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Chapter 1

Consecutive Ones Matrices as
Tools for Modeling Practical
Problems

1.1 C1 Matrices and Matrix Decompositions

Denotations used in the following

M:={1,-- M} with MeN
N:={1,---,N} with NeN

Matyn(R) ... set of M matrices with entries in R (by default R = Z).
B :={0,1}.

Definition 1.1. Y € Maty ny(B) is a consecutive ones (C1) matriz in rows if
the ones occur in each row in a single block, i.e., if for allm € M

1<i<j<N, Ymi=1=Ymj = Ymr=1VEke N:i <k <. (1.1)

(Note that the cases Ymn =0V n € N, and ypm; = 1 for exactly one i € N are
allowed.) Y is a C1 matriz in columns iff for alln € N

1<i<j<M yin=yn=1=ypm=1Vke M:1<k<j (1.2)

7

By default we use the denotation ”C1 matrix ” for ” C1 matrix in rows”. In
contrast to our denotation, ”Cl matrix” is in the literature often a binary
matrix which can be transformed by column permutations into one satisfying
1.1. We call them here weak C1 matrices.

Definition 1.2. The interval denotation of a C1 matriz Y is

[51,7'1)

ar,7ar)



where by, € N, 1y € Np:= NU{n+ 1}, £y, < 7,

Wy m) :={n €N : by, <n<ry,} (1.4)
and

Ymn =1 n € Uy, Ty) (1.5)

If 0, = 1y, then row m is the zero row. In this case, the interfal denotation is
not unique.
Corresponding a C1 matriz' Y in column has??? the interval denotation

Example 1.3.
a)

01110 2, 5)
1t 100 0|_[[13)
Y=lo 001 0] |@s

11100/ \[Ly

b)

0111 2,5)
y=(0 00 0]=1[11)

1000 [4,2)

c)

1 0 01

1 0 0 O
v=10 o0 1 of = [1:3):[45),(2,5).[1,2))

01 10

Definition 1.4. Given matric A € Maty,n(Z,.)

A= Z()étyt (17)

is a C1 decomposition if
e T is an index set of C1 matrices
e oy >0VteT

o y; is C1 matrizx Vt € T



By definition, every C1 decomposition is a decomposition into C1 row matrices.
If we decompose into C1 column matrices, we say so explicitely.

Example 1.5.

()
S R (I BT
=2 () (59) = (53)

Definition 1.6. Objective functions in C1 decompositions:
Decomposition Time

=> o (1.8)

teT
Decomposition Cardinality
DC(a) = t{t : oy > 0} (1.9)
Decomposition Sequence
DC(«
= o+ Z C o(i+1) (1.10)

teT

where {t1,...,tpc@)} = {t : au > 0}, 0 is a permutation of {1,...,DC(a)}
matrices and c;j is the cost of moving between C1 matrices y; and y;.

In 1.10 there are various possibilities in defining the cost ¢;;, for instance
o ¢ij =1Vi,j = DS(a) = DT(ov) + DC(cx) —
e ¢;; = movement cost between C1 matrices
y' = (ks rm))menr andy’ = ([6,, 75, menm
defined by
cij = mas {maa{ £, — 6], 1%, — 14,1} (1.11)
Example 1.7. (Nussbaum 2006)

The following example shows that the three objective functions of Definition
1.6 are in general contradictory, i.e. decomposition o may be optimal for one



objective, but suboptimal for the others. (In (1.10) c;; is completed??? by (1.11)
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1.2 Applications of C1 Decomposition

—
o

see transparencies at
http://optimierung.mathematik.uni-kl.de/ hamacher/2007_03_12_Milano.pdf
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Chapter 2

Solving Linear and Integer
Programs with C1 Constraint
Matrices

Engau, Alexander and Hamacher, Horst W.: ”Semi-Simultaneous Flows and
Binary Constrained (Integer) Linear Programs”, Reports in Wirtschaftsmath-
ematik 99, Fachbereich Mathematik, Technische Universitdt Kaiserslautern
(2006)

In this section, we consider linear programs and integer linear programs with a
coefficient matrix A consisting of K > 1 C1 matrices (KC1, for short).

Definition 2.1. Let K € N be a given positive integer, let A¥ € BM>*Nk
k=1,...,K be C1 matrices, let b € Zi/[ be a nonnegative integer vector and let

FeZNe k=1,...,K be integer vectors. Then the K consecutive ones integer
program (KC1-1IP) is defined by

K T
minimize E kP
k=1

K (2.1)
subject to Z AF gk =,

k=1
¥ >0 and integer for allk =1,..., K.

The relevance of KC1 is indicated by the following result.

Proposition 2.2. Any integer program with binary coefficient matriz and in-
teger data is equivalent to KC1-IP for some K < [{].

Proof: Given KCI-IP, we use A = (A! ... AK) e BMXN = (¢! ... &) ¢
ZN and z = (2! ... 2%) with N = Zle Nj to obtain the equivalent IP
min{c'z : Az = b,z > 0 integer} with binary coefficient matrix A and integer
data.

Conversely, given any IP with A € BM*N we can always find some partition
A = (A' ... AF) so that each A% k = 1...,K is Cl. Trivially, we can

9
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choose K = N so that the matrix A is partitioned into its N column vectors,
A= (a' ... V), with a* € BM being C1 for all k = 1,...,N. In fact, K
can be chosen so that K < (%1, as any matrix consisting of only two binary
column vectors is necessarily C1 as well. O

To find in Proposition 2.2 the smallest K such that a binary IP is equiv-
alent to KCI1-IP we can solve a decomposition cardinality (DC) problem.
Although we will show later that the general DC problem is NP hard, we
will give a polynomial algorithm for the DC problem applied to binary matrices.

We can formulate KC1 also in terms of C1 matrices in columns.

Definition 2.3. Let K € N be a given positive integer, let A¥ € BMrxN
k=1,...,K be C1 matrices in columns, let b*,... bE € Zi/[ be nonnegative
integer vectors with b* ee ZMk for k =1,...,K, and let ¢ € ZN. Then the K
consecutive ones integer program in columns (KC1-IP-Column) is defined by

minimize ¢’ x

subject to Afx =0, Vk=1,... K (2.2)

x > 0 and integer.

Obviously, Proposition 2.2 can be reformulated using KC1 problems in columns
(instead of rows).

2.1 Polynomial Algorithm for KC1 with K =1

We first show 1C1l-column is equivalent to a network flow problem. As applica-
tion, we show that the beam-on time radiation problem and the decomposition
cardinality problem of binary matrices into C1 matrices in columns is solvable
in polynomial time. We then address the 1C1 (row) problem and use dual-
ity to reduce the latter problem to a 1C1-column problem and the subsequent
application of complementary slackness computations.

2.1.1 Solving 1C1 Column Problems by a Network Flow Ap-
proach

The following transformation of a 1C1-IP-Column problem to a network flow
problem can, for instance, be found in Ahuja et al. (1993).

Theorem 2.4. KC1-IP-Column is equivalent to a network flow problem and
thus solvable in polynomial time.

Proof: Consider the 1C1-IP-Column
minimize ¢’z
subject to Ax = b, (2.3)

x > 0 and integer.
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where A = ([l1,71),...,[In,7n)) is @ Cl matrix in columns. Add to the
extended M x (N + 1) matrix (A,b) a row of zeros as (M + 1)%* row. The
set of solutions of Ax = b does not change if we subtract iteratively for
m = M,...,1 the (m+ 1) row from the m'* row and maintain the first row.
After this transformation, A has turned into the node-arc incidence matrix of
a network flow problem with M + 1 nodes and N arcs (4,j) with ¢ = [,, and
j=rp,n=1,...,N. Hence 1C1-IP-Column has turned into a network flow
problem. ]

Example 2.5. For

101 01 0|2
11001 0|3

(A]b)= 11010 o0ls andc=(3 2 1 8 =2 4,
0 0010 1]1

the matriz is extended by a row of zeroes,

10101 0|2
110010|3
Alp)=] 11010 0|5 | and
00010 11
0000000

and then rows are substracted from each other from bottom to top as in the proof
of Theorem 2.4

1 0 1 0 1 012
01 -1 0 0 0]1
(A|b)= 00 0 1 -1 0]2
-1 -1 0 0 0 1/|—4
00 0 -1 0 —-1|-1

A is the node-arc matriz of the graph of Figure 222 and b is the vector of
supplies and demands, where — by construction — its components add up to
zero (a necessary condition for the flow problem to be feasible). Hence 1C1-
IP has turned into the equivalent network flow problem with costs ¢ on the
arcs (see Figure 2.1). From the minimal cost flow we get the optimal solution
x =(0,5,4,0,0,1) of 1C1-Column.

Theorem 2.6. (Ahuja-Hamacher, 2005)

Let A € Matyn(Z, ) and let T be the set of all M x N C1 matrices. Then the
integer, unconstrained decomposition time problem DTy;c

Then the integer, unconstrained decomposition time problem DTyc

min DT(a) = > ,cr
s.t. dier iy = A (2.4)
o >0 integer

is solvable in O(M, N) time.
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TN

a)
2

1

@
@ 5
-2 8
2

N

b)

Figure 2.1: a) Flow Graph of Example 2.5 and b) minimal cost flow.

Proof: We first show that DT)/c can be solved in O(V) time for each single
row Ay € Maty n(Z,). Let T be the set of C1 vectors y; € Mat; n(B). T

contains the (g ) vectors

(1,0,...,0,0), (1,1,0,...,
(0,1,0,...,

Then

0
0

)
)

P

PRI

9

)

Ztef ary, = Ap. & Ztef atY;—,I‘ = A%

o O
S =

0
0

1
1
1

1
0

1

1

1
1

S =

0
0

"?170)7
...,1,0),

“7170)’

11
01

1
0

o O

1
1

o O

The latter system of linear equations has an N x 2N (N + 1) coefficient matrix
which has the C1 in columns property and DT is thus by Theorem 2.4 equiv-

alent to a network flow problem.

The resulting flow network has (N + 1) nodes, $N(N + 1) arcs (i,j) with
1<i<j< N+1and cost cij =1 for all arcs (i, 7). According to the proof of
Theorem 2.4 the supply/demand in each node i is

b 4 @it for i=N+1,N,...,2
v ai for

1=1

An example of such a network is shown in Figure 2.2 (7?)

ApD Fi1G. 2.2 HERE

(2.5)

An optimal flow can be found in linear time by the shortest augmenting
path algorithm. In each iteration this path is found as a single arc from the left
most supply node ¢ (i.e. b; > 0) to the left most demand node j (i.e. b; < 0)
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and the flow on this path is min{b;,...,b;}. This can be done in constant time
(and the network does not have to be constructed to find this shortest path).
In each iteration the demand in node ¢ changes to b; = 0 or the supply in node
J changes to b; = 0 (or both) such that we need at most N iterations to find
an optimal flow.

ApDD FIG. 2.3 HERE

If dj"* is the flow on arc ¢; = (i, 7), then we set
i J
yr=0 ... 01 ... 10 ..)=I7)
such that A, =, 7o -y
Hence the minimum decomposition time of row A, is DT, = ) .5 af"
be found in O(N) time for each row A,,. of A.

The optimal DT decomposition time DT (a)) of A cannot be smaller than the
decomposition time of any of the rows A,,.

can

mazmen DT (2.6)

is a lower bound for the optimal value DT'(«) of 2.4. This bound is attained
by piecing the row decompositions suitably together (see Example 2.7). O

Example 2.7. Let

2 7 6 1
A=1|8 2 0 3
1 41 3
m=1
A = (2761) = b;=(25-1-5—-1)
= (2761) = 1-(1100)+1-(1110)+4-(0110)4+1-(0111)
and DTy =7
m=2:
As. = (8203) = by=8 -6 —23 —2)
= (8203) = 6-(1000)+2-(1100)+3-(0001)
and DTy =11
m=3:

As, (1413) = by=(13 —32 —3)
1

- (1413) = 1-(1100)+2-(0100)+1-(0111)+2-(0001)
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and D13 =6
The bound (2.6) is max{DT;, DT>, DT3} = 11. Hence the minimum DT de-
composition of A is

2 7 6 1 0110 0110
A= [8 2 03] =2-{1 100 + 2-10 0 0 1
1 41 3 0100 00 01
1100 1110

+ 1-10 0 0 1 + 1-1{1 0 0 O

1100 0111

0111 0000

+ 1-11 0 0 O + 4-11 0 0 O

0000 0000

The procedure resulting from the proof of Theorem 2.6 can immediately be
applied to minimizing the beam-on-time in radiation therapy. This proce-
dure is known as sweep procedure (Bortfeld & Boyer, 1993), but it was not
known since recently, that this procedure yields an optimal decomposition time.

If the starting matrix A is itself binary, then «; € {0,1} for all ¢ € T
and the decomposition time objective DTy ¢ («) and the decomposition cardi-
nality objective DCpc(a) coincide such that the latter problem is polynomially
solvable. We have thus shown the following result.

Corollary 2.8. Let A € Maty n(B). Then the unconstrained decomposition
cardinality problem (T = set of all C1 matrices)
min DC(a) = {at : ap > 0}

s.t. ZtET Y = A
(677 Z 0

is solvable in O(M - N) time.

Exercise 2.9. (= Assignment 1) Minimize the decomposition time DT («)
for the matrix

213 471
4 00 3 8 2
A_13OO78
9 3 2 407

2.1.2 Solving 1C1 (Row) Problems by a Network Flow Ap-

proach
Let
[, )
A=
[ar  T)

be an M x N Cl matrix in rows.
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Proposition 2.10. The 1C1-IP

min cx
st. Ax =b (2.7)
x > 0 wnteger

is solvable in polynomial time by a network flow algorithm.

Proof: The polynomial solvability follows immediately by observing that A is
a totally unimodular matrix (see, for instance integer programming lectures).
We show in the following how to use network flows by considering the dual of
(2.7)

max bTr
st. ATnm+Ta = cT (2.8)
>
™ <0
a >0

Here AT and I are N x M and N x N C1 matrices in columns, respectively.
We can thus use the row opertions as in the proof of Theorem (2.4) to rewrite
the dual 2.8 as network flow problem

max bTr (& —min(—bT)7)
st. ATr+ Ba =7+ (2.9)
>
T <0
a >0

where A and B is an (N 4 1) x M and (N 4 1) x N node-arc incidence matrix
and ¢, :=c¢cp, —cp_1 forn=2,...,N +1 and & := c,.

The resulting flow network has N + 1 nodes 1,...,N,N 4+ 1 and M w-arcs
em = (Upm,rm),m € M and N «-arcs f, = (n,n + 1),n € N. The m-arcs
have unit profils b,,, the a-arcs cost 0. The node supplies are given by
ény, n=1,...,N +1 (see Figure 2.4 7?7 and Example 2.11)

FIGURE 2.4 TO BE ADDED

The network flow problem can be solved in polynomial time. If the problem is
unbounded, then the primal 1C'1 — I P has no feasible solution.

Otherwise an optimal solution or the primal 1C1 — IP is computed by
complementary slackness or by using the potential method from network
optimization. [l

Example 2.11.

01100 [2,4) 1
(00 01 1| [[46) |5 B - -
A=l 000 0|l =|es| P=|3] c=@3-14-2
001 11 (3,6) 6
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0010l 2 0O 0 1 0 2
1 0 -1 0 1
100 0] 3 ) o 0 o0 1 l-4
(ATIcMYy=1 10 0 1|-1 | = (AT =
010 1| 4 -1 100 o
010 1|9 0O 0 0 0 ]-6
0 -1 0 -—1]|-2
) 1 0 0 0 0
) -1 1 0 0 0
- 0 -1 1 0 0
I= 1 , = B=l0y 0o 211 o
) 0O 0 0 -1 1
0O 0 0 0 -1

ApD FI1G. 2.5 A AND B

The definition of the incremental network for flows (note that none of
the arcs have a capacity, but a(e) > 0V «-arcs) implies that there does not
exist a positive (recall that we maximize the objective function) cycle and thus
(m, ) is an optimal flow.

Using 7 as dual solution in ATn < cT the second and forth inequality hold
strictly such that the complementary slackness conditions imply xo = x4 = 0.
The remaining system

. 010 . 1
1 1

0 01 )

(A.l, A.g, A5) = I3 = 10 0 I3 3

e 01 1) \* \6

has the unique solution

T 3
3l =11
xT5 5)

The resulting feasible solution xT = (3 01 0 5) has the primal objective value

cx = (2,3,-1,4,-2) =6 —-1—-10=-5=bTr

O = O W

and is thus optimal

Exercise 2.12. (=Assignment 2)
Solve the 1C1 Row Problem

min cx
st. Ax =b (2.10)
x > 0 integer
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using the network flow approach applied to the data

9y c:(271737774)

oSO O =
= o o =
o O = O
S = = O
S = O O
W =N

2.2 Linear Programs and Semi-Simultaneous Flows

In this section we return to the general KC1 — IP and KC1 — LP given by
K € N, K Cl matrices AF € B™*" b ¢ Z7, and ez k=1,... K as

K
minimize Z ckka
k=1
K (2.11)
subject to Z Akgh =,
k=1
zF >0 and integer for all k =1,..., K.
The following example shows that the integrality property which holds for K =

1 is already lost for K = 2. (Examples were independently found by Schébel
(2004) and Engau (2005))

Example 2.13. Choose K =n; =ng =2, m =3, Al = (?(1)), A? = (i %),

b = (%), and ¢ = & = (1) with 2V = (2 2 23 23). Then, the 2C1-IP

problem

min{(1313)x:(?ééi)x:@),xzomteger} (2.12)
has the optimal solution i = xi = 2?2 = 0, 22 = 1 with objective 3. Its
linear programming relaxation 2C1-LP, however, yields the improved, fractional

solution x1 = x} = 23 = 0.5, ¥3 = 0 with objective 2.5. Clearly, this also implies

that the combined matriz A = (A A%) cannot be TU, which is verified easily.

2.2.1 Definition of se-sim flows

We concentrate in the following on the linear, continuous problem KC1-LP and
its dual KC1-LPD given by

max{bTﬂ . AR <cforalk=1,...,K,me Rm} : (2.13)

Since the matrices A* in (2.11) are row C1, the matrices AR" in 2.13 are column
Cl. Thus, after introducing nonnegative slack variables a® € R}*, we obtain
the equality constraints

T
AR 4 Inkozk =cF
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which now can be transformed into K systems of flow conservation constraints
in K underlying networks G*, k = 1,..., K as in Section 2.1.2. A solution of

problem (2.13) thus corresponds to vectors 7 € R™, a! € R, ..., o € RX so
that for each k = 1,..., K, the pair (a¥, 7) establishes a feasible flow in network

G* with 7 maximizing the objective bTw. Since each such pair consists of an
individual flow o* and the common flow 7 that has to be chosen simultaneously
for all K networks, we call the collection of all these flows a semi-simultaneous
network flow and the associated problem the semi-simultaneous network flow
problem. More general, we give the following definition.

Definition 2.14. A semi-simultaneous network (se-sim network) is a collection

G = {Gk = (Vk,Dk UEk) k=1,... ,K} of K individual networks G*. The

node sets are VF = {1k,2k, . ,n],z, (nk + 1)k} and the arc sets are partitioned
into the sets D¥ = {e}, ek, .. .,eﬁk = {(1%,2%), (2%, 3%), ..., (niF, (i + 1)F) }
of individual arcs and E¥ = E = {e1,e2,...,e,} of common arcs.

IfG = {Gk ck=1,..., K} is a se-sim network, let f* be an individual flow in
network G*F, k=1,... K.

The collection f = {fk k=1,... ,K} of K flows f* is called semi-
simultaneous flow (se-sim flow), if the flow values on common arcs coindice,
i.e.,

fRie) = f*2(e;) foralli=1,...,m and ki, ky =1,..., K. (2.14)

For each individual network G*, the flow f* restricted to single and common
arcs, f¥|pr =: o and f¥|gx =: 7, is called the individual and common network
flow associated with f*, respectively.

Example 2.15. TO DO: ADD OTHER EXAMPLE PRESENTED IN MILAN. SEE
ExaMpLE 2C1 IN DECOMPOSITION NOTES
Consider the linear programming dual 2C1-LPD of Example 2.13 with % =

(m T2 m3), ot = (a} ad) and o? = (a? a3),

max {m +m s (P D +al =(3), (MO r+a?= (1)} (215)

To transform this problem into a semi-simultaneous network flow problem, first
append an additional zero row to the constraints, and then subtract its preced-
ing row from all but the first, yielding the two systems of flow conservation
constraints

0 1 1 1oy 4 1 1 10 10y o 1
( 1 -1 0)7r+(—1 1)@:(2) and(o 0 1)7r—|—<—1 1>a:<2>.
-1 0-1 0 -1 -3 -1-1-1 0 -1 -3

(2.16)

Hence, 2C1-LPD is equivalent to finding a flow (', a?, ) that mazimizes b*r
subject to flow conservation at each node, flow capacities o', o > 0 and iden-
tical partial flow 7 in both networks (see Figure 2.2). Notice that although the
values of w1, mo and w3 are required to be identical in both parts of the semi-
simultaneous network, the corresponding edges connect, in general, different
nodes.

It is easy to see that this problem has the optimal fractional solution m = 1.5,
7y = —0.5 and 73 = 1.5 with slack variables of = 0, a3 = 1, o} = 0 and
a? = 0.5 and objective 2.5 - thus confirming the result of Example 2.13.
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Figure 2.2: Semi-simultaneous flow corresponding to 2C1-LPD of Example 2.15
with common flow 7 and individual flows o! and o?.

Definition 2.16. Let G = {Gk’ k=1,... ,K} be a given se-sim network with
benefits b > 0 and flow conservation right-hand-sides c* for each individual
network G*. Then the se-sim flow problem (SE-SIM-FLOP) is defined as

mazimize b(f) = Z b(e;) f(e;) (2.17)
i=1
subject to
Yoofe- D fMe=¢F F=1F (e + DR, k=1,... K,
ecd® (ik) ecdk (i%)
(2.17a)
Fre) = f*2(e;) = m i=1,...,m, ki,ka =1,..., K,
(2.17b)
)y =taf >0 j=1,....np k=1,...,K.
(2.17c)

For fired k = 1,..., K, the associated subproblem (where the flows Wf on the
common arcs do not have to coincide) is called individual network flow problem

(IN-FLOP).

2.2.2 Feasible se-sim flows

The goal of this section is to establish that the feasibility of IN-FLOP is nec-
essary and sufficient for the feasibility of SE-SIM-FLOP. The first part of this
statement is obvious.

Proposition 2.17. Given a feasible se-sim flow f = {fk k=1,... ,K} for
SE-SIM-FLOP, then each of the flows f* is feasible for its associated individual
network flow problems IN-FLOP.

To prove the converse we first show the following results.

Lemma 2.18. Any  feasible  se-sim  metwork  flow f =
{fk =(F ) k=1,... ,K} for SE-SIM-FLOP is wuniquely determined
by the common flow .

Proof: The individual flows of in networks G* correspond to the slack

variables in the LPR dual and thus are uniquely determined by the dual
variable or common flow vector . O
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Lemma 2.19. Let SE-SIM-FLOP be given and let k € {1,...,K} be fized.
For the k™" IN-FLOP, let f* = (o*,7%) be a feasible flow and let 7 < 7*.
Then the flow determined by m according to Proposition 2.18 is also feasible for
IN-FLOP.

Proof: This result follows from the special chain structure in the individual
networks G*: since the common flow along all common arcs is unrestricted, we
can reduce the flow along some common arc e; by the respective nonnegative
flow difference 7% — 7 while maintaining the flow balance constraints by
increasing the flow along the individual arcs connecting its tail and head nodes
g¥ and A} by the same amount. U]

Using this result, we are now able to show that individual feasibility for all
IN-FLOPs is sufficient for the feasibility of SE-SIM-FLOP.

Proposition 2.20. Let SE-SIM-FLOP be given and assume that for each k =
1,..., K, there exists a feasible individual flow f* = (ak, 7rk) for the associated
IN-FLOP. Then there exists a feasible se-sim network flow for SE-SIM-FLOP.

Proof: Let {fk = (ak, wk) k=1,... ,K} be a collection of feasible flows for
the IN-FLOPs, and define a common flow 7 = 7' A 72 A ... A 7X as the com-
ponentwise minimum among all flows 7%, i.e., m; = min {ﬂ'f k=1,... ,K}.
Clearly m < 7* for all k = 1,..., K, and hence, by Lemma 2.19, the common
flow m determines feasible flows (3*,7) in all individual networks G*. Hence,
the collection f = {(ﬂk,ﬂ) k= 1,...,K} of all such flows establishes a
feasible se-sim network flow for SE-SIM-FLOP. U

By combining Propositions 2.17 and 2.20, we conclude that se-sim feasibility is
equivalent to individual feasibility for each individual network.

Theorem 2.21. SE-SIM-FLOP is feasible if and only if all IN-FLOPs are
feasible.

2.2.3 Bounds on se-sim flows

Since each feasible se-sim flow defines a feasible flow for each IN-FLOP, we
immediately obtain the following upper bound on the optimal objective value
for SE-SIM-FLOP.

Proposition 2.22. Let f be any feasible flow for SE-SIM-FLOP, and let
{fk = (@~ 7" k=1,.. .,K} be a collection of optimal flows for the asso-
ciated IN-FLOPs. Then b(f) < min {b(fk) — TRk k=1, .. K}

It also follows that, if one IN-FLOP is bounded, then SE-SIM-FLOP must be
bounded. Hence, we get the following result.

Corollary 2.23. SE-SIM-FLOP has an optimal solution if it is feasible and if
at least one associated IN-FLOP is bounded.
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The criterion of Corollary 2.23 can be used to check the feasibility of KC in
strongly polynomial time. Unfortunately, this is, however, not a necessary crite-
rion, since the following example demonstrates, that the converse of Proposition
2.23 is, in general, not true.

Example 2.24. Consider the two networks in Figure 2.3 with zero right hand
stdes for the flow comservation constraints at all nodes and uniform benefits
by = by = b3 = 1 for all common arcs. Then every flow of the form f! =

Figure 2.3: Tllustration of Example 2.24 (semi-simultaneous boundedness)

(al,m) = ((0 005 (pp0 — p)T> with p € R is feasible for the first network
and may achieve arbitrary benefit p. Similarly, for the second network, every
flow f? = (a?,7%) = ((0 0 O)T,(O pp —p)T) with p € R is feasible with
benefit p, so that both IN-FLOPs are unbounded. However, it is easily verified
that the optimal se-sim flow is the zero flow with zero benefit.

2.2.4 Optimal se-sim flows

In order for a given flow to be optimal, we can state the following sufficient
condition.

Proposition 2.25. Let  SE-SIM-FLOP be  given and  let
{fk = (&k,frk) k=1,... ,K} be a collection of optimal flows for the
associated IN-FLOPs. If there exists an index j = 1,..., K such that #7 < 7"

for allk =1,...,K, then 7 = 7/ determines an optimal se-sim network flow
for SE-SIM-FLOP.

Proof: Let #/ < #¥forallk =1,..., K, or equivalently, 7' AZZA. . AZE =77,
Since all benefits are assumed to be nonnegative, it follows that bT#7 < bT#*,
and hence b(f) < bT#aJ for all feasible se-sim flows f by Proposition
2.22.  As was shown in the proof of Proposition 2.20, the common flow
7=7'AT2A...A7TE = 77 determines a feasible se-sim flow for SE-SIM-FLOP
with maximal benefit b7 = bT#7, and hence the se-sim flow determined by
7w = 77 is optimal. O
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Another sufficient optimality condition which follows immediately from known
results of classic network flow theory is based on se-sim residual flows.

Proposition 2.26. Let SE-SIM-FLOP be given and let f and f be two gien

feasible se-sim network flows with b(f) < b(f). Then the difference flow f =

f— [ defines a se-sim flow with positive residual benefit b(f) = b(f) —b(f) >0
in the semi-simultaneous residual network Gy = G];c ck=1,..., K}, where
G’Ji denotes the residual network of network G* induced by the flow f*.

Definition 2.27. Let SE-SIM-FLOP be given and let f be a feasible se-sim

flow. The se-sim flow f is called an improvement (flow) for f iff is feasible
in the se-sim residual network Gy with positive residual benefit b(f) > 0.

The next result shows that improvement flows take over the role of negative
cycles in the theory of classical network flow theory.

Theorem 2.28. Let SE-SIM-FLOP be given and f be a feasible se-sim flow.
Then f is optimal if and only if there does not exist an improvement.

Proof: If f is optimal, then b(f) > b(f) for all other flows f and thus, by
definition and Proposition 2.26, there cannot exist an improvement.

Conversely, for any other se-sim flow f Proposition 2.26 implies that
the flow f = f — f is a feasible se-sim flow in the residual network
G i which - by the assumption of the theorem - has a residual benefit

b(f) = b(f) —b(f) = b(f — f) > 0. Hence, the se-sim flow f is optimal. O

We have thus shown the validity of a generic procedure for the se-sim net-
work flow problem which can be interpreted as generalization of cycle canceling
algorithm of classical network flow theory.

Procedure 2.29. Solving SE-SIM-FLOP:

1. Given SE-SIM-FLOP, find a feasible se-sim flow f.
IF no feasible flow exists, STOP — the problem is infeasible.

2. Given feasible se-sim flow f, find an improvement f.
IF no further improvement exists, STOP — f is optimal.

3. Update f := f + f and repeat step 2.
Exercise 2.30. (=Assignment 3) Solve the 2C1 Row Problem
min c'x! + c¢2x2

s.t. Alx'+A%%x? =b (2.18)

x!, x? > 0 integer

using the se-sim network flow approach applied to the data

110101 2
A={(00 101 1], b=[3], c=(21,3,1,21)
100111 1
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2.3 KC1 Projects

Various additional research questions are motivated by the results of this paper.
Project 2.31. The first project involves implementation.

o Implement the SeSim Flow Algorithm

e Compare with standard software

Project 2.32. Are there any special cases of KC1 (K > 1) for which SeSim
Flow can be solved in polynomial time?

Project 2.33. Can the sufficient feasibility criterion in Corollary 2.23 be ex-
tended to a necessary and sufficient criterion.

Project 2.34. (Posed by Sandro Bosio, Milan, 2007-03-19) According to Corol-
lary 2.8 the decomposition cardinality problem DC can be solved for binary ma-
trices in polynomial time. Can one combine this result with transformation
results of weak C1 matrices to solve the cardinality problem if column permua-
tion is also allowed?

Project 2.35. Instead of starting with coefficient matrices which have the row
C1 property, one may want to consider a binary matriz A € B™*"™ into matrices
that are column consecutive one, A = (A" ... AL) with Al € B™>*" | =
1,...,L and Zlel my = m. The resulting LP is equivalent to

L
minimaize Z 'z
1=1 (2.19)
subject to Alz = b for alll=1,...,L,
r e RY.

and the equality constraints Alx = b can directly be transformed into L systems
of flow conservation constraints in L underlying networks G', 1 =1,...,L. A
solution of problem (2.19) then corresponds to a vector x € ZI} so that for each
l=1,...,L, the vector = establishes a feasible flow in each of the networks G
while minimizing the objective ¢ x. In contrast to the semi-simultaneous flows
considered in this paper, in this approach there are no individual flows. We can
therefore call x a simultaneous flow.

Which results an you derive for simultaneous flows?

Project 2.36. Another interesting topic is to generalize the concept of se-sim
flows to more general se-sim networks. In our paper, the se-sim networks were
defined by the underlying KC1 linear program. This implies that the individual
arcs in each of the individual networks have a Hamiltonian path structure. If
we allow an arbitrary set of individual arcs, an interesting question is to char-
acterize structures which allow a duplication of the feasibility, optimality and
improvement results of Section 2.2.
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Project 2.37. Even more general, the topic of this paper motivates re-
search on simultaneous graph theory problems defined on a collection G =
{Gk = (Vk, DF U Ek) k=1,... ,K} of directed or wundirected individual
graphs G*. Feasibility and optimality characterizations of (semi-)simultaneous
shortest path, spanning tree, matching, etc. are interesting in their own right,
but may also be of practical interest in the same way as the (semi-)simultaneous
network flow theory developed in this paper.



Chapter 3

Constrained Decomposition
and Complexity of
Decomposition Cardinality
Problem

As we have seen in section 2.1.2, the decomposition time problem

DT(a) =) o (3.1)

teT

can be solved in linear time if T is the set of all C1 matrices. This is the
unconstrained DT problem. In the first section of this chapter, we will con-
sider constrained decomposition problems, where only a subset of 1" with cer-
tain properties is allowed. We then show that the unconstrained decomposition
cardinality problem is NP hard.

3.1 Two Network Flow Formulations for the Con-
strained Decomposition Time Problem

The content of this section is based on the paper

Boland, N., Hamacher, H.W. and Lenzen, F.: ”Minimizing Beam-On Time
in Cancer Radiation Treatment Using Multileaf Collimators”, NETWORKS
(2004), 226-240

Constrained decomposition problems are mainly motivated by their applications
in intensity modulated radiation therapy.

Example 3.1. In the modeling of modulation of radiation using multileaf colli-
mators, one often has to consider interleaf motion constraints, i.e., exclude that
the left leaf in one row of leaves is to the right of the right leaf in an adjacent
row and vice versa (otherwise crashes between the two leaf points or significant
radiation leakage in areas which ought to be blocked).

25
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Another constraint which may have to be enforced for reasons of physics is that
the opening defined by the block of ones in the C1 matriz has to have a certain
minimal width (width constraint).

We will concentrate in the following on constrained decomposition time prob-
lems involving interleaf motion constraints.

Definition 3.2. A C1 matriz Y = ([l;,r:))M, is called (interleaf motion) con-
strained C1 matrix if for allm=1,... ., M —1

Imt1 < T, and (3.2)
lm S Tm+1- (33)

Given an M x N matrix A of non-negative integers, the (interleaf motion)
constraint decomposition time (DT) problem is

min DT(a) = > ,cp oy
s.t. ZteT’ QY = A (34)
o >0 integer

where T is the set of all constrained C1 matrices.

We first show that constrained C1 matrices can be represented as paths in a
suitably chosen network, the C1 matriz graph Go1 = (Ver, Ec1). This network
is introduced first.

G is a layered digraph, consisting of M layers which correspond to the M
rows of a C1 matrix. In each layer m = 1,..., M there are %N(N + 1) nodes,
denoted by (m,,r), which represent potential positions [ and r of the left and
right leaf in row m, respectively. Here [ € {1,...,N}, r € {1,...,N,N + 1}
and [ < r. Two dummy nodes D and D’ that act as start and end nodes are
added, so

Vor:={(m,l,r):m=1,....M,l=1,.... M, r=1,.... N+1, | <r}u{D,D'}.
(3.5)
The arc set E¢1 contains all edges from D to the first layer 1 and from the last
layer m to D', i.e., Ec1 contains
E.(D) = {(D,(1,l,r): (1,l,7) € Ve } (3.6)
E—(D/) = {((Malvr)wD/):(M7Z7T)EV01}-

Form=1,..., M — 1, we define the arcs between layers by
E (i) :={((m,l,r),(m+1,U'2") ' <r, v >1}. (3.8)

The latter arcs reflect the exclusion of interleaf motion. In the case that interleaf
constraints are unnecessary, we simply omit the restrictions I’ < r and r’ > [
in (3.8), and include arcs from all nodes in one layer to all nodes in the next.
Finally we add the return arc (D', D), so the set of all arcs is given by

M—-1
B¢y == E4(D)UE_(D)u{(D',D)}u ) EL(i). (3.9)
=1
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Figure 3.1: A C1 matriz graph with complete node set Vop and some of the arcs
of Ect, including two cycles Cy and Co (straight and dotted arcs).

An example of a Cl1 matrix graph G¢1 is shown in Figure 3.1. The next
lemma states some properties of G¢1. The proof of this lemma is an immediate
consequence of the definition of G¢.

Lemma 3.3.
(1) Ger \ {(D', D)} is an acyclic digraph.

(2) Every cycle — and thus every (D,D’) path — in Ge1 corresponds to a
constrained C1 matriz and vice versa.

Figure 3.2 shows the C1 matrix and the leaf configuration corresponding to the
cycle C = (D, (112), (223), (313), (412), D', D) in the C1 matrix graph of Figure
3.1.

Next, we will give a compact linear programming formulation for the con-
strained decomposition time problem based on this network model. In fact,
the MLC problem can be formulated as a (polynomially solvable) network flow
problem with side constraints.

The key observation is that due to the equivalence between C1 matrices and

cycles in Gep, Y oy can be interpreted as the value z(pr,py of a circulation x
teT
which is a composite of flows «; on cycles C; corresponding to constrained C1

matrices Y;.



28

== O -

OO

Figure 3.2: Constrained C1 matrixz and leaf configuration corresponding to cycle
C = (D, (112),(223), (313), (412), D', D) in Gey of Figure 3.1.

If we consider, for instance, the two cycles

Cy = (D, (102), (213), (303), (402), I, D)
and
Cy = (D, (113), (203), (302), (413), D', D)
of the C1 matrix graph in Figure 3.1 and z(C;) = 3, z(C2) = 2, (i.e., z is a

circulation formed by taking 3 units of flow on cycle C; and adding 2 units of
flow on cycle Cq), we get a flow corresponding to the intensity matrix

o

3
+2

_ = O
O ==
O R = O
_ O~
w Ot N
N W Ot

Since by part (1) of Lemma 3.3 all cycles contain arc (D', D) we have
T(D'.D) = i’(Cl) + l’(CQ) = 5,

the flow on arc (D', D) represents the flow value which is to be minimized.
Since, conversely, every circulation can be decomposed into cycles containing
arc (D', D) (see Ahuja et al. (1993), Theorem 3.5 and Property 3.6, or Hamacher
and Klamroth (2001)), the MLC problem can be solved as a network flow
problem in G¢1, in fact as a minimum cost circulation problem, with respect
to arc costs given by

'_{ 1 ife=(D',D)
=930 if e € Ec1 \ {(D', D)},

for each e € E¢.

We have, however, to enforce the side constraint that the values a;; of the
matrix A are generated by the circulation, i.e., we have the side constraints

n—1 N+1

Yod D> me=ay (3.10)

=0 r=n+1 ecE_(m,l,r)

forallm =1,...,M and all n = 1,..., N. (Here, we write E_(q) to denote
the set of edges in E¢ entering node ¢, i.e., {(p,q) € Ec1}. Later we will find
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it helpful to use E,(q) to denote the set of edges in E¢ leaving node g, i.e.,
{(q7p) € ECI}~)

The network circulation formulation, together with the side constraints (3.10),
provide a linear programming formulation for the constrained decomposition
time problem. Note that its size, in terms of numbers of variables and con-
straints, is polynomial in n and m. We have thus proved the following result.

Theorem 3.4. The constrained decomposition time problem can be solved in
polynomial time as a min cost network flow problem with side constraints (3.10).

Next, we give a second linear programming formulation that is even closer to
a pure network flow formulation. Rather than stating (3.10) as an algebraic
constraint, the C1 matrix graph is expanded to a network Ger = (‘701, ECl)
defined as follows (see Figure 3.3).

Each node (m, l,7) € Noy := Vg1 \ {D, D'} is split into two nodes (m,1,7)" and
(m,1,7)%. The idea is that flow enters row m via a node of the form (m,[,r)!
and leaves row m via a node of the form (m,[,r)2. In between, we have the
flow go through arcs whose end nodes define the m!” intervall [I, ) representing

the m" row of the constrained C1 matrix. Thus we introduce new nodes of the
form (m,n).
Hence

Ver = {(m,l,r), (m,1,7)%: (m,l,7) € Noy b (3.11)

u{(m,n):i=1,...,M, j=1,... . N}yu{D,D'}.

Note that |[Noi| = sMN(N + 1), and thus |Vei| = 2|Nei| + M(N +1) +2 =
O(MN?).

The arc set E¢q consists of the following subsets. Let
ng = {((m,l,r)Q, (m + 1,l’,7")1) : ((m,l,r), (m + 1,l',7")) € ECl}
U {(D, (l,l,r)l) S, e VC1}
U {(
u{

(M,Z,T)Z,D/) : (M,Z,T)Q S VCI}

(D',D)}. (3.12)
This set contains the edges in F¢; connected to appropriate nodes in Vol. In
addition we have new arcs of two types. The first collection of new edges is

EAé’l = {((m,l,r)l, (m7l)) : (m,l,r)l € VCI}
U {((m,r), (m,l,r)Q) s (m,l,r)% e V(;l} )
All arcs in Egl? U Eél have

lower capacities u, = 0 and upper capacities 4, = 0o. (3.13)
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The second set of new arcs is
E% = {((m,n),(m,n+1):m=1,...,M, n=1,...,N +1}.

These are called the decomposition arcs, since the flow on these arcs has to be
equal to the values a;; of the matrix A to be decomposed. Therefore, the lower
and upper capacity on these arcs are

U, =Te = aj; YVe= ((m,n),(m,n+1)) € E%l (3.14)

An illustration of the extended C1 matrix network, Goq = (VCl, E’Cl), is given
in Figure 3.3. It is not hard to see that the extended C1 matrix network
warrants its name, and that a result similar to Lemma 3.3 for the C1 matrix
network holds for the extended network. This result applies only to cycles with
a particular property. We say that a cycle in Geq has the leaf position matching
property if, for any (m,l,r) € Vo, arc ((m,1,r)!, (m,1)) is in the cycle if and
only if arc ((m,r — 1), (m,1,7)?) is in the cycle.

Figure 3.3: An extended C1 matrix graph. Only nodes and arcs of the extended
cycles C1 and Cy corresponding to the ones in Figure 3.1 are shown.
Lemma 3.5.

(1) Gea \ {(D’, D)} is an acyclic digraph.

(2) Every cycle in Ger with the leaf position matching property corresponds
to a C1 matrixz without interleaf motion and vice versa.
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We now establish that the constrained decomposition time problem is equivalent
to a constrained network flow problem with simpler constraints than in the first
model.

Theorem 3.6. The decomposition time problem is equivalent to the network
flow problem

min zp, p)

subject to x being a circulation in G’m satisfying the lower and upper capacity
limits u and w defined by (3.13) - (3.14), and satisfying

T30 (1) = T((ir—1),Glr)2) V(1) € Net (3.15)

(We say that a circulation x in Gen is leaf position matched if = satisfies
(3.15).)

For the proof of this theorem and algorithmic approaches to solve the second
alternative network flow formulation of the decomposition time problem we
refer to Boland, Hamacher, and Lenzen (2004). It is important to note, that
the flow problem can be solved by iteratively choosing cycles with the leaf
position matching property, thus proving that the contrained decomposition
time problem always has an integer solution. While this idea is important
to establish integer solvability, it is, however, not known whether there exists
a (strongly) polynomial algorithm to solve the constraint decomposition time
problem based on th network flow approach — or any other idea.

Exercise 3.7. (=Assignment 4) Set up the two network flow formulations
for finding the minimal constraint decomposition time for

2 4 7 01
A=1|1 0 3 5 0
2 01 3 2
Solve the constraint DT using these networks by inspection. Try in particular a
cycle canceling approach in the second network, i.e. find iteratively improving
cycles which maintain the edge matching property. Any suggestion for combi-
natorial algorithms to solve the constrained network flow problems (both in the

first and the second network are welcome)!

3.2 Decomposition Cardinality is NP-hard

While the decomposition time problem is solvable in linear time, the (uncon-
strained) decomposition cardinality problem min{DC(a) : A = Y, s Y"}
turns out to be N P-hard. This was proved by Burkard (2002) for matrices with
at least two rows using a reduction from subset sum. In the following we will
strengthen his result using the result from

Baatar, D., Ehrgott, M., Hamacher, H.W. and Woeginger, G.: ” Decomposition
of Integer Matrices and Multileaf Collimator Sequencing”, Discrete Applied
Mathematics, 152 (2005) 6 - 34.
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Theorem 3.8. The CI decomposition cardinality problem is strongly NP-hard,
even for matrices with a single row.

Proof: The decision version of the C1 decomposition cardinality problem is
as follows:

C1 Decomposition-Cardinality (DC)
Input: Matrix A = (ai,...,ay), K € N
Output: Does there exist a decomposition « of A into at most K C1 (row)
matrices?

We reduce the following well-known strongly NP-complete problem (see Garey
and Johnson (1979) ) to (DC).

Three Partitioning (3-PART)
Iput:  B,Q €N; by,...,bsp € N with Y3% b = QB and £ <b; < £
Output: Does there exist a partitioning of {b1,...,bsq} into triples
Ti,...,Tg such that ZbeTq b=Bforallg=1,...,Q7

Given an instance of 3-PART we define the following intance of DC

N = 4Q,

by if n <30
R {(4521—rjz+1)B, if n > 30, (3.16)
K = 3Q.

Claim: DC has YES output <= 3-PART has YES output.

“<” For j =1,...,3Q let ¢ € {1,...,Q} be such that b; € T,. A feasible
output for DC is given by intervals [j, 3Q + ¢+ 1), 7 = 1,...3Q and
a; = bj (see Figures 3.4 and 3.5).

“=" By the definition of a,, A cannot have a decomposition with cardinality
smaller than 3Q since b; > 0, j = 1,...,3Q and thus ap41 > ap,n =
1,...,3Q — 1. Hence we have exactly K = 3Q) C1 matrices in the decom-
position of A. Consider a solution of DC given by intervals I, = [l4,74)
and coefficients ay, ¢ = 1, ..., 3@, such that the sum of the interval lengths
is maximized. We derive the following properties.

1. For all p,q € {1,...,3Q} ¢; # rp. Otherwise we can replace I,
and I, by I, := I, U I, with o}, :== min{a,, a,} and [} := I, with
/

Oy = Qg —a;, to get a C1 decomposition with larger interval lengths.

2. Without loss of generality ¢, = ¢ for all ¢ = 1,...,3Q. This follows
since a1 < az < ... < azgp and some interval has to start in g.

3. g > 3Q for all ¢ =1,...,3Q. Otherwise, we have a contradiction to
1 and 2 with [, = r4 for some p =1, ...,3Q.

4. rg #3Q + 1 for all ¢ =1, ...,3Q. Otherwise some ¢, = 3Q + 1 would
be needed since azg = azg+1. This would contradict 2.
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Hence all intervals end in the set {3Q + 2,...,4Q + 1}. Define triples
Tl, ce ,TQ by

bj GTq<:)>’I“j :3Q+q—|—l.
By definition of a3g4;, the sum of the b; € Tj; equals B. This is obviously

true for j = Q, since azg4+q = asg = B. For j =@ —1,...,1 this follows
by an inductive argument.

O
(b1,...,b30) = (9,11,10,11,9,12,14,9,11)
A = (9,20,30,41,50, 62, 76, 85,96, 96, 64, 32)
Ty = {b1,b2,bs} | YL =Y ([1,11)) a1 =9
Y([2,11)) ag =11
=Y([6,11)) a3 =12
Ty = {b3,bs,bo} | Y2 =Y([3,12)) a4 =10
Y ([4,12)) as=11
Y([9,12)) ag =11
T3 = {bs,b7,bs} | YT =Y([5,13)) a7 =9
=Y([7,13)) ag=14
=Y([8,13)) a9=9

Figure 3.4: 3-PART «x DC where B =32,Q =3. N =12, K =9, and A are
computed according to (3.16).

11

12

Figure 3.5: C1 Decomposition defined by the output of 3-Part in Figure 3.2

An obvious consequence of the preceding result is that also the constraint
decomposition time problem is NP hard. Currently, the best way to solve
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the DC problem is based on Kalinowski (2005). He shows, how to solve
the following problem in polynomial time: Find among all optimal solutions
of the constrained decomposition time problem one, which has the smallest
decomposition cardinality. We know from Example 1.7 that this approach does
not provide an optimal solution for DC. Nuflbaum (2006) used in this diploma
thesis Kalinowski’s idea and solved the DC problem for varying decomposition
times starting from minimal DT and increasing by units of 1. The best of
these results is an optimal solution of DC.

In some cases, DC can, however, be solved in polynomial time. We have seen one
example in Corollary 2.8. The next results describes a more general situation.

Proposition 3.9. If A is a positive integer multiple of a binary matriz then the
C1 unconstrained decomposition cardinality problem can be solved in polynomial
time.

Proof: For binary matrices, this result was stated in Corollary 2.8.

Let A be an integer multiple of a binary matrix B, i.e., A = pB. Then from any
decomposition of B, multiplying by p, we get a decomposition of A with the
same cardinality. Therefore, if B yields an optimal solution of the DC problem
for A then the decomposition algorithm for minimizing DT () = DC(«) for
B finds in polynomial time a decomposition of B and consequently a decom-
position of A. We complete the proof by showing that for any decomposition
of A there exists a decomposition of B with the same or a smaller cardinality.
Consider any decomposition A = Zszl apY*. Observe that, if a; = p for all
k=1,...,K then we have a decomposition of B with the same cardinality. If
not, we can assume without loss of generality that

ko K
A= Z apY* +p Z Yk
k=1 k=ko+1

where ay, < p forall k =1,...,ky. Let A’ and B’ be matrices defined as

K ko
A = A—p Z Yk:ZakYk
k=ko+1 k=1
K
B = B- Z Yk,
k=ko+1

Then A’ = pB’ since B is binary and A = pB. Consider any optimal DT
decomposition of B’

Note that for B, DT = DC = k;. Since in the unconstrained case the decom-
position time of A’ = pB’ is by equation (2.6) p times the decomposition time of
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B, we get pk1 < 21130:1 ay, which implies that ki1 < kg since by our assumption
ap < pforall k=1,...,ky. Therefore, the decomposition of B

K k1
B = Z Yk 4+ ZY’“.
k=1

k=ko+1

has smaller cardinality than the decomposition of A. ([l

3.3 Multicriteria Optimization and the Box Method

Reference:

Hamacher, H.W., Pedersen, C.R., and Ruzika, S.: ”Multiple Objective
Minimum Cost Flow Problems: A Review”, European Journal of Operational
Research 176 (2007), 1404-1422.

Motivated by the contradictory nature of the decomposition objective functions
shown in Example 1.7, we will briefly introduce basic concepts and sketch some
solution approaches of multicriteria optimization. Note that these methods are
also crucial in tackling the intensity problem in cancer radiation modeling (see
Hamacher and Kiifer (2002)).

Definition 3.10. A multiple objective linear program (MOLP) is given by

fHa)
min ... | =Cx
() (MOLP)
s.t. re X
where fi(x) = clz,i=1,...,p, i.e., C = (ct,...,cP)T with rows c',...,cP is a

p X m linear objective matriz, x € R™ the vector of variables, and X the set of
feasible solutions, subsequently called the decision space. For MOLPs, this set
s a polyhedron, i.e.,

X =P:={xeR": Az =0, x >0}

where A is an n X m constraint matrix and b € R" the right-hand side vector.
We refer to

YV=CX:={y=Cr R :zx e X}.

as the objective space. By adding integrality requirements to the variables in X
we obtain a multiple objective linear integer program (MOLIP).

Example 3.11. We consider a MOLP with two objectives (bicriteria linear
program) and two variables.

3r1 4+  x9
—xr1 — 2x9
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subject to
T2 S 3
3r1 — ) < 6
x,w2 = 0

f(x)

4 6 8 10 12

| | |
X
\ \ | | .
1 2 3 4 5
Y
3x,[F2X, &

Figure 3.6: MOLP: Decision space with two objectives and objective space

For both MOLP and MOLIP we assume that the objective functions are
conflicting, that is, we exclude the existence of an ideal solution x € X which
minimizes all p objectives simultaneously.

Minimizing a vector-valued objective function needs some more explanation
since there is no canonical ordering defined in RP for p > 2. Throughout this
article we use the Pareto concept of optimality for MOLPs and MOLIPs which
is based on the following two binary relations < and < . Let y', y?> € RP. Then

v <y e ylyp Yk=1,....p

y' <y e g Sy Ve=1,...,p and y' £y’
yl<y? e y,i<y,§ Vk=1,...,p.

Definition 3.12. A point y?> € RP is called dominated by y' € RP if y! < ¢
The Pareto cone is defined as RE := {y € R? : y 2 0}.

The efficient or Pareto set, Xg, and the weakly efficient or weakly Pareto set,
XywE, are defined as

Xg = {x € X :there exists noz € X : Cz < Cz}
Xop = {x € X :there exists nozx € X : Cz < Cux}.

The images of these sets under the vector-valued linear mapping C
Yy =CXg and Yyn :=CXuE

are called the nondominated set and the weakly nondominated set, respectively.
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In Figure 3.7 examples of nondominated and dominated objective vectors are
indicated by crosses and dots, respectively. Following the terminology of Steuer
Steuer (1986) we use the denotation

ZZ = conv(Yy) + RY

(the shaded grey area of Figure 3.7) where conv is the convex hull operator.

Definition 3.13. For MOLP and MOLIP the efficient frontier is defined as the
set {y € conv(Yn) : conv(Yn) N (y + (—Rg)) =y}.

For MOLP the efficient frontier is identical with the set Yy. In the case of
p = 2 objectives, the efficient frontier of MOLP is known to be piecewise linear
and convex.

Figure 3.7: ZZ for a biobjective linear integer program with nondominated
(cross) and dominated (dot) objective vectors. Unsupported nondominated ob-
jective vectors are located in its interior.

Definition 3.14. The breakpoints of the efficient fontier are the extreme non-
dominated points their preimages in the decision space are the extreme efficient
solutions. For MOLIP the efficient frontier is the nondominated set of its con-
tinuous relaxation. If a nondominated objective vector is on the efficient fron-
tier it is called a supported nondominated objective vector. Otherwise it is an
unsupported nondominated objective vector. We shall denote the correspond-
ing solutions in decision space supported efficient solutions and unsupported
efficient solutions, respectively.

It is important to notice that for MOLP only supported efficient solutions
exist, whereas for MOLIP unsupported efficient solutions may exist even if
the constraint matrix for the considered MOLIP instance is totally unimodular.
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Exercise 3.15. (=Assignment 5) Design and draw and example of MOLIP
(similar to Example 3.11) with two variables which has unsupported, nondomi-
nated objective vectors.

It is well known, that each supported efficient solution for MOLP can be found
as an optimal solution to the weighted sum problem, min {\Cx : € X'}, for a
certain A €]0,1[P (Geoffrion Geoffrion (1968) and Isermann Isermann (1974)).
This is also true for the extreme efficient solutions. Unfortunately, the problem
of finding all of these solutions is intractable, i.e. the number is, in general,
exponential in the size of the problem. We therefore suggest to compute a
representative set instead which should satisfy certain requirements.

We restrict ourselves to bicriteria problems to discuss the computation of such
representative sets. For continuous multicriteria problems they can be com-
puted, for instance, by the sandwich algorithm Burkard et al. (1989). In the
framework of this text, we will, however, discuss a method which applies to
integer or discrete optimization problems, the box method.

3.3.1 Finding Representative Sets by Box Method

Reference: Hamacher, H-W., Pedersen, C.R., and Ruzika, S.: ”Finding
Representative Systems for Discrete Bicriteria Optimization Problems by Box
Algorithms”, Operations Research Letters (in print).

The representative set should satisfy certain quality attributes including the
number of solutions in the set (which should be small enough to be handled in
a data base by a decision maker) and accuracy (which measures the closeness
of any given non-dominated solution by some representing solution)

The representation computed by the box method. consists of a collection of
nondominated points, i.e. Rep C Yy, where each point is associated with a
rectangle (or boz) and represents all nondominated points within this box. The
geometrical features of the rectangles can thus be used to measure the preceding
quality attributes.

At any stage of the algorithm, the collection of boxes contains the complete
nondominated set. Hence, the rectangles bound the nondominated set, and
thus also show regions containing no nondominated points. Representing points
are generated with a modification of the e-constraint method. This method
is capable of generating any nondominated point with appropriate choices
of parameters. Furthermore, optimal solutions of the modified e-constraint
problem are known to be nondominated.

The lexicographic e-constraint method

The scalarization that we will use intensively in the remainder of this paper is
a lexicographic variant of the well-known e-constraint scalarization (see, e.g.,
Chankong and Haimes (1983)). We refer to the following mathematical program
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as the lexicographical e-constraint problem.

e (510)

st. fi(z)<e
T EX.

(Px)

In P. the vector (fa(z), f1(x)) is lexicographically minimized, and its feasible
set is the feasible set of the bicriterion optimization problem X with an addi-
tional constraint bounding the fi-values from above. Since the lexicographical
ordering is complete (i.e., any two points are comparable) a lexicographical
objective function is as easy to optimize as a single criterion objective.

The lexicographical e-constraint problem has, however, several desirable proper-
ties which are very useful in constructing a representation of the nondominated
set. In particular, the next result shows that the lexicographic objective func-
tion yields (strongly) efficient solutions - opposed to weakly efficient ones in the
classical e-constraint approach.

Proposition 3.16. Let & € X be an optimal solution of P-. Then & € Xfg.

Proof:

Let 2/ € X with f(2’) < f(&). In particular, fi(z') £ fi(2) < e, such that
x’ is feasible for P.. The definition of the lexicographical ordering and the
optimality of Z for P excludes that f(z') < f(&), hence & € X. O

Conversely, any efficient solution can be obtained with the lexicographic e-
constraint scalarization with an adequate choice of e.

Proposition 3.17. Let & € Xg. Then ¢ = fi1(Z), yields & as an optimal
solution for P:.

Proof:
The proof follows directly from the same result of the classical e-constraint
scalarization, see, e.g., Chankong and Haimes (1983). O

In particular, the one-to-one correspondence between solutions of P. and Xg
implies that we get supported as well as unsupported Pareto solutions. This is
not achievable by the weighted sum method which is by far the most utilized
scalarization in literature.

An additional advantage of using the lexicographic e-constraint method is the
fact that we maintain the original objective functions. This is an appealing
feature, especially if the original objective functions possess structural proper-
ties like linearity or convexity. To the best of our knowledge, all scalarization
techniques (for a list of the most common scalarizations we refer to Chapter 17
in Figueira et al. (2005)) which preserve linearity of the objective functions and
which are capable of generating all nondominated points for discrete problems,
modify the constraint set by at least one constraint. Therefore, the additional
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constraint induced by the lexicographic e-constraint method can be viewed as
smallest possible modification.

Initialization and update of box method

Before explaining the details, we outline the major ideas of the box algorithm.
Initially, we compute the two lexicographical optimal solutions. These points
determine a rectangle (the starting boz) containing the complete nondominated
set. In the following we discard rectangular pieces of the starting box based
on additional information obtained by iteratively solving P. with adequately
chosen values for €. This yields a collection of rectangles or boxres containing
the nondominated set in each stage of the algorithm. Furthermore, for each
box, we know a nondominated point representing the set of nondominated
points inside the box. The box algorithm stops based on a predetermined
accuracy, which is measured by the biggest of the remaining boxes.

More detailed, the box algorithm works as follows. Initially, we determine both
lexicographic minima of the bicriterion optimization problem

(=) _ . (fi(z) _ (A _ [ fa(z)
b= <zé) = lex ;Iél}vl <f2(:c)> and 22 := <2§> = lex irél)r(l <f1(x)>

Obviously, Yy is a subset of R := R(z!,2?), the rectangle with upper left
and lower right vertex z' and 22, respectively. This is the starting box of our
algorithms. In general, we will use in the following the notation R(y',%?) to

1 2
denote the rectangle having y' = <y%> € Z? as upper left and 3% = (y;) € 72
Y2 Y2

as lower right vertex. Moreover, let a(R(y',4?)) := (y? — yi) - (y2 — y35) denote
the area of the rectangle R(y!,4?).

Initially, the starting box R(z!,2?) contains the complete nondominated set
Yn. Whenever additional nondominated points become known during the
execution of the algorithm, one of the boxes will be split up into several smaller
rectangles — while maintaining the inclusion property of Vy. We will stop
when the area of the largest of these boxes is smaller than some given accuracy
A > 0. We refer to such a collection of boxes as a A-representation of V.
The lower right corner point of each of the rectangles is a representing point
and will be added to the representing system.

In the following, we consider a box with a(R(y',y?)) > A, such that the repre-
yit+yt ]
2

sentation has to be locally updated in R(y!,%?). Consider P. with ¢ := |
Let 2* € X be optimal for P. and let z* := (fi(z*), fa(z*)) = f(z*). Due to
Theorem 3.16, z* is nondominated. Using the point z* and ¢, we divide R(y", y?)
into five rectangles

Ri=R(y',7") Ry:=R(p',p") Rs:=Rp*p°) Ri:=RE’p’) Rs:=RE"y°)

(see Figure 3.8), where
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y% 21 € ;i+1 yf fl
Figure 3.8: Updating of a rectangle R(y',y?).

Note that the points p? and p® have first coordinate one unit to
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the right of

the e-constraint. Furthermore, the point p® has second coordinate one smaller
than the second objective value of z*. This is due to the fact that no feasible
nondominated point can have non-integral coordinates. In general, p' & Y,
i =1,...,7, i.e., the points p’ are not necessarily feasible criterion vectors.
The rectangles Ry, Ro, and R4 can degenerate to a line, in which case they are

considered to have zero area.

Proposition 3.18. Rs, R3, and Ry can be eliminated, since
a) (RyUR3)NYn C {y',2*}, and
b) RaNYn C {z*}.

Proof:
a) z* is dominating any feasible point in Re U R3.

b) Any feasible point in R4 contradicts the optimality of z* for P..

Due to the previous result, there does not exist nondominated points in
Rs, R3, Ry, other than z* (and possibly y'). Consequently, we can formulate

the following corollary.

Corollary 3.19.
YNNR(y',y*) C RiUR;s
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It is easy to see that the following result, comparing the size of rectangles R;
and Rj to the size of rectangle R(y!,y?), holds true.

Proposition 3.20.

1
a(R1) +a(Rs) < Sa(R(y',y%)
After having obtained z* as a new nondominated point, the representation is
updated associating z* with Ry and y? with Rs. By Proposition 3.20 we see

that computing z* has locally improved the representation by a factor of 2.

Corollary 3.21. After computing z* and adding it to the representation, the
representation’s accuracy improved in R(y',y?) by a factor of 2.

The a posteriori algorithm

In this subsection we iteratively apply the updating procedure from Section
3.3.1 to place e-constraints in a rectangle having area bigger than A. We
assume that A is given as input in our algorithm. Since A is the measure of
the size of our boxes, we may also leave its determination to the decision maker
or compute it as a given percentage of the starting box.

Since the value of the e-constraint is chosen after the given rectangle is identi-
fied, this method is called an a posteriori algorithm. A pseudo code description
is given in Algorithm 1.

Algorithm 1 A posteriori algorithm.
Input: A discrete bicriterion optimization problem, A > 0

Output: A representation  Rep - YN  with accuracy
A.

1: S «— @

2: Rep « 0.

3: Compute the lexicographic minima z! and 22, and a(R(z?, 22)).

4: Rep « {21, 2%}.

5.8 — {R(21, 2%))}.

6: while S # () do

7:  Choose the largest rectangle R(y',%?) € S.

8 S S\{R(y" v}

9:  Solve P. with ¢ := Ly% + @J and obtain optimal solution z* € Yy.

10:  Rep < Rep U {z*}.

11: if a(R(y', 2*)) > A then
12: S — SU{R(y', 2%)}.
13:  end if

14:  if a(R(p°,%?)) > A then
15: S — SU{R(p°,y*)}.

16: end if
17: end while




43

Note that the a posteriori algorithm is flexible in the sense that it always chooses
the largest rectangle, and the representation is hence only refined where it is
needed.

The following theorem establishes finiteness and the complexity of the a poste-
riori algorithm.

Theorem 3.22. In finitely many steps, the a posteriori algorithm yields a A-
representation of Yy in which all representing points are nondominated. More
specifically, the algorithm performs at most (’)(%) many iterations, where A is
the area of the starting box R(z',2?).

Proof:

As long as the representation is not a A-representation, the algorithm processes
in each iteration the largest rectangle that does not meet the accuracy of A.
Due to Corollary 3.21, the resulting rectangle(s) have, after the update, an area
which is at most half the size of the original area. The algorithm is therefore
finite. Due to Theorem 3.16, all representing points are nondominated.

More specifically, the algorithm produces after 2¥ — 1 iterations no more than
2F rectangles, each of which have an area of at most 2%. Since k* = [logﬂ%ﬂ
is the smallest integer satisfying 2% < A, an upper bound on the number of

iterations to obtain a A-representation is 28" — 1 = 9Moga(R)1 1, which is
0(d). .

A direct consequence of Theorem 3.22 is the following result.

Corollary 3.23. The a posteriori algorithm runs in O(Ty + %W Ts)
where T and Ty is the time needed to compute a lexicographic minimum and

to evaluate P, respectively.
Observe that T and T5 depend on the specific problem under consideration.

Exercise 3.24. (=Assignment 6) Develop an a priori version of the box
method: Compute in advance the necessary number of iterations to obtain an
accuracy A.
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Chapter 4

Stop Location Problem

References:

Poetranto, D.R., Hamacher, H.W., Horn, S., and Schobel, A.: ”Stop Loca-
tion Design in Public Transportation Networks: Covering and Accessibility
Objectives”, Reports in Wirtschaftsmathematik, Technische Universitét
Kaiserslautern, Department of Mathematics, No. 97 (2006)

Schobel, A., Hamacher, H-W. | Liebers, A. and Wagner, D.: ”The contin-
uous stop location problem in public transportation networks”, Report in
Wirtschaftsmathematik, Technische Universitat Kaiserslautern, Department of
Mathematics, No. 81 (2002)

In StopLoc we consider the location of new stops along the edges of an existing
public transportation network. Examples of StopLoc include the location of
bus stops along some given bus routes or of railway stations along the tracks
in a railway system. In order to measure the “convenience” of the location
decision for potential customers in given demand facilities, two objectives are
proposed. In the first one, we give an upper bound on reaching a closest station
from any of the demand facilities and minimize the number of stations. In the
second objective, we fix the number of new stations and minimize the sum of the
distances between demand facilities and stations. The resulting two problems
CovStopLoc and AccessStopLoc are solved by a reduction to a classical set
covering and a restricted location problem, respectively. We implement the
general ideas in two different environments - the plane, where demand facilities
are represented by coordinates and in networks, where they are nodes of a
graph.

4.1 Covering and Access Problems

In this section, we formally introduce the Covering and Access Stop Location
Problem in planar and network environments.

Definition 4.1. A public transportation network (PTN) is an undirected, con-
nected graph G = (V,E) which has an embedding in the plane. The edges
e = (v;,v;) € E between nodes v; and v; are part of public transportation lines
and are assumed to be straight lines in the plane. The nodes can be existing

45
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stations Viiop, or breakpoints Viyeqk, i.e.
V= ‘/stop U %Teak' (41)

Each edge e has an associated length [ which is a real number representing
physical length or travel time. A point s € G of the graph G = (V, E) is either
a node or strictly contained in an edge e = (v;,vj). We use the denotation
s = (e,t) where 0 < t < 1 and where the distance between s and v; is tle and
between s and vj is (1 —t)le.

The potential users of the public transportation system are represented by a
finite set P = {p1, ..., pam} of demand facilities. For each demand facility p € P
and point s € G we assume that a distance d(p,s) € R is known. If S C G is a
subset of points, then

d(p,S) :=min d(p,s). (4.2)

seS

In this paper, we consider two versions of stop location problems.

In the Covering Stop Location Problem (CouvStopLoc) a real number r is given
as radius. It is assumed that customers will not use the public transportation
system if the distance to a station is larger than r. We want to find a set
of locations for stations, which is a subset S C G = (V, E) with minimal
cardinality, such that every customer can reach at least one of the new stations
with a distance of at most r. Hence we want to solve:

minimize |S]|
subject to d(p,S)<r VpeP (CovStopLoc)
S CQ@.

In the Accessibility Stop Location Problem (AccessStopLoc) a positive integer
k is given which is the maximal number of stations which can be built. We
want to find in AccessStopLoc a subset S C G = (V, E) with |S| < k such that
its overall distance to the demand facilities is minimized, where we measure
the overall distance by the sum of the distances from S to all customers. The
resulting problem is:

minimize f(S) ::Z d(p,S)

peEP
subject to S C G
IS| < k

(AccessStopLoc)

Both versions of the stop location problem include the distance d(p, s) between
demand facilities and points in the PTN in their formulations. We have two
different environments, where distances are defined.

In the planar environment we use the given straight line planar embedding of
the PTN G = (V, E). Here, any point s of the graph G can be interpreted as
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a point s = (s1, s2) in the Euclidean plane R?. If we additionally assume that
for each m = 1,..., M the demand facility p,, = (pm1,Pm2) is also a point in
the Euclidean plane R?, then d(p,s) can be any distance function in R?, for
instance, the rectangular distance

d(p, s) = li(p, s) = [p1 — s1| + [p2 — 52,
or the Euclidean distance (see Figures 4.1 and 4.2)

d(p, s) = la(p, s) = \/(p1 — 51)> + (p2 — 52)°.

Figure 4.1: Stop location in a graph with a single line segment (full circles:
demand point, full square: candidate locations)

Figure 4.2: Stop location in a graph with two line segments (full circles: demand
point, full square: candidate locations)

In the network environment, the PTN is part of a larger network, the street
and public transportation network (SPTN) G = (V,€), where V =V U P and
E C £. The edges in £ \ E represent streets which can be used by potential
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Demand facilities, P
Existing stops, Ve
Breakpoints., Vireas
Lines in PTN, F

Streets, £ £

Figure 4.3: Street and Public Transportation Network.

passengers to reach one of the new stations. An example of a SPTN is given in
Figure 4.3.

The distance d(p,s) is the shortest path distance in G, if both p and s are
nodes of G, i.e. p € P and s € V. We denote this network distance in the
following with ND(p,s). If s = (e,t) is a point of the PTN inside the edge
e = (vi,vj) € E (i.e., with 0 <t < 1) and p € P, then

ND(p,s) :=min {ND(p,v;) + tle, ND(p,v;) + (1 —t)l}. (4.3)
The distance ND(p, s) as a function of ¢ if we fix p € P and move s = (e, t)

along an edge e is illustrated in Figure 4.4.

NIDp,let)) ND(p (e, t)) NIDp. (e t))

ND{p, v

] 1 t 0 1 t 0 1 &

Figure 4.4: Visualization of the network distance N D(p, s)

Having defined two different versions of StopLoc and two environments, we
can define four types of StopLoc. Planar CovStopLoc, Network CovStopLoc,
Planar AccessStopLoc and, Network AccessStopLoc.

4.2 Covering Stop Location

In this section we present a unifying framework for stop location problems with
covering objective function both for networks and for a planar environment.
We assume that a radius r € R is given.

Definition 4.2. A demand facility p € P is covered by a point s in the PTN
G = (V,E) ifd(s,p) <r. For a set S of points in G we define

cover(S) ={p e P :d(s,p) <r for somes e S}.
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If § = {s} is a singleton we use the denotation cover(s) instead of cover({s}).
S is called a cover of P if all p € P are covered by some s € S, i.e., for all
p € P there exists some s € S such that d(s,p) < r.

The Covering Stop Location Problem (CovStopLoc) is thus the problem of
finding a cover with smallest cardinality.

If a finite set of candidates S.4nq € G of points in the PTN is allowed for
new stops (we call this property the finite dominating set, FDS, property), the
problem is the well-known Location Covering Problem. In this case it can be
formulated as integer program

min Z T (4.4)

$€Scand
st Ar>1, VpeP (4.5)
zs € {0,1}, Vs € Scand (4.6)
with the binary matrix A = (aps)pep  Where
8€Scand
- 1 ifd(p,s)<r v 1 ifseS
PSS 0 else Tl 0 else,

The formulation describes a set-covering problem.

Example 4.3. The cover matrices of the examples in Figures 4.1 and 4.2 are

A= and A=1[1 1 1 1 0 0
00011110 001111
0000O0T1T11

Ay is obviously C1, whereas Ay is (not even weak).

In order to show that every CovStopLoc can be written as set-covering problem,
we need to establish the FDS property. We do so by a unifying approach
handling both the planar and the network case.

Definition 4.4. Let
Dy, :={s € PTN :d(pm,s) <r,m € M}, (4.7)

where d is a morm in the planar case and the network distance in the network
environment. Define an equivalence relation on the set of points in G by

S1 & S9 <= cover(sy) = cover(sz).

The closures of the equivalence classes form the set Z C PTN of cells of the
PTN.

Each cell z € Z is of the form Z = (), ,c ¢ Dm for some subset M’ C M.
Note that an equivalence class may consist of one or several (open, half-closed
or closed) intervals which are possibly generated to single points.
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Lemma 4.5. Let s € PI'N be a point in the interior of some cell Z € Z. Then
cover(s) C cover(8) for any point § on the boundary of Z.

Proof: Let s € Z = (,,ca¢ Dm for some M" € M. Then m € cover(s)
for all m € M’. Since each D,,,m € M’ is a closed set we conclude that
m € cover(§) for all m € M’ thus proving the lemma. O

Since the boundary of each cell Z = [\ is defined by the boundary of some
D,, with m € M’, the lemma motivates the following definition of a candidate
set.

The lemma motivates the following definition of the candidate set.

Definition 4.6.
Scand = {(SDm m e M}

Theorem 4.7. If CovStopLoc is feasible, then there exists an optimal solution
S c Scand'

Proof: Let S be optimal and 8 € Sggna. Take any s € S\ Seang. s € Z for
some cell Z € Z. Due to Lemma 4.5 there exists § € 67 (i.e. § € Spang) With
cover(s) C cover(§). Hence,

S=58\{s}u{s}.

covers all demand points and satisfies ‘S ‘ < |S]. Moreover, it contains strictly
less stops which are not in Sgu,q. Iterating this process until all stops in
S\ Scana are replaced by stops in Sgqng finishes the proof. ]

4.2.1 Planar CovStopLoc

In the planar environment, S¢q,q consists of at most O(M|E|) candidates, and
hence satisfies the FDS property with a polynomial number of candidates. De-
tails can be found in Schébel et al. (2002); Schébel (2006). In general, Planar-
CovStopLoc is, however, NP hard.

Theorem 4.8. CSLP is NL hard.

Proof: The following problem is known to bei NP-complete
(see D. S. Johnson: ”The NP-completeness column: An ongoing guide”, J. of
Algorithms 3 (1982), 182-195)

Geometric covering by discs (GeoCovDisc)

Given: finite set P of integer-coordinate points in R ¢ € N.

K € N with K < |P|. Question: Can the points of P be covered by at most K
discs of parameter ¢?

In order to show GeoCovDisc oo CSLP we construct an instance of CSLP from
an instance of GeoCovDisc

o = %q, keep P and K
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e to define F

— add the line segment between p; and ps as an edge

— add a sufficiently large piece of the bisector of p; and ps as another
edge

e T'= U, is the set of all points on edges
e V is the union of P with the set of crossing points of edges

Claim:

P can be covered by < K discs of diameter ¢

& 35 CT with |S| < K covering P.

Proof: ”<” trivial, since any set of K covering stops corresponds to a set of
discs with diameter q.

”=" Suppose P is covered by a collection C of at most K discs of diameter q.
For any C € C

a) if C' contains no point of P — disregard C'

b) if C NP = {p} — replace C by disc C’ with center point p (p € T!) and
radius 7.

c) if CN P = A with |A| > 2 — replace C by a disc C’ with center point p
and radius r where r is smallest possible.
Since C covers A = r < ¢, and center point lies on intersection of at least
2 bisectors (see location theory) we get p € T.
Hier Bild
(a), (b), (¢) = P can be covered by < K discs of radius r, all with center
points inT".

O
But there are polynomially solvable special cases.

Corollary 4.9. If the PTN consists just of a single track, the planar CovSto-
pLoc can be solved in polynomial time.

Proof: If the PTN consists just of a single track, the location covering
problem 4.5 has a coefficient matrix which is C1. Hence the resulting integer
program can be solved in polynomial time by 2.10. g

Exercise 4.10. =Assignment 7) Solve the planar CovLocStop problems of
Example /.3 using the methods of Chapter 2.
4.2.2 Network CovStopLoc
For the case of the network environment, the candidate set is
Scand :={s € G : Ipy, € P with ND(py,,s) =r} (4.8)

The following results shows that its cardinality is the same as in the planar
case.
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Theorem 4.11. The candidate set Scung for the network case satisfies
’Scand’ S QM‘E‘

Proof: Consider a demand facility p € P and a point s = (e,t) on edge
e € E. From the definition of network distance given by (4.3), it follows that
if we move s along e, then ND(p,s) = ND(p, (e, t)) is continuous, concave,
and piecewise linear in ¢ with at most two linear pieces with slopes I, and —I,
respectively (see Figure 4.4). Thus, given r € R, there exist at most two points
on edge e that have distance exactly r from p, and the result follows. O

4.3 Accessibility

The Accessibility Stop Location Problem (AccessStopLoc) at the beginning of
this section is

minimize f(S) ::Z d(p,S)

peEP
subject to S C G
S| <k

(AccessStopLoc)

Recall that S C G indicates that S is a subset of the points of the PTN. Thus,
AccessStopLoc is a restricted k-median problem, where the (at most) k new
locations are required to be points of the PTN.

We consider two problems, namely completely redesigning all stops and opening
additional stops. In the first problem, we assume that the customers will be
served only by the new stops, thus we look for §* C G that minimizes the
objective function:

min f(S) = Zd(p,S) (4.9)
peEP

In the second model, we assume that some stations do already exist in a subset
Vstop € V' and the customers can go to both the existing and the new stops,
whichever is closer. For this model, the objective function is:

min f'(8) = d(p, Vitop U S) (4.10)
peEP

where d(p, Vitop U S) := mingev,,,,us d(p,s) is the distance between a demand
facility p and the set Vi, U S of existing and new stops.

4.3.1 Planar AccessStopLoc

We show in the following how to deal with these problems for the rectilinear
distance

d(p, s) :=l1(p,s) := |p1 — 51| + [p2 — 52|
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The arguments can, however, also be applied to a larger class of distance
function, so-called polyhedral gauges.

We begin with the special case k = 1, i.e., of establishing only a single new
stop. Moreover, we first assume that all demand facilities are served by the
new stop, i.e., there is so far no stop in the PTN. In this case the objective
(4.9) is formulated as

min f(s) = Y |pm1 — 1| + |[pm2 — s2 - (4.11)
meM

Definition 4.12. The set of construction lines £ is the set of the 2M wer-
tical and horizontal lines passing through the M demand points. The set of
(rectangular) cells, denoted Z is the planar arrangement of the construction
lines.

By definition of the cells, the objective function f is linear in each of these cells
(see, e.g. Hamacher (1995)). We are now in the position of introducing a finite
candidate set for the problem.

Definition 4.13. S.4nq := Virear U C where
C:={enl:ecEleL, and|enl| =1}

The candidate set S.qnq is illustrated in Figure 4.5.

Demand Beilities. T
& Ereakpoints, Vi
——  Existing tracks/routes, E
-==---  Construction lines, £

X Candidates, Sand

Figure 4.5: Candidates for AccessStopLocation in planar environment

Theorem 4.14. S.4,q is an FDS for AccessStopLoc in the case of a single stop,
i.e., there exists an optimal solution s* € Scand.

Proof: From (4.11) we know that the objective function f is linear on each
rectangular cell Z € Z. Recall from Section 4.1 that the PTN has a planar
representation, where each edge e € F is a line segment in R?. Thus e N Z
is either empty or a line segment, and f is linear on e N Z. Hence, the linear
programming problem

min{f(s):s€e NZ}
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is either infeasible or has an optimal solution at an endpoint of the segment
e NZ. An endpoint of e N Z is either a breakpoint, hence in Vj,.qq, or an in-
tersection point eNl! for some construction line [ not containing e, hence in C. [

Note that C is contained in the set of intersection points S N L between the
tracks and the construction lines, but neglecting cases where a construction line
[ coincides with a linear segment e of the tracks. Such a situation is illustrated
in Figure 4.6. As the proof of Theorem 4.14 shows, the intersection I N e need
not be considered in this case.

Figure 4.6: Candidates for AccessStopLoc where some edge of the PTN coin-
cides with a segment of some construction line.

The candidates sp,...,s7, can be determined in O(|V| + M|E|). The effort
to compute the objective value for each candidate is O(M), thus the overall
complexity of the algorithm is O(M?|E)).

Now we remove the condition that all demand facilities have to be served by
the new stop, i.e., we consider a subset Vi, # 0. To distinguish this problem
from the former one, we denote it by AccessStopLoc’; its objective function is
presented in (4.10). For each demand facility p,,,m € M, we determine an
existing stop vy, € Viiop that is closest to py,.

Uy, € argmin Iy (pp, v)
Uev;'top

dm = ll(pm7 Um)

For s € R?, we have to decide whether p,, is closer to s than to the current
closest stop v,,. This is easily done using the (diamond-shaped) circles

D,, = {s € R? : 11 (pp, 5) < dm} ,m € M. (4.12)

with center p,, and radius d,,. Customers in demand facility p,, will prefer
a new stop in s to the previous stops if and only if s lies inside this circle.
Therefore, we only need to consider points that lie in the interior of the set
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Figure 4.7: Graphical solution idea.

D = |J Dn, (4.13)

i.e., in the interior of at least one circle (see Figure 4.7). We have thus shown.

Lemma 4.15.
o f'(s)=f'(0) = hemdm =:d Y s € Vyop and for all s & int(D).
e f'(s)<d <& seint(D).
This means that candidates outside int(D) can never be optimal and need not

be considered. Now consider an intersection of some of the sets D,,, i.e. let

MCMand D= (ext Pm- For s € D we obtain

f'(s) = Z Wi d(Pm, $) + Z dm

meM meM\M

The first part coincides with the objective function of a problem of type Ac-
cessStopLoc, but with existing demand points M instead of M, while the sec-
ond part of F' is constant on D. Hence, the objective function is (affin) linear
on

D, ND (4.14)
for m € M.

Definition 4.16. The set of construction lines is £ := {INint(D): 1 € L}.
The set of cells, denoted Z', is the planar arrangement of L and the boundaries
0D, of all sets Dy,,m € M.
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Demand facdlities, P
L Eraskpoints, ¥
——  Exsting tracks/routes, K
| | Existing stops, Ve
————— Construction lines, £

O Candidates, 51,

an,

Figure 4.8: Candidates for AccessStopLoc’ in planar environment.

The construction lines [ € £’ decompose each set D, into four quadrants (see
Figure 4.8).

Theorem 4.17. An optimal solution for AccessStopLoc’ is contained in the
candidate set S’ Scand N int(D).

cand "
Proof: Using the same arguments as in the proof of Theorem 4.14, the linear-
ity of f’ in each cell ensures that the minimum in each of these cells is attained
in an end point. Since by definition, the distance to all p,, € P defining this
cell is strictly decreasing in the inside (while leaving the distances to all other
pm € P unchanged), none of the points § € G N ODy, \ Seand can be optimal
(see Figure 4.9). O
As in AccessStopLoc, the candidate set S’ is finite and consists of at most

2z

Figure 4.9: f/(s) along one track.

O(M]|E|) candidates. The resulting algorithm for solving single AccessSto-
pLoc’, which just compares the objective values of the points in S/, ; has thus
the complexity O(M?|E)).
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It can happen that S/, , = 0, namely if there does not exist any point on the

tracks that improves the objective value f'(v),v € Viop (see Figure 4.10. Thus,
in such a situation it is not reasonable to add any station to our PTN.

Figure 4.10: An example where the existing PTN can not be improved.

Note that S.,,,; € Scana- Moreover, if S = Scand, then AccessStopLoc and
AccessStopLoc’ are equivalent. Such a situation happens, for example, if all the
existing stops are at infinity. In practice, this can be interpreted as follows: if
all the existing stops are far away from the set of demand facilities, we do not
need to consider them in our planning to open some additional stop and the

problem is reduced to the problem of completely redesigning all stops.

Now we are ready to analyze the general stop location problem where we want
to establish at most £ > 1 stops. In what follows we will only consider Ac-
cessStopLoc, but all the arguments also hold for AccessStopLoc’. We know
that the optimal solution for the single stop location problem is contained in
Scand- The next theorem shows that this holds also for the general problem.

Theorem 4.18. For AccessStopLoc, there exists an optimal solution & C
Sccmda ‘S*’ < k

Proof: Let S be a solution with |S| < k. Then each 5§ € S is the optimal
solution of a single stop location problem, namely with the demand facilities
that are served by §. For the single stop location problem we know from

Theorem 4.14 that there exists an optimal solution in S.q,4, hence the result
follows. O

However, AccessStopLoc is N'P-hard even if we only consider the finite domi-
nating set Scand-

Theorem 4.19. AccessStopLoc is N'P-hard.

Proof: The proof is a reduction of the rectangular k-median problem to the
decision version of AccessStopLoc.
(Rectangular k-median problem) Given a set P = {p1,...,py} C R? of



58

points in the plane and positive rational number k. Is there a set S C R? of k
points such that if i1 (pm,, S) is the length of shortest [ travel path from p, to
the closest point in S, then Z%zl l1(pm,S) < k? O

The rectangular k-median problem is known to be N'P-hard (see Megiddo and
Supowit (1984)).

It can easily be shown (see Poetranto (2005)) that rectangular k-median is
polynomially transformable to an instance of AccessStopLoc as follows:

e Leave P and k as it is.

e Define G such that it contains sufficiently large parts of the construction
lines, where V consists of the end points of the segments and of the
intersection points between pairs of the segments. G' can now be defined
as a grid graph with V' as nodes and edges corresponding to the linear
pieces between the nodes. O

Heuristic methods based on a node partitioning scheme and some numerical
results are presented in Poetranto (2005).

4.3.2 Accessibility Problem in Network Environment

Finally, we discuss the accessibility problem in the network environment.

In locational analysis, the problem of locating k facilities on a graph in order
to minimize the sum of weighted shortest distances to the given customers is
commonly referred as k-median problem, for a survey see Drezner and Hamacher
(2002). More precisely, in the k-median problem, we have given a graph G =
(V, E) with weights w, > 0 for all v € V. The goal is to locate a set New of k
new facilities (either on the nodes or along the edges of the graph) in order to
minimize

Z wyd(v, New)

veV

The following results have been show by Hakimi (1965) and by Hakimi and
Kariv (1979).

Theorem 4.20.

o The k-median problem has the node optimality property, i.e., there exists
an optimal solution in which all new facilities are vertices.

e Even in this case, the k-median problem is N'P-hard.

Exercise 4.21. (=Assignment 8) Prove Theorem 4.20. (Hint: Start with the
case of a single new location and then conclude that the result is also correct,
if k > 1 new facilities have to be located.) Is the node optimality result also

true if the median objective function is replaced by the center objective function
maxv € Vw,d(v,S)?
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Due to the first property, one must only examine all subsets of V' containing
k vertices to find the optimal solution. However, the second result shows that
this is non-trivial. Note that the NP-hardness result even holds for networks
with a simple structure, e.g. for planar graphs with maximum vertex degree
three.

AccessStop Loc on a network can be considered as a restricted k-median prob-
lem: Let G be the SPTN G = (V,€), with V =P UV and V = Viyear U Vitop
(see (4.1)), define the following weights:

v — 1 ifveP
71 0 otherwise

The goal is to locate k stops that minimize the sum of weighted distances to
the other nodes. This is a restricted version of the k-median problem, since in
the case of AccessStopLoc we are only allowed to locate the new facilities in
the PTN, i.e. on a subset of the complete network SPTN.

Theorem 4.22. S..n4 := Vireak 98 an FDS for Network-AccessStopLoc in the
case of a single stop, i.e., there exists an optimal solution s* € Seand-

Proof: The proof of the first property of Theorem 4.20 is based on the fact
that the distance function of each demand point is concave along each edge
(see Figure 4.4), such that moving a location to the endpoint of its edge never
worsens the objective value. Since the endpoints of each feasible edge are also
feasible, the proof for the node optimality property of Hakimi (1965) also holds
in the restricted case. Hence, there exists an optimal solution S* C V. Since it
is useless to locate a new facility at an already existing one, the result follows. [

Obviously, the set Vieqp is finite. However, for the case in which Vi # 0, ie.
AccessStopLoc’, we obtain a further reduction using the same arguments as in
the planar case: For each demand facility p,, € P, we determine a closest stop
Um € Vistop, that is

U, € argmin N D(pp,, v)
UG‘/stop

The objective function is only improved if we locate a new stop in the interior
of D, where D is defined as in (4.13) but the radius is measured by the network
distance. That means, the set S \int(D) can be considered as forbidden region.
Hence, we only need to consider the set of breakpoints that lie on int(D). We
obtain the set of candidates S’ ; := Virear Nint(D) which is sufficient as FDS
for AccessStopLoc’ in networks. Solving AccessStopLoc and AccessStopLoc’ on

SPTN can thus be done evaluating the objective values for v € §'.
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