®) R(®%) RI(%) RI(%)

0.01 1 57 28 14 45 52 2 1 6 82 11 1

0.10 0 12 68 20 12 33 52 3 2 25 70 3

0.50 0 0 79 21 0 2 9% 4 0 1 95 4
n

0.05 0 11 69 20 16 15 65 4 1 22 74 3

0.10 0 20 62 18 18 17 62 3 3 30 64 3

0.25 0 28 54 18 23 36 39 2 3 39 55 3

0.50 0 35 48 17 20 46 32 2 4 54 41 1
q

9 0 27 48 25 23 23 45 9 11 36 50 3
19 0 27 55 18 20 27 51 2 0 39 56 5
49 0 22 63 15 18 31 51 0 0 36 62 2
99 0 18 67 15 15 34 51 0 0 33 66 1

Percentages in bold refer to the model that really generated the data (the higher, the better).

pear much more robust than SIC, whose performance because successfully recognition decrease just a few
strongly worsens when high noise level or low val- points. On the contrary, SIC displays a strong wors-
ues of the demographic parameteare used, because ening (about 30 points) with a disappointing behav-
it wrongly tends to choose the Malthusian model. On ior in particular wheru is low (4% average selection
the other hand, all the three criteria take advantage in asuccess for: = 0.5). Interestingly, none of the crite-
similar way (improvement between 20 and 30% points) ria shows in this case any worsening as the noise level
from increasing the simulation length. increases. The explanation is as follows: noise elic-
If the Ricker simulation is started at the equilibrium its fluctuations around the stable equilibrium of the
(Table 4, FPE and SRM behave in a quite robust way, Ricker thus making the model recognition easier; such

Table 6
Detailed results for the recognition of the Ricker model (11) with two covariates and with different settings

Recognized models (FPE) Recognized models (SIC) Recognized models (SRM)
D (%) R (%) RI (%) RII (%) D (%) R (%) RI (%) RII (%) D (%) R (%) RI (%) RII (%)

d

0.01 0 13 54 33 11 34 50 5 2 24 63 11

0.1 0 9 7 84 7 36 4 53 2 23 8 67

0.5 0 0 1 99 0 3 0 97 0 4 1 95
n

0.05 0 0 13 87 0 0 30 70 0 0 24 76

0.10 0 1 22 77 2 2 30 66 0 3 31 66

0.25 0 8 24 68 11 40 9 40 2 18 26 54

0.50 0 21 22 57 13 55 2 30 3 a7 15 35
q

9 0 15 20 65 12 18 17 53 6 30 22 42
19 0 10 22 68 8 22 19 51 0 19 23 58
49 0 4 21 75 4 27 18 51 0 11 25 64
99 0 1 19 80 1 30 18 51 0 7 26 67

Percentages in bold refer to the model that really generated the data (the higher, the better).
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an effect balances the usual negative impact of the  The philosophy underlying our experiments can be
noise. summarized as follows: we simulate different demo-
As concerns the sensitivity of the recognition of the graphic models, both density-dependent and indepen-
Ricker | model Table 5, SRM and FPE provide the dent, investigating for each model a wide variety of
best overall result (58%), while SIC is significantly simulation settings (i.e., parameters of the simulated
worse (49%); moreover, while FPE and SRM choose a model, simulation length, noise level used to corrupt the
density-dependent model almost always, SIC choosesdata). We perform 500 different simulations for each
the Malthusian model about 20% of times. As can be simulation setting and on each simulation we identify a
expected, the value of the covariate coefficient in the suite of different models. Then, we select one of them,
original model causes the largest variations of the per- using as choice criterion the lowestrisk according to the
centage recognition of all the criteria. In particular, FPE, SIC, SRM risk estimates. Finally, we assess the
as the covariate coefficient is very small=€ 0.01), skill of each model selection criterion in recognizing
FPE is able to recognize the model more than SRM the model which underlies the time series.
(which chooses often the simple Ricker model), and  The overall outcome of our experiments can be
SIC (which chooses often the Ricker or the Malthu- summarized as follows: SIC appears prone to parsi-
sian model). As increases, SRM becomes however monious model and, therefore, it is very effective in
the best performing approach. detecting density-independence; on the other hand,
The recognition of the Ricker Il modeléble § it may encounter significant failures when it has to
shows a prevalence of FPE (about 70%) over SRM detect density-dependence, or a covariate which im-
(about 56%) and SIC (about 52%). Also in this case all pacts on the demography trend. On the contrary, FPE
the model selection criteria show a higher sensitivity to seems prone to parameterized models: in fact, it is
the covariate coefficientthan to the any other parameter. less effective than SRM or SIC in detecting density-
In this case, the underlying tendency of FPE in choos- independence, but outperforms them when the most
ing complex models is favorable, and the advantage is complex density-dependent model has to be recog-
especially significant when the covariate coefficient is nized. SRM appear to be the best balanced criterion
low (22% points more than SRM and 28 than SIC for and indeed it provides the overall best performance. In

d = 0.01).

6. Conclusions

In this work, we address the density-dependence de-
tection problem by comparing the performances pro-
vided by the traditional and well-known SIC and FPE
model selection criteria with SRM, the model selec-
tion criterion developed within the Statistical Learning
Theory framework. As far as we know, this is the first
time that SRM is used to tackle the problem of model
selection in population ecology.

Since VC-dimensions of linear estimators are
known to simply correspond to the number of free pa-
rameters, the SRM application with linear models is
straightforward. In future works, it would be however
of great interest to estimate also the VC-dimension of
non-linear ecological models, by using the methodol-
ogy proposed byapnik et al. (1994)This would allow
the inclusion of further models in the suite that is tested
for density-dependence.

fact, it performs as well as SIC in recognizing density-
independence, and at the same time it is very effective
in recognizing density-dependent models, as it is out-
performed by FPE only in the recognition of the Ricker
[ model.

Such results allow one to conclude that SRM is a
really viable approach for model selection.

Appendix A. The VC-dimension definition

Statistical learning theory is built around the idea
of VC-dimension as a measure of the complexity of
classesof models. In this section we clarify the general
definition of VC-dimension, and then analyze then the
particular case of linear classifiers and regressors.

1 By class of models we mean a set of models that have an identical
mathematical expression, and that can differ only in the parameters
value. For example, the modejs= 4x;1 + 2x2 and y = x1 + 3x2
belong to the same class, whije= 4x1 + 2xp + 3 or y = 4x3 +
2x2 + 2x3 do not.
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The theoretical definition of VC-dimension is

clearly stated for instance {{Burges, 1998)

The VC-dimension is a property of a specific class of
functions f(x,0) (0 is a generic set of parameters).
[...] If we consider the two-class pattern recognition-
case, f(x,0) € {—1, 1}V (x, 0). Now, if a given set of |
points can be labeled in all the possible 2 ways, and for
each labeling, a member of the set f (X, 6) can be found
which correctly assigns those labels, we say that that
set of points is shattered by that set of functions. The
VC dimension for the set of functions f(X, 0) is defined
as the maximum number of training points that can be
shattered by f(x, 0). Note that, if the VC dimension is
h, then there exists at least one set of h points that can
be shattered, but in general it will not be true that every
set of h points can be shattered.

Now, let us analyze how the theoretical definition
applies to the case of linear classifiers. A linear classi-

fier in the spac& = (x1, x2, ..., x,) iS given by:

o(x, w, b) = sign(x -w + b)

with x € R™ w € R™ b € R. Hence, each classifier

contains f + 1) parametersn{ weightsw; and the
biasb); itis anindicator function since it labels a given

point in the spac& in a binary way. For the sake of
simplicity, we consider now a bi-dimensional space
X = R?; the class of classifiers is therefore given by

Table A.1
Possible binary classifications for a set of three points

Points  Classifications

a b c d e f g h
A -1 -1 -1 -1 1 1 1 1
B -1 -1 1 1 -1 -1 1 1
C -1 1 -1 1 -1 1 -1 1

sign(x1w1 + xow2 + b). A couple of points 4, B) in
X2 can be labeled as:

(A=1,B=1)

(A=-1;B=-1)
(A=1;,B=-1)
(A=-1; B=1).

One can easily figure out a linear classifier that real-
izes all these four classifications on a set of two points.
We say out that ithatters two points, since there ex-
ist at least one set of two points that can be separated
in all the possible ways. Actually, all the set of two
points can be separated in all the possible ways, since
the classifier has two degrees of freedom.

A set of three points4, B, C) can be labeled in
23 = 8 possible ways, as listed TFable A.1 If we re-
fer for instance to the points represente&ig. 1(a—h),
the class of linear classifiers can realize all the classifi-
cations. Hence, it shatters also three points. However,

o] O o] (o]
A A A A
e o e o
] B 8 5* 5*
(a) (b) (c) (d)
. Lo .
A A A
o) o) °
C . C . C
B B
(e) () (2) (h)

Fig. 1. Graphical representation of the classification3aifle A.1 linear classifiers in the space;(x;) shatter three points. Black circles

correspond to values1, open circles to values +1.
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