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Laurent (1996a, MeH decine/sciences 12, 774}785; 1996b, Biochem. J. 318, 35}39; 1998, Bio-phys.
Chem. 72, 211}222) proposed a model for the dynamics of diseases of the central nervous
system caused by prions. It is based on the protein-only hypothesis (Prusiner et al., 1981, Proc.
Natl. Acad. Sci. ;.S.A. 78, 6675}6679), which assumes that infection can be spread by
particular proteins (prions) that can exist in two forms that share the same sequence, but have
a di!erent structure. The normal form is harmless, while the infectious isoform of the prion
protein catalyses a transconformation from the native isoform to itself within a specialized
compartment of the brain cells. This paper systematically explores the model behavior with the
aim of quantifying the fundamental parameters characterizing the dynamics of prion infection.
To this end we use data from the literature to "x orders of magnitude for the rates of synthesis
and degradation of the native form of prion protein and for the shape of the autocatalytic
function. The dynamical behavior is classi"ed with respect to two unknown parameters
(bifurcation analysis): the rate of spontaneous transconformation and the rate of output of the
infectious isoform from the specialized compartment. We thus "nd that the bistability proper-
ties evidenced by Laurent are con"ned to a certain range of parameters and that permanent
oscillations of the two isoforms concentrations are possible. The bifurcation analysis allows us
to estimate approximate ranges for the values of the two unknown parameters and conse-
quently to derive incubation times and compare them with actual data for hamster. Also, our
study predicts that the output rate of the infectious isoform is relatively insensitive to
variations of model parameters.
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1. Introduction

Prion diseases (Weissmann, 1994) were "rst diag-
nosed in the middle of the 18th century, with the
discovery of a new kind of disease in sheep: infec-
ted animals presented excitability, itching and
ataxia due to a degeneracy of the central nervous
system which, in the long run, led to paralysis and
death. The disease was named scrapie from the
?Author to whom correspondence should be addressed.
E-mail: Gatto@Elet.Polimi.It
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behavior of animals, scraping themselves to
relieve itching.

Several diseases, which are all supposed to
share a mechanism involving prions, are recog-
nized today. They a!ect humans, sheep, cows
(bovine spongiform encephalopathy better
known as BSE), mice and many other species and
can be sporadic, genetic or infectious. Human
prion diseases include Creutzfeld}Jacob disease
(CJD), Kuru (Gajdusek, 1977), Gerstmann}
StraK ussler}Scheinker syndrome (GSS) and fatal
familial insomnia (FFI). The main characteristics
( 2000 Academic Press
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of prion diseases are (Caughey & Chesebro,
1997):

f a long incubation period (up to 35 years for
humans);

f a degeneracy of central nervous system lead-
ing to death;

f neuropathological changes such as neurons
death and spongiosis of brain (the prion dis-
eases are also known as transmissible
spongiform encephalopathies);

f the absence of immunological response; and
f intra- and inter-speci"c transmissibility

(Aguzzi, 1996; Bruce et al., 1997; Hill et al.,
1997).

In 1981 Stanley Prusiner showed that the
scrapie agent contained a protein (Prusiner et al.,
1981; Prusiner, 1982). This &&proteinaceous infec-
tious particle'' was named &&prion'' to distinguish
it from conventional transmissible agents such as
viruses or bacteria. Prusiner strongly argued that
the nature of this agent was one of unexpected
properties: it may consist of protein only because
no nucleic acid related to the disease has been
found up to now (Prusiner, 1991). The compo-
nent of the prion appears to be an isomeric form
of a cellular protein called PrP (prion protein,
Dolton et al., 1982; BuK eler et al., 1993). The nor-
mal form of the protein, PrP# (cellular) can be
found mainly in neuronal cells of either normal
or infected individuals, whereas the pathogenic
form PrPS# (scrapie) is only found in the central
and/or peripheral nervous systems of infected
animals, and is a protease-resistant form of the
PrP# (Kocisko et al., 1994) (the sequences of the
two proteins are the same, but the species di!er in
their secondary structure). The abnormal form
PrPS# associated to BSE and related CJD is not
easily degradable (the degradation time constant
is not known, but is <24 hr according to Bor-
chelt et al., 1990), is exported to the cell surface
and can aggregate outside the cell where it might
be responsible for the formation of PrP-amyloid
plaques in the brain of infected animals (Dolton
et al., 1982; Bendheim et al., 1984).

The unusual properties of prions gave rise to
a multitude of hypotheses about their nature and
ability to spread within the brain of infected
individuals. The most credited are the following
(Weissmann, 1994):

f the virus hypothesis considers that a classi-
cal viral nucleic acid does exist but has not
been isolated yet;

f in the virino hypothesis, the pathogenic
agent consists of a nucleic acid encoding
itself (it does not encode any protein), re-
cruiting the host PrP# and changing it into
PrPS# so as to build a proteinic &&coat''. The
nucleic acid could not be isolated because of
the resistance of this proteinic coat;

f the protein-only hypothesis, pioneered by
Gri$th (1967) and vigorously supported by
the work of Prusiner, is the most commonly
accepted and suggests that PrPS# derives
from PrP# thanks to an autocatalytic pro-
cess: the infectious form PrPS# can catalyse
a transconformation PrP#PPrPS#. The
mechanism through which this occurs might
follow a &&refolding model'' (Prusiner, 1991;
Weissmann, 1995), in which PrP# changes its
conformation in the presence of one PrPS#
protein acting as a chaperoning protein, or
a &&nucleation model'' (Jarret & Lansbury,
1993; Kocisko et al., 1995; Weissmann,
1995), in which transconformation occurs
when PrP# binds to a nucleus of PrPS#.

Relevant mathematical models describing the
underlying biochemistry of prion diseases and
based on the protein-only hypothesis have been
proposed by Kacser & Small (1996), Eigen (1996)
and Laurent (1996a,b, 1998) and more recently
by Payne & Krakauer (1998) and Nowak et al.
(1998). Kacser and Small and Laurent showed
that a model system based on the autocatalytic
process of the protein-only hypothesis exhibits
properties of bistability and can exist in two
alternative stable steady states. One of them,
characterized by its low PrPS# concentration, can
be considered as the state of cells in the brain of
a non-infected individual. The other one, because
of its high PrPS# concentration, is thought to be
a pathogenic steady state. Changes in the kinetic
parameters and/or inoculation of a certain
amount of PrPS# can switch the system from the
healthy steady state to the pathogenic steady
state. This transition is supposed to be irrevers-
ible. Therefore, these models might provide
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a simple explanation for the occurrence of prion
disease in a single organism by describing the
dynamics of prion proteins within a cell (or with-
in the brain of an animal, considered as a homo-
geneous medium). Payne & Krakauer's (1998)
model tries to explain long incubation periods of
TSE's by assuming the existence of a bottleneck
in the natural protein pathways within the cell. It
considers intracellular and surface-bound con-
centrations of both isoforms and is characterized
by bistability too. Nowak et al. (1998) assume
nucleation as the basic mechanism [see Eigen
(1996) for a thorough discussion of the di!erent
mechanisms underlying the protein-only hypoth-
esis], from which they derive a model for each cell
with three state variables: abundance of PrP#

monomers, abundance of PrPS# aggregates of
monomers and total number of monomers
bound in PrPS# aggregates. The model does not
have a bistable behavior and is subsequently used
as a fundamental unit in simulation model which
considers a two-dimensional array of cells. The
authors also present a more sophisticated model
for a single cell ("ve state variables) where PrPS#
aggregation requires a nucleation seed of a
certain minimum size. This model instead has
bistability properties. In fact, it assumes that all
aggregates of monomers below a critical size are
unstable and rapidly fall into pieces which con-
vert back to PrP#. In mathematical terms, there
can be three equilibria for the "ve variables
model:

(1) No monomers or polymers are present.
(2) Monomers are present, but there are no

polymers.
(3) Both monomers and polymers are present.

Nowak et al. (1998) show (by computing basic
reproductive ratios) that equilibria (1) and (3) are
stable, whereas equilibrium (2) is unstable.

These models correspond to di!erent concep-
tual mechanisms and their stated goal is to
explain prion protein dynamics from a qualitat-
ive viewpoint. However, some quanti"cation is
required to check whether these models can be
accepted as a possible paradigm of reality: some
of these mechanisms might not work in reality
because they require parameter values that are
unrealistic. Unfortunately, very few attempts
have been made to quantify the kinetic para-
meters of prion infection. The criteria according
to which some authors chose numerical values of
basic coe$cients, such as rates of protein syn-
thesis and degradation, were unclear. As a matter
of fact, only the three-dimensional nucleation
model by Nowak et al. (1998) has been subjected
to a quantitative analysis (Masel et al., 1999). In
this paper, the authors use experimental data on
the initial exponential growth of the disease infec-
tivity to estimate some key parameters of the
nucleation model. As their results are quite con-
sistent with published experimental observations,
they conclude that nucleation cannot be ruled
out on dynamic grounds.

The dynamic behavior of the above models can
greatly vary in response to di!erent parameter
values. However, this aspect of the problem has
not been explored su$ciently (or at all). Indeed,
we think that it would be very useful to conduct
studies that evidence those parameter values at
which the proposed model dynamics undergo
qualitative changes. In mathematical terms, these
are called bifurcation analyses. Through these
analyses the role played by the di!erent para-
meters in determining, e.g., bistability properties
could be clari"ed.

This paper is a partial response to the needs
just outlined. In fact, our goal is to quantify the
parameters and explore the dynamic behavior of
bistable models of prion infection. As there is no
conclusive evidence for the refolding or the
nucleation mechanism (Wille et al., 1996), we
stick to a simple and rather general model, like
the one proposed by Laurent (1996a,b). With
reference to this model we have collected the
scant available information (data on Syrian
Hamsters are used) to "x orders of magnitude for
some parameters: the rates of synthesis and
degradation of the native form PrP# and the
parameters de"ning the autocatalytic function.
Then we proceed to a complete bifurcation anal-
ysis with respect to those parameters that are
most uncertain, namely the coe$cients regula-
ting the spontaneous formation of PrPS# from
PrP# in endosomes and the PrPS# output from
endosomes. The analysis reveals that the bistabil-
ity properties of the system are con"ned to a
possibly narrow range of values for the un-
certain parameters and that the model can be



FIG. 1. Metabolism of prion proteins according to the
scheme of Laurent's model. The messenger PrP is directly
transcribed into the normal isoform PrP# (step 1) while the
pathogenic form PrPS# originates from the PrP#, thanks to
an autocatalytic mechanism (step 3). PrP# is also subject to
degradation (step 2). PrPS# is exported to the cell surface and
can aggregate outside the cell where it might be responsible
for the formation of PrP-amyloid plaques (step 4).
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characterized by cyclic #uctuations, a feature
which was not evidenced by the previous authors.
Using the estimated values of the coe$cients of
the prion dynamic model, we then proceed to an
estimation of both incubation time and the
amount of PrPS# that is produced in endocytic
compartments and is exported to the cell surface
and outside the cell.

2. Review of Laurent:s Models of Scrapie-related
Biochemistry

Here we review the models developed by Laur-
ent (1998) to describe prion dynamics. The "rst
model he proposed corresponds to the scheme of
Fig. 1. Therefore, the dynamics of the concentra-
tion of PrP# and PrPS# is given by the equations

d [PrPc]
dt

"l1!l2!l3,

d [PrPSc]
dt

"l3!l4,

where t is the time, [PrPc] and [PrPSc] the
concentrations of the di!erent species within a
specialized cell compartment (most likely, endo-
cytosis vesicles) and l

i
the rate of step i. Step 1

(PrP# synthesis) is considered as a zero-order
kinetic (l1"k1, positive constant), because of the
constant level of the PrP messenger during a
Scrapie infection (Borchelt et al., 1990; Oesch
et al., 1995), whereas steps 2 (degradation of
PrP# ) and 4 (output of PrPS# from endosomes)
are "rst order kinetics (l2"k2[PrPc]) and l4"
k4[PrPSc], with k2 and k4 being positive constants.
The autocatalytic step 3 is a nonlinear process
and, although the mechanism of autocatalysis
is unknown, the rate of formation of PrPS# can
be described by the following phenomenological
equation:

l3"
a[PrPc](1#rc[PrPSc]n)

1#c[PrPSc]n
,

where a, r, n and c are positive constants and
r, n'1. The rationale behind this equation is
that there is a rate a[PrPc] of spontaneous
formation of PrPS# from PrP# which can be great-
ly accelerated (up to a factor r) by the presence of
PrPS#. The parameters c and n de"ne the thre-
shold concentration beyond which autocatalysis
is e!ective and the steepness of the transition
across the threshold. Though the parameters of
this equation are purely phenomenological, there
are some constraints on their numerical values: a,
the coe$cient of spontaneous formation of PrPS#
from PrP# is much smaller (Laurent, 1996b) than
the degradation coe$cient k2, while the acceler-
ation factor r has to be much bigger than unity
for autocatalysis to be meaningful. In the case of
certain mutations of the PrP gene, a can be
increased by orders of magnitude (Laurent
& Johannin, 1997).

Given all these kinetics, we can write the di!er-
ential equations describing the evolution of the
concentration of PrP# and PrPS# over time:

d[PrPc]
dt

"k1!k2[PrPc]

!a[PrPc]
1#rc[PrPSc]n
1#c[PrPSc]n

, (1)

d[PrPSc]
dt

"a[PrPc]
1#rc[PrPSc]n
1#c[PrPSc]n

!k4[PrPSc]. (2)

Laurent studied the steady states of the system,
characterized by constant values of PrP# and
PrPS# concentrations, and found that, depending
on the turnover rate of PrP#, the system can



FIG. 2. Null isoclines of the di!erential system (1), (2) for
di!erent values of k

1
and k

2
. The intersection points corre-

spond to the steady states of the system: stable, unsta-
ble. With intermediate values k

1
and k

2
(corresponding

isoclines are displayed as ) two stable equilibria are co-
occurring: one is a pathogenic state characterized by a high
PrPS# concentration, while the steady state with the lower
PrPS# concentration is considered a normal equilibrium.
( ) indicate how the isocline d [PrPc]/dt"0 shifts with
increasing or decreasing turnover of PrP#. As a result, one
has normal or pathogenic monostability.

FIG. 3. Basins of attraction of the two stable equilibria of
Laurent's model when the system exhibits properties of
bistability. The state of the system can be in either a normal
equilibrium (characterized by a low PrPS# concentration) or
a pathogenic equilibrium (characterized by a high PrPS#
concentration). The basins are separated by the stable mani-
fold of the saddle (separatrix). During an infection, the
separatrix acts as a threshold: the disease cannot develop
unless the increase of PrPS# concentration drives the system
from the normal equilibrium beyond this threshold and into
the basin of attraction of the pathogenic equilibrium.
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possess one or two stable equilibria: a normal one
with low PrPS# concentration and a pathogenic
one with high PrPS# concentration. In fact, the
null isoclines d[PrPc]/dt"0 and d[PrPSc]/dt"0
are two curves, respectively, given by the equa-
tions

[PrPc]"
k1 (1#c[PrPSc]n)

k2#a#c[PrPSc]n(k2#ar)
, (3)

[PrPc]"
k4[PrPSc](1#c[PrPSc]n)

a (1#rc[PrPSc]n)
. (4)

The shape of the isoclines in the positive quad-
rant is portrayed in Fig. 2. There is generically an
odd number of intersections (steady states)
between the two curves, although, with the range
of parameters used by Laurent, there are no more
than three. When this is the case (isoclines repre-
sented by solid lines in Fig. 2) the intermediate
equilibrium is a saddle, namely a steady state
attracting along a certain direction and repelling
along another direction, while the other intersec-
tions de"ne the normal and the pathogenic equi-
libria. From these results, Laurent proposed two
di!erent explanations for the occurrence of infec-
tious or sporadic prion diseases:

1. The development of the disease after a con-
tamination by PrPS# depends on the added
quantities of PrPS# in the cell (or in the brain). In
fact, as shown in Fig. 3, the phase plane ([PrPc],
[PrPSc]) is partitioned by the separatrix
associated with the saddle equilibrium into two
regions, which correspond to the basins of attrac-
tion of two stable equilibria. The contamination
of a cell in a normal state will not induce the
disease as long as the state of the system is not
kicked into the basin of attraction of the abnor-
mal equilibrium. But if an inoculum of PrPS#
brings the state of the system beyond a threshold,
which is represented by the separatrix, the disease
will develop.

2. As the bistability properties depend on the
turnover rate of PrP# (as shown in Fig. 2 where
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dashed lines correspond to the isocline
d[PrPc]/dt"0 for high and low turnover), the
occurrence of sporadic diseases could be due to
a modi"cation of this turnover rate, namely to an
increase of k1 or a decrease of k2. This change in
PrP# dynamics would make the system shift from
bistability to pathogenic monostability, and &&the
very slow accumulation of the abnormal form of
the protein in the brain could in fact be the
consequence and not the cause of the disorders''
(Laurent, 1996b).

Considering that the biochemistry of the
autocatalytic step is not well known and is
described in a phenomenological way, alternative
nonlinear autocatalytic equations may be used to
model the conversion of PrP# and PrPS#. Another
model by Laurent (1998) is in fact based on the
same scheme as the "rst one, but di!ers in the
way the rate of formation of PrPS# from PrP# is
described:

l3"k
spont

[PrPc]#
k
cal

[PrPc]
K

M
#[PrPc]

[PrPSc]

with k
spont

, k
cal

and K
M

being positive constants.
The spontaneous rate of formation of PrPS# is
a "rst-order kinetic while autocatalysis is now
additive and corresponds to the nonlinear term.
The rationale behind this latter term is that
PrP# acts as a substrate and the dimeric form
of the scrapie isoform acts as a catalyst. Ano-
ther functional form was used by Kacser &
Small (1996), whose model has the further hy-
pothesis that PrPS# does not originate directly
from PrP#, but from an intermediately species
of PrP, which has not been experimentally
evidenced yet.

The study of this further model by Laurent
(1998) shows that the system exhibits bistability
properties that are similar to those already evid-
enced: the protein concentrations can be in either
a normal or a pathogenic equilibrium. In other
words, the second model does not possess
any new dynamical property. For this reason,
since the biochemistry of autocatalysis is not
known in such a detail as to make us incline
towards a particular equation, we will from now
on concentrate our attention on the study of eqns
(1) and (2).
3. Bifurcation Analysis

In this section, the dynamical system described
by eqns (1) and (2) will be subjected to a bifurca-
tion analysis (Kuznetsov, 1995), namely to
a mathematical study that points out for which
parameter values the model dynamics undergoes
qualitative changes. To simplify notation, we will
from now on set X"[PrPc] and >"[PrPSc].
The model is therefore described by the equa-
tions:

dX
dt

"k1!k2X!aX
1#rc>n

1#c>n
, (5)

d>
dt

"aX!aX
1#rc>n

1#c>n
!k4>. (6)

Model (5), (6) is identi"ed by seven parameters,
the actual values of which determine the dynam-
ical behavior of the system. Despite the simplicity
of the model a bifurcation analysis with respect to
all of them is practically impossible. Therefore,
we try to improve on past approaches by exploit-
ing the existing experimental evidence to at-
tribute reasonable values (or ranges of values) to
some parameters and thus restrict the bifurcation
analysis to a few of them.

Data concerning protein concentration in the
brain of healthy or infected hamsters are given by
Meyer et al. (1986), Prusiner et al. (1990) and
Prusiner (1991, Table 1). Another information we
may use is the estimation of the coe$cient of
degradation of PrP#, given by Borchelt et al.
(1990): k2"0.13 hr~1. From this value and the
concentration of PrP# in the brain of normal
hamsters, we derive an estimation of the rate of
synthesis of PrP# (k1). In fact, in the brain of
a non-infected animal, we may consider that
>+0 and the dynamics of prion is simply given
by

dX
dt

"k1!k2X.

At equilibrium we thus have [PrPc]
eq
"k1/k2.

As 1 lg g~1([PrPc]
eq
(5 lg g~1, we obtain a

range of values for k
1
: 0.13 lg g~1hr~1(k

1
(0.65 lg g~1hr~1. We choose k

1
"0.5 lg

g~1hr~1 as a reference value for the bifurcation
analysis. It should be remarked that this is not



TABLE 1
Concentrations (kg of PrP protein per grams of
brain tissue) of cellular and scrapie PrP isoforms in

Syrian hamster brains

PrP# (lg g~1) PrPS#
(lg g~1)

Concentration in normal
Syrian hamster brain

+1}5 *

Concentration in scrapie-
infected Syrian hamster
brain

+1}5 +5 to 10
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a limitation because the system can be rescaled
with respect to k

1
by taking X/k

1
and >/k

1
as

new state variables. Therefore, all the bifurcation
diagrams we will obtain can be simply referred to
other values of k

1
by suitable rescaling.

The use of the available data on the concentra-
tion of PrPS# in infected animals is more critical.
In fact, the concentration of the abnormal form of
PrP in the brain of an infected hamster
(5 lg g~1(>(10 lg g~1) is the "gure found at
the onset of the disease, i.e. approximately 70
days after inoculation. At that time the disease
has spread to a large part of the brain tissues. We
have thus assumed that this "gure is an approx-
imate indicator of PrPS# local concentration at
equilibrium. This concentration may underesti-
mate the cellular concentration used in our
model, since it has been measured in brain
homogenates that include also uninfected parts
of the brain. On the other hand, the concentra-
tion of PrPS# in brain homogenates also accounts
for extracellular aggregated PrPS#, which might
counterbalance the previous underestimation.
We can thus suppose that the value of
5}10 lg g~1 gives a good order of magnitude for
the local cellular concentration of PrPS#. In this
sense, it can be used to determine ranges for
parameters c and n, which de"ne the threshold
concentration of PrPS# for autocatalysis to be
e!ective. More precisely, let f (>)"(1#rc>n)/
(1#c> n) be the factor that multiplies the rate
of spontaneous conversion from PrP# to PrPS#.
This autocatalytic term corresponds to a
sigmoid curve, whose in#ection point is
>
i
" nJ(n!1)/c(n#1) and which saturates to

r for large values of >. Therefore, f ( ) ) is practic-
ally equal to unity for concentrations much
smaller than>

i
, whereas it practically equals r for

concentrations much higher than >
i
. The expo-

nent n determines the rapidity of transition from
no autocatalysis to full autocatalysis * larger
n corresponds to a steeper f ( ) ) at >

i
. It is reason-

able to assume that within the range of [PrPSc]
(5 lg g~1(>(10 lg g~1) the factor f ( ) ) should
be large enough for an e$cient autocatalysis to
take place, but should not be saturated, otherwise
the dynamics would become linear and the model
would not be e!ective in describing the disease
insurgence. Therefore, we will set a lower
(2 lg g~1) and an upper bound (8 lg g~1) for the
value of the in#ection point and conduct our
analysis in correspondence to these two values.
By setting >

i
, we constrain c to depend on n as

follows:

c"
n!1
>n

i
(n#1)

. (7)

Up to now, we have eliminated three degrees of
freedom and are left with four parameters with
respect to which the bifurcation analysis can be
performed: the exponent n, the saturation level r,
the spontaneous conversion coe$cient a and the
PrPS# output coe$cient k

4
. We have decided to

concentrate our attention on a and k
4

because of
their biological importance. Therefore, we have
chosen to run a bifurcation analysis in the para-
meter plane (k

4
, a) for a few selected values of

n and r. The range of n is assumed to be 2}6 and
that for r to be 4}400 [Laurent (1996a) used n"4
and r"40]. The analysis will show that, for any
r and n, the bistability properties of the prion
system are con"ned to a range of values of k

4
and a.

The bifurcation curves presented in this section
have been computed by means of LOCBIF,
a program implementing a powerful continua-
tion technique for bifurcation analysis (Khibnik
et al., 1993). Figure 4(a) provides an idea of the
kind of bifurcation diagram which characterizes
the model. It corresponds to some &&typical''
values for the parameters: in#ection point"
2 lg g~1, n"4, r"40. We have chosen these
values, because in this way we obtain a reference
diagram which includes all the possible bifurca-
tions for the model we are considering. We can
thus draw comparisons between that diagram



FIG. 4. Bifurcation diagram of Laurent's model with re-
spect to the PrPS# output coe$cient (k

4
) and the spontan-

eous conversion coe$cient (a). k
1

and k
2

are set to their
reference values and n"4, c"0.0375, r"40. (a) Simpli"ed
bifurcation diagram showing only fold bifurcations of equi-
libria and supercritical Hopf bifurcations. Regions [1]}[4]
are characterized by sets of invariants qualitatively de-
scribed in the corresponding windows (nodes, , saddles,

; and , cycles). (b) Magni"cation of the dotted window in
Fig. 4(a), showing the complete bifurcation diagram of the
system with respect to a and k

4
. FE, Hs, H

s
, Hom, ¹c indi-

cate, respectively, fold bifurcation of equilibria, supercritical
and subcritical Hopf bifurcations, homoclinic bifurcations of
stable and unstable cycles and tangent bifurcations of cycles.
For the sake of comprehension, regions [5]}[10] have been
made much bigger than they actually are. Regions [1]}[4]
are the same as in Fig. 4(a). Region [5] is characterized by a
normal stable equilibrium, a pathogenic unstable equilibrium
and a saddle, while region [5@] is similar, but the pathogenic
equilibrium is stable and surrounded by a small unstable
cycle. In regions [6] and [6@], one stable (respectively, patho-
genic and normal) equilibrium is surrounded by one unsta-
ble and one stable cycle. Regions [7]}[10] are characterized
by a stable cycle surrounding two nodes (one stable and one
unstable), a saddle, and possibly an unstable cycle.
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and the ones plotted with di!erent values of >
i
, n

and r. Figure 4(a) is actually a simpli"ed version
of the bifurcation diagram, because some bifurca-
tion curves are so close that they have been
consolidated. For this reason Fig. 4(b) shows
a magni"cation of the window evidenced in Fig.
4(a) and reports the complete bifurcation dia-
gram. The bifurcation curves are identi"ed by the
following symbols:

FE Fold bifurcation of equilibria: along these
curves one stable and one saddle equilib-
rium collide and vanish.

Hs Supercritical Hopf bifurcation: along
these curves a stable cycle is born from
a stable equilibrium.

H
s

Subcritical Hopf bifurcation: along these
curves an unstable cycle is born from an
unstable equilibrium.

Hom!Homoclinic bifurcation for stable cycles:
along these curves a stable cycle collides
with a saddle and vanishes.

Hom#Homoclinic bifurcation for unstable
cycles: along these curves an unstable
cycle collides with a saddle and vanishes.

¹c Tangent bifurcation of cycles: along these
curves one stable and one unstable cycle
collide and vanish

The bifurcation curves are the boundaries of
di!erent regions, indicated by numerals included
in square brackets. Regions [5]}[10], eliminated
from Fig. 4(a) because they are very small, are
shown in the enlargement. Each region corre-
sponds to a particular set of invariants (equilibria
and cycles) speci"ed in the caption to Fig. 4. In
region [1], characterized by low values of both
a and k

4
, the system exhibits properties of bi-

stability, with a normal and a pathogenic eq-
uilibrium both being stable. In region [2], chara-
cterized by high a and low k

4
the pathogenic

equilibrium is the only steady state, because the
saddle and the normal equilibrium have vanished
via a fold bifurcation. In region [3], characterized
by low a and high k

4
, only the normal equilib-

rium exists, because the saddle and the patho-
genic equilibrium have vanished via another fold
bifurcation. In region [4], characterized by inter-
mediate values of both the rate of PrPS# output
from endosome and the rate of spontaneous con-
version, a kind of dynamics not evidenced by the
previous studies appears: there are no stable



FIG. 5. Simpli"ed bifurcation diagrams with respect to the output coe$cient (k
4
) and the spontaneous conversion

coe$cient (a). The "gure shows the in#uence of the in#ection point >
i
, the saturation level r and the exponent n on the

existence and shape of the bifurcation curves. Dashed curves identify Hopf bifurcations while solid lines correspond to fold
bifurcations of equilibria. The rates of synthesis (k

1
) and degradation (k

2
) of PrP# are set to their reference values. (a)}(f)

correspond to an in#ection point of 2 lg g~1, while for (g)}(i) the in#ection point is 8 lg g~1. The value of c depends on n as
shown in eqn (7). When the in#ection point is 8 lgg~1, there is no bifurcation for n"2, r"4.
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equilibria, but there is a limit cycle and therefore
the concentration of prion proteins undergoes
cyclic #uctuations. The cycle is born via a super-
critical Hopf bifurcation from either a normal or
a pathogenic equilibrium.

Figure 5 shows the in#uence of the parameters
determining the intensity of autocatalysis (name-
ly the in#ection point >

i
, the saturation level

r and the exponent n) on the existence and shape
of bifurcation curves. Although values of a and
k
4

are not known, upper bounds for both para-
meters have been established. As a is known to be
much smaller than k

2
"0.13 hr~1, this value has

been used as an upper bound. As for k
4
, its upper
bound is suitably adjusted so that all bifurcation
curves within the range of a are included. A "rst
remark that emerges from analysing Fig. 5 is that
a lower value of the in#ection point [Fig. 5(a)}(f)]
corresponds to a greater variety of the bifurca-
tion diagrams. In particular, for small values of
r and n (r"4 and n"2), there is no bifurcation,
because there exists only one equilibrium. This
equilibrium may be de"ned as normal for high
values of PrPS# output rate or small values of the
spontaneous rate of PrPS# formation and patho-
genic for low k

4
or high a. On the contrary, for

strong (r"400) and highly nonlinear (n"6)
autocatalysis, both oscillations and bistability of
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equilibria are possible. Increasing r from 4 to 400
brings about oscillations, while increasing n from
2 to 6 has the e!ect of augmenting the parameter
region where bistability occurs. When we assume
a higher in#ection point [8 lg g~1, Fig. 5(g)}(i)],
we see that no oscillations are possible. For low
values of the strength of autocatalysis (r"4) only
high n yields a (small) bistability region. For
r"400, bistability is restricted to a small area in
the parameter space for low n, yields a (small)
bistability region. For r"400, bistability is re-
stricted to a small area in the parameter space for
low n, whereas n"6 corresponds to a wider area
of bistability.

4. Discussion

In this paper, we have explored and quanti"ed
the dynamics of prion proteins within the brain of
an individual by means of a mathematical model
[eqns (5) and (6)] developed by Laurent. This
author let the turnover of PrP# vary for a given
set of the other parameters and investigated the
response of the model to this variation. Contrary
to what he did, we have estimated k

1
and k

2
from

the literature and have instead studied the in#u-
ence of the parameters de"ning autocatalysis and
exit of the scrapie isoform from a cellular special-
ized compartment. To this end, we have run
a bifurcation analysis of the model with respect to
the two biochemical parameters (the spontan-
eous conversion coe$cient and the PrPS# output
coe$cient, a and k

4
) that seem to be most critical,

as there is very little experimental information on
their ranges. We have shown that the bistability
properties evidenced by Laurent and Kacser and
Small are often con"ned to a rather small range
of values for these two parameters. This seems to
point out that of the two mechanisms postulated
by Laurent for the insurgence of the disease (con-
tamination from PrPS# in a bistable system or
modi"cation of some structural parameters that
make the system shift to pathogenic monostabil-
ity) it is the latter that seems to be most likely for
scrapie-infected hamsters. More precisely, a re-
duction of the PrPS# output rate or an increase in
the rate of spontaneous formation of PrPS# might
bring the system from region [3] (or [1]) to
region [2] and, as a result, trigger the develop-
ment of the disease. While the in#uence of the
rate of spontaneous formation of PrPS# was pre-
dictable (the more PrPS# is synthesized, the less
probable is the existence of a normal equilib-
rium), the e!ect of a small rate of output of the
scrapie isoform from a brain cell may appear
somehow surprising. The rationale behind this
e!ect is as follows: lower values of k

4
imply

a higher concentration of PrPS# and this, in turn,
greatly accelerates autocatalysis, thus creating
pathogenic monostability. Our bifurcation dia-
gram has also revealed the existence of cyclic
dynamics, which were not evidenced by previous
analyses. It remains to be seen whether they can
play an important role in practice, because the
size of the cycles is rather small (this has been
shown by extensive simulation) and oscillations
can be found only for particular values of a and
k
4
. The experimental con"rmation of the exist-

ence of oscillations would certainly be hindered
by di$culty in collecting the relevant data. Also,
it is quite possible that the existence of oscilla-
tions depends on the model we have chosen,
which is purely phenomenological.

It is worth noticing that from Fig. 5 one can
infer that either mechanism of disease insurgence
can operate only for values of k

4
(0.5 hr~1, be-

cause for greater values no catastrophic bifurca-
tion curve is crossed by varying a or k

4
. Actually,

we can further restrict the range of values for
k
4

because it can be actually shown that the
pathogenic equilibrium (high PrPS# concentra-
tion) is really distinct from the normal one (low
PrPS# concentration) in the lower part of the
regions of bistability. Thus, we can very roughly
set an upper bound of 0.1 hr~1 for the rate of
PrPS# output from the specialized compartment.
We thus see how the bifurcation analysis pro-
vides a way to approximately estimate a basically
unknown parameter.

A fundamental problem that can be addressed
by using the parameter values so far estimated is
that of incubation times, which are known to be
quite long (from a few days to many years for
human TSEs). Laurent (1996b) found that the
shift to the pathogenic equilibrium is a very rapid
step (the order of seconds). His result, however, is
clearly due to the inappropriate choice of para-
meter values. We have therefore estimated the
time required to go to a pathogenic state with our
set of parameters. The infection has been



TABLE 2
Comparison between the time required to reach the model pathogenic state and available data of the

incubation period of scrapie in hamsters (Prusiner, 1991;=eissmann, 1994)

Parameters Initial PrPS#
concentration

(lg g~1)

Amount of PrPS# added in brain
(inoculum) (lg g~1)

Estimated time required to go
to pathogenic state (days)

>
i
"2, n"2, r"400, a"7]10~4 0.06 0.5 6

9
>
i
"2, n"4, r"40, a"5]10~3 0.4 0.8 3

5
>
i
"2, n"4, r"400, a"10~3 0.08 1 3

No disease
>
i
"2, n"6, r"40, a"10~2 0.8 0.3 3

3
>
i
"2, n"6, r"400, a"5]10~3 0.4 0.5 3

4
>
i
"8, n"2, r"400, a"4]10~3 0.4 1.22 9

5 +6
>
i
"8, n"6, r"400, a"10~2 0.7 3.9 2}3

No disease
Experimental data (hamster) ;1 ? 50}100

Note: We simulate an infection either through an inoculum or an increase of the spontaneous conversion rate a(]2).
Numbers in bold correspond to the latter mechanism. We set k

4
"0.05 hr~1, while values for a were chosen so as to obtain

bistability. k
1

and k
2

were set to their reference values.
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simulated according to the two di!erent insur-
gence mechanisms as follows: (1) given the con-
centrations of PrP# and PrPS# at the normal
equilibrium, we have increased the initial concen-
tration of PrPS# so as to exceed the threshold
(given by the separatrix, shown in Fig. 3) by 10%
and then we have calculated the time required for
the system to go to the pathogenic equilibrium
($10%); and (2) given the concentrations of PrP#

and PrPS# at the normal equilibrium for a certain
value of a, we have doubled a and then we have
calculated the time required for the system to go
to the pathogenic equilibrium ($10%) corre-
sponding to the new value of a. The results,
provided in Table 2, show that this time,
although on a correct scale of days instead of
seconds, is much shorter than the measured incu-
bation period of scrapie in hamsters.

However, it should be remarked that reaching
the pathogenic equilibrium at the cellular level
does not mean that the "rst disorders associated
with prion diseases will appear immediately. In
fact, incubation times are measured as the time
elapsed between inoculum of infected brain and
development of clinical signs of scrapie, but the
accumulation of PrPS# begins much earlier. As
reported by De Armond et al. (1992), PrPS# is "rst
detected in the thalamus of Syrian hamsters
about 15 days after inoculation. It then spreads
to septum, neocortex and "nally caudate nucleus
after c. 60 days. At this time the "rst clinical signs
of scrapie begin to appear. We do not know if the
neurological dysfunctions are due to the accumu-
lation of PrPS# in the brain or its aggregation into
amyloid "brils or the lack, in the long run, of
functional PrP# [see the article by Brown et al.
(1997) on the role of PrP# in regulating copper in
cell membranes]. Although the period between
the time when Laurent's model reaches the so-
called pathogenic equilibrium and the "rst obser-
vation of actual pathological changes is quite
long, the predictions of Table 2 are not so un-
realistic, if one considers that the model is
intended to describe the cellular level or a brain
considered as a homogeneous medium (which is
not in reality).

If we formulate the hypothesis that the disease
becomes full-#edged because of the e!ect of neuro-
toxic aggregates, we can use the model to esti-
mate the amount of PrPSc that is exported to the
cell surface and might, at least in part, aggregate
outside the cell. Figure 6 shows how the rate of



FIG. 6. Output rate of PrPS# (k
4
>) at equilibrium as

a function of the output coe$cient k
4
, when n"4,

r"40,>
i
"2 lg g~1 and a"0.05hr~1. k

1
and k

2
are set to

their reference values.
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output of PrPS# (k
4
[PrPSc]) at equilibrium varies

with k
4

itself. It is interesting to remark that the
rate is remarkably constant up to values of
k
4

quite close to the fold bifurcation. If we let
parameters other than k

4
vary, the rate of aggre-

gation changes accordingly but the range is not
very wide: between 0.2 and 0.5 lg g~1hr~1. If
there were an experimental way to distinguish
between intracellular and extracellular PrPS#, this
prediction might be tested. Unfortunately, we
have not been able to "nd data that could be
usefully compared with our guess.

5. Concluding Remarks

The model of prion infection we have analysed
is extremely crude, as it neglects a precise descrip-
tion of underlying biochemistry and considers
only the cellular level or the brain as a homo-
geneous medium. There is no doubt that more
realistic models could be utilized to explore the
dynamics of prion disease in greater detail. In
particular, including spatial e!ect seems of the
greatest importance. However, even if we restrict
our attention to the central nervous system and
neglect the problem of di!usion from peripheral
tissues to the brain, this would require an explicit
description of both axonal transport and di!u-
sion through the extracellular compartment. Un-
fortunately, no quanti"cation is possible, as of
now, for the transmission rate from cell to cell.
Also, it is not clear up to now whether amyloid
aggregates in the extracellular space can be in-
strumental in spreading infection (Wille et al.,
1996). Therefore, building realistic spatial models
is quite problematic at the moment. An attempt
has been made through the simulation of a cellu-
lar array by Nowak et al. (1998), but more work
is necessary to obtain convincing models. Indeed,
it is the very simplicity of Laurent's model that
has allowed us to roughly estimate some basic
and previously unknown parameters of the infec-
tion dynamics. As more and more data on prion
disease become available, calibration of more
sophisticated models will be possible. In the
meanwhile, this is the best we could achieve with
the existing experimental evidence. It is interest-
ing to remark how bifurcation analysis, a math-
ematical tool that is usually considered apt only
for qualitative assessments of a model dynamic
behavior, could help us derive quantitative re-
sults too.

Up to now, epidemiological models of TSEs
(see, e.g. Anderson et al., 1996; Stekel et al., 1996)
have been based mainly on a phenomenological
description of the disease. Laurent's and similar
models, because of their simplicity, might be used
instead as a building brick in a structured epi-
demiological model consisting of a collection of
di!erent individuals, each being characterized by
a set of biochemical and physiological parameters.
This would, however, require two crucial steps.
First, it would be necessary to go from the local
cellular level to the CNS level so as to derive
incubation times. This would require the use of
spatial models with the problems we described
above. Second, a key point in an epidemiological
model of this sort would be whether vertical
transmission of the disease between a female and
its progeny is possible (Butler, 1996). This occur-
rence of vertical transmission has recently been
evidenced by Donnelly et al. (1997) and Wiles-
mith et al. (1997), but whether there is a relation-
ship between the mother's and the progeny's
prion protein dynamics remains uncertain.
Moreover, we do not know whether the transmis-
sion could occur as soon as the cells of the brain
are in a pathogenic state or only once the neur-
ological dysfunction has appeared. Despite these
uncertainties, there is no doubt, in our opinion,
that a model coupling the individual with the
population level would be a major step towards
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testing speci"c hypotheses on the disease spread
and building a bridge between laboratory data
and the epidemiological evidence.

The authors are very grateful to Renato Casag-
randi, for his assistance in conducting bifurcation
analysis, and two referees, whose comments and sug-
gestions were greatly helpful in revising the article.
The authors acknowledge the support of Ecole Nor-
male SupeH rieure, Paris, France.
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