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Abstract
The problem of formally analyzing properties of real-time systems is addressed. A method is

proposed that allows specifying system properties in the TRIO language (an extension of temporal

logic suitable to deal explicitly with the “time” variable and to measure it) and modeling the system as

a timed Petri net. It is argued that such an approach is more general than analyzing program

properties. The proof method is based on an axiomatization of timed Petri nets in terms of TRIO so

that their properties can be derived as suitable theorems in much the same spirit as classical Hoare’s

method allows proving properties of programs coded in a Pascal-like language. The method is then

exemplified through two classical “benchmarks” of the literature on concurrent and real-time systems,

namely an elevator system and the dining philosophers problem. A thorough review of the related

literature and a comparison thereof with the new method is also provided. Possible alternative

methods, theoretical extensions, and practical applications are briefly discussed.

1 . Introduction
In the field of sequential programming there are now several well understood methods suitable to

prove program properties that are expressed through some–possibly formal–specification language. A

classical example is Hoare’s method, which aims at proving properties of Pascal-like programs stated

in terms of a first-order theory. Although the practical application of such methods to real-life cases is

still under debate, these are now well-established and are receiving increasing consensus even in the

industrial world, at least for the analysis of the most critical parts of the most critical systems [56, 38].

The state of the art is less well-established in the case of the analysis of concurrent systems. In fact

such systems are intrinsically more difficult to analyze, what turns out into more complex

formalization of their semantics and less satisfactory and less adopted specification languages. The

situation is even worse for real-time systems. By “real-time systems” here we mean those systems

whose behavior does depend on execution speed, not systems with generic requirements for high

performance [95, 1]. In such systems one more difficulty arises from the necessity of modeling

explicitly the dependence of system behavior on the time variable, whereas this dependency is usually

abstracted away in the modeling of computing systems. On the other hand, real-time systems–which

include plant control systems, embedded applications, air traffic control systems, etc.–have quite often

«DATA articolo.bibdata»«INCLUDE articolo.refs»
1 Work partially supported by Piano Finalizzato Sistemi Informatici e Calcolo Parallelo (CNR) and partially

supported by ESPRIT project IPTES



-2-

highest reliability requirements so that they could strongly benefit from rigorous analysis of their

properties.

Rather recently, a number of models has been developed for a formal description and analysis of

real-time systems. Among them, we focus here our attention on Petri nets [79, 84] and temporal logic

[81]. Both formalisms, in their original formulation, have been proved quite effective for the analysis

of concurrent systems but do not deal explicitly and quantitatively with time, what makes them

unsuitable to model and specify strict real-time systems. It has been possible, however, to extend

them in such a way to overcome this–and other–drawbacks. For instance, Petri nets have been

augmented in several ways to allow the description of time dependent phenomena [66] [98] [48] [35];

TRIO [71, 37] and [54, 55, 76] are examples of extensions of pure temporal logic towards the same

direction.

As far as it concerns system property analysis, its power and difficulty highly depend on the

formalism that is chosen as system model. For instance, finite state machines are quite simple to use

as a model, their properties are easy to prove, in general, but they often result far too simple to

adequately describe complex systems in detail. Petri nets are certainly deeper to model concurrent

systems but most of their properties–say reachability, liveness–are of intractable computational

complexity or even undecidable. Things are even worse when the formalism is extended to cope with

time or in other ways (in most cases extended Petri nets reach the computational power of Turing

machines.) In general, the present methods–whether algorithmic or not–to perform system analysis on

the basis of Petri net models are not yet quite satisfactory: either they are ad hoc methods to analyze a

specific property in terms of a specialized model (for instance [10, 11] provide an algorithm to build

the reachability graph of Timed Petri nets), or they are computationally intractable, or, when the

property to be analyzed is undecidable, there is no systematic method to drive the human derivation of

the proof.

Recently, a few proposals appeared in the literature suggesting proof methods for concurrent

systems that are modelled in terms of Petri nets or other operational formalisms. [91] specifies the

properties of a system modeled by a bounded Petri net in terms of temporal logic. Then, such

properties are proved by building regular expressions. The method is exemplified through the classical

alternating bit protocol. [76] introduces augmented finite state automata with time and predicates on

system variables to adequately describe real life systems in an operational way. Then, he defines a

language suitable to describe their properties in a temporal logic framework and proposes a method to

proof such properties. [33] does a similar job with an operational formalism that is strongly based on

Petri nets.

These approaches somewhat complement previous literature that followed more closely Hoare’s

method for the analysis of sequential programs. Among these, let us mention [47][77][78][8][7]

which are all based on proof rules associated with some programming language provided with

concurrency constructs (monitors, guarded commands, remote procedure calls, etc.). Haase [43] (see

also [32] for complements) performs a temporal analysis of programs based on Dijkstra’s guarded

commands.
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In this paper we present a method for specifying and proving properties of real-time systems. The

properties are expressed in terms of the aforementioned language TRIO and the systems are modeled

by means of–any type of–timed Petri nets. Thus the method is suitable for a formal analysis of any

system–not only a program, provided that it is modeled by a suitable version of a Petri net. For

instance, once we defined Ada’s semantics in terms of Petri nets [59] we can apply the method to

specify and prove properties of Ada programs. We can apply it as well, however, to the analysis of

embedded applications that include both plant, hardware, and software components. Thus, we can

claim more generality with respect to methods that are restricted to program analysis and/or to non

real-time systems.

The basic idea of the method consists of an axiomatization of the behavior of Petri nets in terms of

TRIO axioms and proof rules, in the same style as Hoare’s rules for Pascal-like programs. Then, net

properties, such as marking and firing conditions, are expressed as TRIO formulas and their validity

is proved by applying the aforementioned axiomatization.

The paper is structured as follows: Section 2 presents an overview of the TRIO language: first its

syntax and semantics are briefly and informally summarized; then, a set of axioms is provided to

formalize its semantics. Section 3 provides TRIO axioms formalizing the behavior of timed Petri nets.

In such a way properties of the systems modeled by the nets are expressed as TRIO formulas that

should be proved–or disproved–as theorems in the given axiomatization. A few simplifying

assumptions are made to help focus attention on the key aspects of the method. A discussion on how

these assumptions can be removed is given partially in this section and partially in the conclusions.

Section 4 gives two examples of application of the proposed method by referring to two widely used

“benchmarks” of the literature: an elevator system and the dining philosophers problem. Section 5

supplies a survey and a critical analysis of some related works in the literature. Finally, Section 6

contains some concluding remarks. These include an assessment of the proposed proof method and

guide-lines for future research. A few, inessential, complements are deferred to Appendices.

A little familiarity with the most classic literature on mathematical logic and its applications to

computer science [19, 65, 30, 8, 63] is assumed.

2 . The TRIO language and its axioms
TRIO is a first order logical language, augmented with temporal operators that allow the specifier to

express properties whose truth value may change over time. Unlike operators of conventional

temporal logic, TRIO’s temporal operators provide a metric on time, since they express precisely, and

quantitatively, the distance in time between events, and the length of time intervals. The meaning of a

TRIO formula is not absolute, but is given with respect to a current time instant which is left implicit

in the formula, in much the same way as in temporal logic.

In the following of this section we briefly summarize TRIO’s syntax (Subsection 2.1) and

semantics (Subsection 2.3) and we provide a smallest example of use of TRIO for the specification of

time dependent systems (Subsection 2.2). This part of the section is very sketchy since it summarizes

informations that already appeared in the open literature [37]. In any case a more detailed
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formalization of TRIO’s semantics is given in Appendix I. Then (Subsection 2.4), we give an

axiomatization of the TRIO language and supply a small set of examples of TRIO theorems.

2 . 1 TRIO's syntax: the temporal operators

As we already stated, TRIO is a first order logical language: thus, its syntax includes concepts such as

variables, constants, functions, terms, predicates, formulas, etc. which are defined in the usual way.

TRIO’s only peculiarities are the following ones:

• TRIO is typed. Thus, a domain is associated with each variable symbol and domain and ranges are

associated with predicates and functions. Among the domains there is a distinguished one,

required to be numeric in nature (i.e., arithmetic expressions and relations are defined on it),

which is called the Temporal Domain.

• Predicates are divided into time dependent and time independent ones: time independent predicates

always represent the same relation, whereas a time dependent predicate corresponds to a possibly

distinct relation at every time instant1. Accordingly, we will say that a formula is time independent

if it does not contain any occurrence of a time dependent predicate nor any (basic or derived)

temporal operator; it is time dependent in the opposite case.

• A fundamental operator Dist2 is defined in such a way that if A is a formula and t is a term of the

temporal type, then Dist(A, t) is a formula. The formula Dist(A, t) intuitively means that A holds

at an instant laying t time units in the future (if t>0) or in the past (if t<0) with respect to the

current time value, which is left implicit in the formula.

For instance, consider a simple transmission line, that receives messages at one end, to deliver them at

the opposite end with a given, fixed delay. The event of arrival of a message at the input end is

represented by the atomic formula in(m), where in is a time dependent predicate, and m is a variable;

the event of delivery of the message at the output end is denoted by out(m). Then the TRIO formula:

(†) in (m) ↔ Dist (out(m), 5)

means that message m will be output five time units in the future if and only if the same message is

arriving at the current moment.

A large number of derived temporal operators may be defined starting from Dist, using the

propositional operators, conditions on the temporal arguments, and first-order quantification. A

sample thereof which will be useful subsequently is given in Table 2.1, together with short intuitive

explanations, whenever needed.

Futr(ϕ, t)  =
def  t≥0 ∧  Dist(ϕ, t) Future

Past(ϕ, t)  =
def  t≥0 ∧  Dist(ϕ, -t) Past

1 In the original TRIO definition also variables are divided into time dependent and time independent variables. Here,
however, we have introduced this restriction to simplify the notation in the following of the paper. The restriction
can be easily removed and does not affect the generality of the language.

2 We are introducing minor modifications with respect to previous papers [37, 74]
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FutrS(ϕ, t)  =
def  t>0 ∧  Dist(ϕ, t) Strict Future

PastS(ϕ, t)  =
def  t>0 ∧  Dist(ϕ, -t) Strict Past

Lasts(ϕ, t)  =
def  ∀ t'(0<t'<t → Dist(ϕ, t))

Lasted(ϕ, t)  =
def  ∀ t'(0<t'<t → Dist(ϕ, -t))

SomF(ϕ)  =
def  ∃ t (t>0 ∧  Dist(ϕ, t)) ϕ occurs sometimes in the future

SomP(ϕ)  =
def  ∃ t (t<0 ∧  Dist(ϕ, t)) ϕ occurs sometimes in the past

AlwF(ϕ)  =
def  ∀ t(t>0 → Dist(ϕ, t)) ϕ holds always in the future

AlwP(ϕ)  =
def  ∀ t(t<0 → Dist(ϕ, t)) ϕ holds always in the past

Alw(ϕ)  =
def  ∀ t Dist(ϕ, t)

Som(ϕ)  =
def  ∃ t Dist(ϕ, t)

WithinF(ϕ, t)  =
def  ∃ t'(0≤t'≤t ∧  Dist(ϕ, t')) ϕ will occur within t time units

WithinFee(ϕ, t)  =
def  ∃ t'(0<t'<t ∧  Dist(ϕ, t')) strict WithinF

Until(ϕ, ψ)  =
def  ∃ t(FutrS(ψ, t) ∧  Lasts(ϕ, t)) ϕ will remain true until ψ will eventually become true

Untilw(ϕ, ψ)  =
def  Until(ϕ, ψ) ∨  AlwF(ϕ)

NextTime (ϕ, t)  =
def  Futr (ϕ, t) ∧  Lasts (¬ϕ, t) the first time in the future when ϕ will hold is t time 

units apart from now

UpToNow (ϕ)  =
def  ∃ d ( d > 0 ∧  Past (ϕ, d) ∧  Lasted (ϕ, d) ) there is a non-empty time interval

ending at the present time, where ϕ has been true

Table 2.1 A sample of derived temporal operators.

2 . 2 The use of TRIO as a specification language: a smallest example

The following example shows the use of TRIO as a specification language for time dependent

systems. Since our attention here is not on the TRIO language by itself but on its use to prove

properties of systems modeled as timed Petri nets, we limit ourselves to an oversimplified example.

We emphasize however that TRIO–and other languages derived therefrom–have already been

successfully applied to several real-life case studies [72]. More comments on this crucial aspect will be

given in Section 6.

Consider a hydroelectric pondage power station, where the quantity of water held in the basin is

controlled by means of a sluice gate. The gate is controlled via two commands, up and down which

respectively open and close it, and are represented as a TRIO time dependent predicate named go with

an argument in the range {up, down}. The current state of the gate can have one of the four values: up

and down (with the obvious meaning), and mvup, mvdown (meaning, respectively, that the gate is

being opened or closed). It is modelled by the time dependent predicate position whose domain is the

set {up, down, mvup, mvdown}.

The following formula describes the fact that it takes the sluice gate ∆ time units to go from the

down to the up position, after receiving a go(up) command.

position (down) ∧  go (up) → Lasts (position (mvup), ∆) ∧  Futr (position (up), ∆)

When a go(up) command arrives while the gate is not still in the down position, but it is moving down

because of a preceding go(down) command, then the direction of motion of the gate is not reversed
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immediately, but the downward movement proceeds until the down position has been reached. Only

then the gate will start opening according to the received command. This is formalized by the

following formula.

position mvDown  ∧
go up

 → ∃ t NextTime position down , t  ∧  Futr
Lasts position mvup , ∆  ∧

 Futr position up , ∆
, t

If the behavior of the sluice gate is symmetrical with respect to its direction of motion, two similar

TRIO formulas will describe the commands and their effects in the opposite direction.

2 . 3 TRIO’s semantics

TRIO has been given a model theoretic formal semantics [37] in a fairly natural way. In this case too,

the essential difference from traditional interpretation schemata of logic languages [65][30] consists of

defining an interpretation structure that associates a distinguished set, the temporal domain, denoted as

T, to each term of temporal type. Any formula F is then evaluated in a generic element i of the

temporal domain and its truth value is denoted as Si (F). Thus, F is said to be temporally satisfiable

for a given interpretation if there exists a time instant i∈ T for which Si (F) = true. F is said

temporally valid in the given interpretation if and only if Si (F) = true for every i∈ T; it is valid

(formally  F) if it is temporally valid in every syntactically adequate interpretation. An interpretation

such that F is temporally satisfiable for it is called a model of F.

As we mentioned above, a more complete and formal definition of TRIO’s semantics is given in

Appendix I. Here, it is worth noticing that in [74] a model-parametric semantics for TRIO is defined,

which may refer to any finite or infinite temporal domain. This is motivated mostly by the wish to

achieve executability to favor early prototyping of system specifications [53][38]. Here we refer,

however, to unbounded interpretation domains such that all defined functions and predicates are total.

This assumption simplifies the mathematical description in terms of a set of axioms and inference

rules, thus allowing shorter and easy-to-understand proofs. More comments on this point will be

given in Subsection 2.4.3.

2 . 4 An axiom system for TRIO

In this subsection we provide an axiomatization of TRIO. Since the language allows to use almost any

kind of interpretation domains, with particular reference to the temporal domain, any axiom system for

it should include a first order theory for all the used domains (say, real numbers for temporal domain,

integers for some variables, booleans for other variables, etc.). This part of TRIO axiomatization,

however, would become rather lengthy and detailed, without providing any new insight into the

proofs. Thus, for the sake of simplicity, and following the same approach as adopted in a variety of

different temporal logics [81, 76] and in Hoare-like program logics [8], we will just use in our proofs

all valid formulas of the used domains as additional axioms.

TRIO’s axioms are given below. For convenience they are partitioned into general axioms, which

are shared with any first-order theory with equality, and temporal axioms, which are peculiar of the

language. A universal axiom schema is added at the end of both categories.
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Let α , β, ω , ... denote any TRIO formula; let s, v, u ... denote any term of a generic domain,

whereas t, t1, t2, ... denote any term of temporal type; let x, y, ... denote any variable and c any

constant.

• General axioms. These, in turn, are split into first-order predicate axioms and into equality

axioms as shown below.

- First order axioms

1. All instances of propositional calculus tautologies

2. ∀ x α → αx
s   where s is a term substitutable for x in α1 [30]

3. ∀ x(α → β) → (∀ x α → ∀ x β)

4. α → ∀ x α     if x is not free in α

- Equality Axioms

5. s = s, for any term s

6. u = s → (α → α ') where u and s are terms, α ' is obtained from α by substituting zero or more

occurrences of u in α by s.

• Temporal axioms
7. Dist(α , 0) ↔  α
8. Dist(α, t1 + t2) ↔ Dist(Dist(α, t1), t2)

9. Dist(α → β, t) ↔ (Dist(α, t) → Dist(β, t))

10. Dist(¬α , t) ↔  ¬Dist(α , t)

11. α  → Alw(α) if α is time independent

• For each formula ω in the above list 1 through 11, all formulas of the kind Alw(ω), and all their

applications of universal quantifications (generalizations) are TRIO axioms.

There is a single rule of inference, namely Modus Ponens (MP). By using classical Hoare’s notation,

it is denoted as
Γ   α ,  Γ   α  →  β

 Γ   β
Axioms 7 through 10 describe the essential properties of the basic temporal operator Dist: when in the

formula Dist(α, t) the temporal argument t is 0 then the other argument, α, is asserted at the current

instant; furthermore, nested applications of the operator compose additively, according to the

properties of the temporal domain, and the operator is transparent with respect to propositional

operators of its non-temporal argument.

Axiom 11 simply states the time invariance of time independent formulas (those which do not

contain any time dependent predicate or temporal operator): if the formula is true now then it is true at

any time instant of the temporal domain (the converse is trivially true, and in fact the corresponding

formula, Alw(α)→α, is a theorem whose proof is immediate).

1 As usual,  αs
x  denotes the result of substituting any free occurrence of x in ϕ by s.
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Next (Subsection 2.4.1), we give some metatheorems (properties of the axiomatization, to be

distinguished from theorems that are derived from deductions within the axiom system [65]) that will

be useful for the proof of many theorems. Then (Subsection 2.4.2), we provide a few sample

theorems both to illustrate some relevant properties of the axiom system and to state useful lemmas to

be exploited in the proof of Petri nets properties. Finally (Subsection 2.4.3), we shortly discuss the

main features of the proposed axiomatization and possible alternatives.

2 . 4 . 1 . Some useful metatheorems

As usual, we distinguish between general metatheorems that are well known properties of classical

first-order theories and temporal metatheorems that are peculiar of the TRIO language.

General metatheorems

Generalization Theorem (GEN)

if Γ  ϕ and variable x does not occur free in any formula of Γ, then Γ  ∀ x ϕ
Deduction Theorem (DED)

if Γ; ϕ  ψ then Γ  ϕ → ψ 1

Existential Instantiation Theorem (EI)
if Γ; ϕc

x  ψ and the constant symbol c does not occur in ϕ, ψ, nor Γ, then Γ; ∃ x ϕ  ψ and there

is a deduction of ψ from Γ; ∃ x ϕ in which c does not occur2.

These results are the TRIO counterpart of well known theorems which hold for the most widely

accepted axiomatizations of first-order logic. Their proof is straightforward and runs along the same

lines as the corresponding proofs in textbooks such as [30], and hence is omitted. Similarly, since

TRIO’s axiomatization includes a standard first order part, all the derived inference rules usually

employed in proofs for first-order logic [65] [30] are also valid in TRIO. For instance, in the rest of

the paper we will use the derived rules of negation, conjunction, disjunction, conditional, and

biconditional introduction and elimination, case analysis3 (CA) and proof by contradiction.

Furthermore, we will apply tautologies in the form of an implication, e.g. ((α→β)∧ (α→γ)∧α)→β∧γ ,

as derived inference rules, justifying the corresponding derivation step by TAUT, plus the indication

of the involved tautology when it will not be obvious from the context.

Temporal metatheorems

Temporal Translation Theorem (TT)

This metatheorem asserts that if a formula α can be proved under a given set of assumptions that

hold at the present time instant and all these assumptions hold at a different time instant, then it can be

proved that α holds at that time instant too. The metatheorem is formalized as follows.

1 Γ; ϕ is an abbreviated notation for Γ ∪  {ϕ} .
2 Whenever we will make use of the EI theorem in proofs, we will replace the existentially quantified variable by the

same symbol in "small cap" format.
3 The derived rule case analysis (CA) obtains  (α  ∨  β) → γ from α   γ and β  γ using DED, ∧ -intro, tautology

(α  → γ) ∧  (β → γ) → ((α  ∨  β) → γ), and MP.
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if    Γ  α  then  {Dist(γ, t) | γ∈Γ }  Dist(α, t)

The proof is by induction on the length of the derivation of α.

Basis of the induction.

• α ∈  Γ implies Dist(α, t) ∈  {Dist(γ, t) | γ∈Γ }

• if α is a TRIO axiom then Alw(α) is also an axiom, and Alw(α)  Dist(α, t), by Axiom 2 and MP

Induction step.

Assume that, for some β, Γ  (β→α) ∧  β. This implies, by the inductive hypothesis, that {Dist(γ, t) |

γ∈Γ }  Dist((β→α) ∧  β, t), from which Dist(α , t) can be deduced since Dist is transparent with

respect to propositional operators (Axioms 9 and 10)

Temporal Generalization Theorem (TG)

This metatheorem is an extension to the preceding result. It states that if the set of assumptions on

which the proof of a property is based is true in every instant of the temporal domain, then the proven

formula is also always true. Formally,

if Γ  α and every formula of Γ is of the type Alw(γ) or is time independent, then Γ  Alw(α ).

The proof of TG is also by induction on the length of the derivation of α.

Base case.

•  if α∈Γ  then if α is time independent, then α→Alw(α) (Ax12) and α→Alw(α)  Alw(α);

if α=Alw(ϕ),  then Alw(ϕ)→Alw(Alw(ϕ)) is a TRIO theorem, so α  Alw(α);

•  if α is a TRIO axiom then Alw(α) is also an axiom.

Induction step.

Assume that, for some β, Γ   β and Γ   β→α. This implies, by the inductive hypothesis, that

Γ  Alw(β) and Γ Alw(β→α). From these Alw(β ∧  (β→α)) trivially follows, and the following

derivation holds

1. Alw(β ∧  (β→α)) Ind. Hyp

2. Dist(β, x) ∧  (Dist(β, x) → Dist(α, x)) 1, Ax2, MP, Ax9÷10

3. Dist(α , x) 2, TAUT, MP

4. Alw(α) 3, GEN

An important corollary of TG is obtained by taking Γ=∅ . In this case TG reduces to: if α  then

Alw(α). This corresponds to the intuitive fact that if property α  is derived without making any

assumption about the current time instant, then α holds at every time instant. Another consequence of

TG is that any theorem τ of first-order logic is not only inherited as such in TRIO, but its temporal

generalization, Alw(τ) is also a theorem. For instance, Alw(α(t)→∃ z α(z)) holds by the fact that

α(t)→∃ z α(z) is a theorem in any first-order logic: in the following we will make use of this theorem

in TRIO proofs, referring to it as ∃ -intro.
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2 . 4 . 2 . A sample of TRIO theorems

Here we give a short list of theorems that can be deduced from the above TRIO axioms. They will

be used in the following sections as lemmas to state properties of Petri nets expressed as TRIO

formulas.

In the proofs of all theorems presented in this paper it is assumed, unless otherwise specified, that

the temporal domain is a standard model of the real numbers. Thus, we use in the proofs any formula

regarding the temporal domain (e.g. formulas expressing density, or linear order) known to be true in

such an interpretation without bothering with the derivation of a formal deduction thereof. Such

formulas will be labeled as TD (temporal domain). It must be pointed out, however, that, unless the

contrary is explicitly stated, all theorems claimed herewith still hold even for integer time domains: all

that is needed is just replacing appropriately the used formulas.

i . Alw(α) → Dist(α, t)

Proof of i.

1. Alw(α) ≡ ∀ x Dist(α , x) Hyp

2. ∀ x Dist(α , x) → Dist(α , t) A x 2

3. Dist(α , t) 1, 2, MP

4. Alw(α)  Dist(α , t) 1 ÷ 3

5. Alw(α) → Dist(α , t) 4, DED

i i . Alw(α)  α
ii is derived much in the same way as i, by just taking t = 0, and using axiom 7.

i i i . (Alw(ϕ→ψ)∧ Dist(ϕ, t)) → Dist(ψ, t)

iii means that if it is always the case that ϕ implies ψ, and ϕ takes place at a time instant (possibly

different from the current one), then ψ is also true at that same instant.

Proof of iii.

1. Alw(ϕ→ψ) ∧ Dist(ϕ, t) Hyp.

2. Alw(ϕ→ψ) ≡ ∀ x Dist(ϕ→ψ, x) 1, ∧ - e l im

3. Dist(ϕ→ψ, t) 2, Ax2, MP

4. Dist(ϕ, t) → Dist(ψ, t) 3, Ax9, MP

5. Dist(ϕ, t) 1, ∧ - e l im

6. Dist(ψ, t) 5, 4, MP

7. Alw(ϕ→ψ) ∧ Dist(ϕ, t)  Dist(ψ, t) 1 ÷ 6

8.  Alw(ϕ→ψ) ∧ Dist(ϕ, t) → Dist(ψ, t) 7, DED

i v . Dist(ϕ, x) → ϕ, where ϕ is a time independent formula

iv states that if a time independent formula is true at some instant different than the current one, then it

is also true now.

Proof of iii.

1. Dist(ϕ, x) Hyp.

2. Alw(Alw(ϕ) → Dist(ϕ, -x)) A x 2
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3. Dist(Alw(ϕ), x) → Dist(Dist(ϕ, -x), x) 2, Ax2, Ax9-10, MP

4. Alw(ϕ → Alw(ϕ)) A x 1 1

5. Dist(ϕ → Αlw(ϕ), x) 4, Ax2, MP

6. Dist(ϕ, x) → Dist(Alw(ϕ), x) 5, Ax9, MP

7. Dist(Alw(ϕ), x) 1, 6, MP

8. Dist(Dist(ϕ, -x), x) 3, 7, MP

9. ϕ  8, TD, Ax7, TAUT

10. Dist(ϕ, x)  ϕ 1÷ 9

11.  Dist(ϕ, x) → ϕ 10, DED

Some properties similar to those expressed by axioms 8, 9, and 10 for the basic temporal operator

Dist, hold as well for the derived operators Futr and Past. Here are a few of them

v . Futr(α→β, t) → (Futr(α, t) → Futr(β, t))

Proof of v.

1. Futr(α→β, t) ≡ t>0 ∧  Dist(α→β, t) Hyp.

2. Futr(α , t) ≡ t>0 ∧  Dist(α , t) Hyp.

3. Dist(α , t) → Dist(β, t) 1, Ax9, MP

4. Dist(β, t) 2, 3, MP

5. Futr(β, t) 1, 4, ∧ - intro

6. Futr(α→β, t), Futr(α , t)  Futr(α , t) 1 ÷ 5

7.  Futr(α→β, t) → (Futr(α , t) → Futr(α , t)) 6, DED2

v i . Futr(Futr(α, t1), t2) → Futr(α, t1+t2)

Futr(Past(α, t1), t2) ∧  t1>t2 → Futr(α, t1-t2)

Futr(Past(α, t1), t2) ∧  t1<t2 → Past(α, t2-t1)

Proof of Futr(Futr(α, t1), t2) → Futr(α, t1+t2).

1. Futr(Futr(α , t1), t2) ≡ t2>0 ∧  Dist(t1>0 ∧  Dist(α , t1), t2) Hyp.

2. Dist(t1>0, t2) 1, Ax9-10, MP

3. t1>0 2, Th. iv, MP

4. Dist(Dist(α , t1), t2) 1, Ax9-10, MP

5. Dist(α , t1+t2) 4, Ax8, MP

6. t1>0 ∧  t2>0 1, 3, ∧ - intro

7. t1+t2>0 6, TD

8. t1+t2>0 ∧  Dist(α , t1+t2) ≡ Futr(α , t1+t2) 5, 7, ∧ - intro

9.  Futr(Futr(α , t1), t2) → Futr(α , t1+t2) 1÷8, DED

The proofs of the other two properties are entirely similar, and are omitted.

v i i . Dist(∀ x α, t) ↔ ∀ x Dist(α, t), and Dist(∃ x α, t) ↔ ∃ x Dist(α, t)  with x not occurring in t.

Proof of Dist(∀ x α, t) → ∀ x Dist(α, t).

1. Dist(∀ x α , y) Hyp

2. Alw(∀ x α → α) Ax 2
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3. Alw(∀ x α  → α) → Dist(∀ x α , y) Ax 2

4. Dist(∀ x α , y) 2, 3, MP

5. Dist(∀ x α  → α , y) → (Dist(∀ x α, y) → Dist(α , y)) A x 9

6. Dist(∀ x α , y) → Dist(α , y) 4, 5, MP

7. Dist(α , y) 1, 6, MP

8. Dist(∀ x α , y)  Dist(α , y) 1 ÷ 7

9. Dist(∀ x α , y)  ∀ x Dist(α , y) 8, GEN

10.  Dist(∀ x α , y) → ∀ x Dist(α , y) 9, DED

Proof of ∀ x Dist(α, t) → Dist(∀ x α, t).

1. ∀ x Dist(α , t) Hyp

2. ∀ x Dist(α , t) → Dist(α , t) A x 2

3. Dist(α , t) 1, 2, MP

4. ∀ x Dist(α , t)  Dist(α , t) 1 ÷ 3

5. Dist(∀ x Dist(α , t), -t)  Dist(Dist(α , t), -t) 4, TT

6. Dist(∀ x Dist(α , t), -t)  α 5, Ax6, Ax7, 0=t-t

7. Dist(∀ x Dist(α , t), -t)  ∀ x α 6, GEN

8. Dist(Dist(∀ x Dist(α , t), -t), t)  Dist(∀ x α , t) 7, TT

9. Dist(Dist(∀ x Dist(α , t), -t), t) → Dist(∀ x α , t) 8, DED

10. Dist(Dist(∀ x Dist(α, t), -t), t) ↔ ∀ x Dist(α, t) Ax6, Ax7, 0=t-t

11. ∀ x Dist(α , t) → Dist(∀ xα , t) 9, 10, TAUT (α→β )∧ (α↔γ )→ (γ→β)

The formula Dist(∀ x α, t) ↔ ∀ x Dist(α, t) is a tautological consequence of the two above-proved

implications.

Proof of ∃ x Dist(α, y) → Dist(∃ x α, y).

1. Dist(∀ x ¬α , y) Hyp

2. Dist(¬α , y) 1, Ax2, Ax9, MP

3. ¬Dist(α , y) 2, Ax8, MP

4. ∀ x ¬Dist(α , y) 3. GEN

5.  Dist(∀ x ¬α , y) → ∀ x ¬Dist(α , y) 1÷4, DED

6.  ¬∀ x ¬Dist(α , y) → ¬Dist(∀ x ¬α , y) 5, TAUT

7.  ∃ x Dist(α , y) → Dist(∃ x α , y) 6, Ax10, TAUT.

Proof of Dist(∃ x α, y) → ∃ x Dist(α, y).

1. ∀ x ¬Dist(α , y) Hyp

2. ¬Dist(α , y) 1, Ax2, MP

3. Dist(¬α , y) 2, Ax9, MP

4. ∀ x Dist(¬α , y) 3. GEN

5.  ∀ x ¬Dist(α , y) → Dist(∀ x ¬α , y) 1÷4, DED, Ax11, TAUT

6.  ¬Dist(∀ x ¬α , y) → ∃ x Dist(α , y) 5, TAUT

7.  Dist(∃ x α , y) → ∃ x Dist(α , y) 6, Ax10, TAUT.
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The formula ∃ x Dist(α, y) ↔ Dist(∃ x α, y) is a tautological consequence of the two above-proved

implications.

vi i i . Alw(α) ↔ Alw(Dist(α, a))

Proof of Alw(α) ↔ Alw(Dist(α, a)).

1.  Alw(α) Hyp.

2. Dist(α , x+a) 1, Ax2, MP

3. Dist(Dist(α, a), x) 2, Ax8

4. Alw(Dist(α, a)) 3, GEN

5. Alw(α)  Alw(Dist(α, a)) 1 ÷ 4

6.  Alw(α) → Alw(Dist(α, a)) 5, DED

7. Alw(Dist(α, a)) Hyp.

8. Dist(Dist(α, a), x-a) 7, Ax2, MP

9. Dist(α , x) 8, Ax8

10. Alw(α) 9, GEN

11. Alw(Dist(α, a))  Alw(α) 7 ÷ 1 0

12.  Alw(Dist(α, a)) → Alw(α) 11, DED

13. Alw(α) ↔ Alw(Dist(α, a)) 6, 12, TAUT

ix . ϕ ∧  Alw(ϕ → Futr(ϕ, a)) → ∀ k Futr(ϕ, a⋅k), where k is a variable ranging over positive

natural numbers.

ix states that if a system is periodic and the repeating property takes place at a given instant (the current

instant, for simplicity) then the property will actually repeat itself indefinitely in all future times, at a

regular pace. The proof of ix is essentially by induction on the natural numbers: at step 4 of the

sketchy derivation given below a formula that is an instance of the induction axiom is assumed as a

valid formula of the temporal domain.

Proof of ix

1. ϕ, Alw(ϕ → Futr(ϕ, a)) Hyp

2. ϕ → Futr(ϕ, a) 1, Ax. 2, MP

3. Futr(ϕ, a) 1, 2, MP

4. Futr(ϕ, a⋅1) ∧  ∀ k(Futr(ϕ, a⋅k) → Futr(ϕ, a⋅(k+1))) → ∀ k Futr(ϕ, a⋅k) Induction Axiom for TD

5. Futr(ϕ, a⋅k) Hyp.

6. Dist(ϕ → Futr(ϕ, a), a⋅k) 1, Ax. 2, MP

7. Dist(Futr(ϕ, a), a⋅k) 5, 6, Axioms 8÷9, MP

8. Futr(ϕ, a⋅(k+1)) 7, Ax. 11, def Futr, Axioms 8÷9

9. Futr(ϕ, a⋅k)  Futr(ϕ, a⋅(k+1)) 5 ÷ 8

10.  Futr(ϕ, a⋅k) → Futr(ϕ, a⋅(k+1)) 9, DED

11.  ∀ k(Futr(ϕ, a⋅k) → Futr(ϕ, a⋅(k+1))) 10, GEN

12. ∀ k Futr(ϕ, a⋅k) 4, 5, 11, MP

13. ϕ, Alw(ϕ, → Futr(ϕ, a))  ∀ k Futr(ϕ, a⋅k) 1 ÷ 1 2

14  ϕ ∧  Alw(ϕ, → Futr(ϕ, a)) → ∀ k Futr(ϕ, a⋅k) 13, DED (applied twice), TAUT
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ix can be generalized in several ways. Here are a few examples thereof.

x . ϕ ∧  Alw(ϕ→Futr(ϕ, a)) → AlwF(WithinF(ϕ, a))

x states that under the same hypotheses as in theorem ix, in all future time instants the condition ϕ
takes place within a time units. Its derivation is similar to the preceding one. A key step in such a

derivation uses the auxiliary result stated in theorem xi below.

x i . Futr(ϕ, a) → Lasts(WithinF(ϕ, a), a).

Proof of xi

1. a>0 ∧  Dist(ϕ, a) ∧  0<x<a Hyp.

2. ∃ y(a=x+y ∧  y≥0 ∧  y≤a) 1, TD

3. a=x+Y ∧  0≤Y≤a 2, EI

4. Dist(ϕ, x+Y) 1, 3, Ax6, MP

5. Dist(Dist(ϕ, Y), x) 4, Ax8

6. Dist(0≤Y≤a, x) 3, Ax11, MP

7. Dist(0≤Y≤a ∧  Dist(ϕ, Y), x) 5, 6, Ax9÷10, MP

8. Dist(WithinF(ϕ, a), x) 7,TRIO Th.Alw(α (t)→∃ zα (z)) (∃ -intro)

9. Futr(ϕ, a), 0<x<a  Dist(WithinF(ϕ, a), x) 1 ÷ 8

10. Futr(ϕ, a)  0<x<a → Dist(WithinF(ϕ, a), x) 9, DED

11. Futr(ϕ, a)  Lasts(WithinF(ϕ, a), a) 11, GEN

12.  Futr(ϕ, a) → Lasts(WithinF(ϕ, a), a) 11, DED

Proof of x

1. ϕ, Alw(ϕ → Futr(ϕ, a)) Hyp

2. ϕ ∧  Alw(ϕ → Futr(ϕ, a)) → ∀ i Futr(ϕ, i⋅a) Th. ix

3. ∀ x (x>0 → ∃ k (x=a⋅k ∨  a⋅k < x < a⋅(k+1))) TD

4. x>0 Hyp

5. ∃ k (x=a⋅k ∧  a⋅k < x < a⋅(k+1)) 3, Ax2, 4, MP

6. x=a⋅K ∨  a⋅K < x < a⋅(K+1) 5, EI

7. x=a⋅K Hyp

8. Futr(ϕ, a⋅K) 1, 2, MP, Ax2, MP

9. Futr(0≤0≤a ∧  Dist(ϕ, 0), a⋅K) 8, TD, Ax7

10. Futr(WithinF(ϕ, a), x) 9, ∃ -intro, WithinF def, 7, Ax6

11. x=a⋅K → Futr(WithinF(ϕ, a), x) 7÷10, DED

12. a⋅K<x<a⋅(K+1) Hyp

13. x=a⋅K+y ∧  0<y<a 12, TD

14. Futr(Futr(ϕ, a), K⋅a) 1, 8, Ax2, MP

15. Futr(Lasts(WithinF(ϕ, a), a), a⋅K) ≡

≡ Futr(∀ x(0<x<3→Futr(WithinF(ϕ, 3), x)), 3⋅a) Th.xi, 14, TT

16. Futr(Futr(WithinF(ϕ, a), y), a⋅K) 13, 15, Ax2

17. Futr(WithinF(ϕ, a), x) 16, Th.vi, 13, 17, Ax6

18. 0<x<a⋅(K+1) → Futr(WithinF(ϕ, a), x) 12÷17, DED
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19. x>0 → Futr(WithinF(ϕ, a), x) 4, 6, 11, 18, TAUT

20. AlwF(WithinF(ϕ, a)) 19, GEN

21.  ϕ ∧  Alw(ϕ →Futr(ϕ, a)) → AlwF(WithinF(ϕ, a)) 1÷20, DED

x i i . ϕ ∧  Alw(ϕ → Futr(WithinF(ϕ, b), a)) → AlwF(WithinF(ϕ, a+b))

xii is useful in the analysis of periodicity properties of nondeterministic systems. For instance, for

some systems it can be the case that whenever an event ϕ  occurs, after a time units, a further

occurrence of ϕ will take place within b time units. In this case it can be proved that, if ϕ ever takes

place, then from that time on ϕ will always repeat itself within at most a+b time units. This is what xii

states. Its proof makes uses property xiii as an intermediate lemma, so that, under the hypotheses

expressed by the premise of the implication, the following formula can be proved instead.

∀ k Futr(WithinF(ϕ, a+b) ∧  Lasted(WithinF(ϕ, a+b), a+b), (a+b)⋅k)

In order to make the proof more easily understandable, we will focus on particular values of the

involved time intervals, by choosing a=2 and b=1. As usual, the proof is by induction on the k.

Base step: k=1.

1. ϕ, Alw(ϕ → Futr(WithinF(ϕ, 1), 2)) Hyp.

2. Futr(WithinF(ϕ, 1), 2) 1, Ax2, Ax7, MP

3. Futr(0<c<1 ∧  Futr(ϕ, c), 2) 2, EI with c new constant

4 . Futr(ϕ, 2+c) ∧  c+2<3 3, Ax9-10, Ax8, TD

5. Lasts(WithinF(ϕ, 2+c), 2+c) 4, Th xi

6. Lasts(WithinF(ϕ, 3), 2+c) 5, Th xiv,

Th Lasts(α , a)∧ Alw((α→β ))→Lasts(β, a)

7. Futr(Lasts(WithinF(ϕ, 3), 2+d), 2+c) 1÷6, 4, TT, with d new constant

The relative value of the constants 2, 3, c, and d is depicted graphically in the figure below

0 2 32+c

c

2+c+2+d

8. Futr(Futr(WithinF(ϕ, 3), 3-2-c), 2+c) 7, Ax2, MP

9. Futr(WithinF(ϕ, 3), 3) 8, Ax8, MP

10. 0<x<3 → 0<x<2+c ∨  x=2+c ∨ 2+c<x<3 3, TD

11. 0<x<2+c → Futr(WithinF(ϕ, 3), x) 6, Ax2, MP, DED

12. x=2+c → Futr(ϕ, x) 4, DED

13. 2+c<x<3 → Futr(WithinF(ϕ, 3), x) 7, Ax2, Ax8, MP, DED

14. 0<x<3 → Futr(WithinF(ϕ, 3), x) 10÷13, TAUT (α→ (α∨β ))∧ (β→(α∨β ))

15. Lasts(WithinF(ϕ, 3), 3) 14, GEN

16. Futr(Lasted(WithinF(ϕ, 3), 3), 3) 15, Th Lasts(ϕ ,a)→Futr(Lasted(ϕ ,a),a)

17. Futr(WithinF(ϕ, 3) ∧  Lasted(ϕ ∨ WithinF(ϕ, 3), 3), 3) 9, 16, TAUT, MP.

Induction step: we prove that if the property holds for the k-th interval of length 3 then it also

holds for the (k+1)-th interval.

1. Futr(WithinF(ϕ, 3) ∧  Lasted(WithinF(ϕ, 3), 3), 3⋅k) Hyp.
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2. Futr(WithinF(ϕ, 3), 3⋅k) 1, Ax9-10, MP

3. Futr(ϕ, 3⋅k) Hyp.

4. Futr(Futr(WithinF(ϕ, 3) ∧  Lasted(WithinF(ϕ, 3), 3), 3), 3⋅k) proof of the base step, TT

5. Futr(WithinF(ϕ, 3), 3⋅k) Hyp.

6. Futr(0<c<3 ∧  Futr(ϕ, c), 3⋅k) 5, EI with c new constant

7. Futr(Lasts(WithinF(ϕ, 3), c), 3⋅k) Th xi, Th xiv, TT

8. Futr(ϕ, 3⋅k+c) 6, Ax8, MP

Again, for more clarity, the values of the constants involved in the derivation are depicted in the

figure below

3(k-1) 3k

c

3(k+1)

3

9. Futr(Futr(WithinF(ϕ, 3) ∧  Lasted(WithinF(ϕ, 3), 3), 3), 3⋅k+c) 8, proof of the base step, TT

10. Futr(WithinF(ϕ, 3), 3⋅(k+1)) 9, 7÷9 in the base step, TT

11. Futr(WithinF(ϕ, 3) ∧  Lasted(WithinF(ϕ, 3), 3), 3⋅(k+1)) 8, 9, 10

12. Futr(WithinF(ϕ, 3) ∧  Lasted(WithinF(ϕ, 3), 3), 3⋅k) → Futr(WithinF(ϕ, 3) ∧  Lasted(WithinF(ϕ, 3), 3), 3⋅(k+1))

1÷10, DED

This completes the proof by induction; the original formula is then trivially derived by repeated

applications of DED and TAUT.

The above proof can be easily adopted to any particular value of constants a and b.

xi i i . ∀ k Futr(α ∧  Lasted(α, a), a⋅k) → AlwF(α) k being a natural number

Theorem xiii follows trivially from the properties of the temporal domain.

Other important properties of the WithinF operator, to be used in subsequent sections, are:

x i v . WithinF(ϕ, t) → ∀ s (s>t → WithinF(ϕ, s))

Intuitively, xiv states that if an event occurs in the future within a given timeout then it certainly

satisfies any greater timeout

Proof of xiv.

1. WithinF(ϕ, t) ≡ ∃ t' (0≤t'≤t ∧  WithinF(ϕ, t')) Hyp

2. 0≤a≤t ∧  Dist(ϕ, a) 1 ,  E I

3. s>t Hyp

4. 0≤a≤s ∧  Dist(ϕ, a) 2, 3, TD

5. WithinF(ϕ, s) 4, ∃ - intro

6. s>t → WithinF(ϕ, s)) 3, 5, DED

7. ∀ s(s>t → WithinF(ϕ, s)) 6, GEN

8.  WithinF(ϕ, t) → ∀ s(s>t → WithinF(ϕ, s)) 1÷7, DED

xv.  Futr(WithinF(ϕ, t1), t2) → ∀ t(0<t<t2 → Futr(WithinF(ϕ, t1+t), t2-t) )

xv states that if the start of a timeout period is anticipated then the timeout itself must be extended

accordingly.
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Proof of xv.

1. Futr(WithinF(ϕ, t1), t2) ≡ t2>0 ∧  Dist(∃ s(0≤s≤t1 ∧  Dist(ϕ, s)), t2) Hyp

2. t2>0 ∧  0≤S≤t1 ∧  Dist(ϕ, t2+S) 1,EI ,Ax8,Ax9÷10

3. 0<t<t2 Hyp

4. t2-t>0 3, TD

5. t2=t2-t+t TD

6. Dist(ϕ, t2-t+t+S) 2, 5, Ax6

7. Dist(Dist(ϕ, t+S), t2-t) 6, Ax8

8. 0≤t+S≤t1+t 2, 3, TD

9. Dist(0≤t+S≤t1+t ∧  Dist(ϕ, t+S), t2-t) 8, Ax.11, Ax.2, 7

10. Dist(∃ v(0≤v≤t1+t ∧  Dist(ϕ, v)), t2-t) ≡ Dist(WithinF(ϕ, t1+t), t2-t) 9, ∃ - intro

11. Futr(WithinF(ϕ, t1+t), t2-t) 4, 10

12. 0<t<t2 → Futr(WithinF(ϕ, t1+t), t2-t) 3÷11, DED

13. ∀ t(0<t<t2 → Futr(WithinF(ϕ, t1+t), t2-t)) 12, GEN

14.  Futr(WithinF(ϕ, t1), t2) → ∀ t(0<t<t2 → Futr(WithinF(ϕ, t1+t), t2-t)) 1÷13, DED

2 . 4 . 3 . Remarks on TRIO's axiomatization and on its soundness

Our axiomatization of the TRIO language follows a fairly standard approach [65, 30, 63] so that it

should not need many comments. Perhaps the only point that deserves some special attention is the

way we deal with generalization, both with respect to a generic variable and with respect to time in

particular.

In general, our proof system differs from that of [65] because it does not include a generalization

rule such as 
α

∀ x α
, where x is any variable. Including this rule into the proof system amounts to

interpreting free variables as ranging over all their entire domain and requires special care in the

application of the deduction (meta)theorem to avoid inconsistencies. Rather, we prefer to follow an

approach similar to that of [30], which considers free variables as having definite, but unknown

values.

Similarly, when dealing with temporal aspects, some axiomatizations of classical temporal logic,

such as those of [61], and [76], include the following rule, usually called “ -insertion”:
α

 α
for any formula α,

while others, like that of [92] do not consider it as a valid inference rule.

This inference rule is the temporal counterpart of the above cited generalization rule, since its

application corresponds to considering an “open parameter” (the implicit current time instant, in the

temporal framework) as ranging over the entire domain (the temporal domain in this case). In the

proof system for TRIO, the analogue to this rule would be a rule like 
α

Alw(α)
 for any formula α . We

chose to omit such a rule in our system, since in our opinion a TRIO formula should intuitively refer



-18-

to (and be interpreted at) the current time instant only. This is mandatory, for instance, when one

wants to describe the initial configuration of a system by means of a formula ι , which should assert

properties that hold at the current time instant, but by no means mantain their validity in all future time

instants. In such a case one typically wants to prove that, if the system ensures at the current time

instant the property expressed by formula ι , then at all future time instants property π will hold. To

this purpose one must derive ι   AlwF(π), while the derivation ι   Alw(ι ) (i.e. if property ι  holds

now, then the system always ensures it) is certainly not legitimate1.

If the -introduction rule is included in the axiomatization, the system is not sound, since in that

case it is easy to find a formula α such that α  Alw(α) but α /  Alw(α). In fact, [61] and [76] state

the conditions under which the application of the -introduction rule is legitimate, and consequently

make a distinction among soundness and strong soundness of a proof system. The latter property

corresponds to the notion of soundness as usually meant in mathematical logic, while the former

corresponds to its restriction to classes of interpretation structures for which the -introduction rule is

valid. Furthermore, they argue that such a rule allows the derivation of formulas that could not be

proved in systems which do not include it, and consequently introduce the notions of completeness

vs. strong completeness, the latter being attainable, in presence of the -introduction rule, at the price

of eschewing the strong notion of soundness in favor of a weaker one.

Instead of following the above approach, we decided to give more relevance to the intuitive

evidence of formulas and to the clarity in their derivations. Thus, we followed the line of [30] and

[92], and considered open parameters of formulas, including the current interpretation time, as

constants of unknown value. As a consequence we easily obtained a proof of soundness of TRIO

proof system (in the classical sense, i.e. strong soundness in the terminology of [61] and [76]). This

proof is given in Appendix II. We do not deal instead, in this paper, with the issue of completeness. It

is clear, however, that in the general case, the axiom system is necessarily incomplete, because of the

quantification on variables ranging over the temporal domain which may include full axiomatization of

arithmetics. At most, relative completeness [8] might be accomplished, by assuming an oracle for the

arithmetics of the temporal domain.

Before closing this section it is worth comparing the present axiomatization of TRIO with that of

MTL in [54]. The main difference among the two systems is that the axiomatization in [54] deals with

fundamental properties of any linear temporal structure, in that it embodies every possible metric time

structure. The result is a very general and powerful axiom system, which may, however, become

rather complex and cumbersome to be effectively used in practice for proving properties of real-life

systems. In contrast, the present proof system for TRIO has been kept compact and simple, although

admittedly less general, by implicitly assuming, in axioms 7 through 10, properties of completeness

and uniformity that can be satisfied by most of the time domains to be considered in practical cases.

1 We will see in Section 3 that this is just the case with Petri nets.
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3 . A TRIO proof system for timed Petri nets
The purpose of the present section is to express the semantics of timed Petri nets through a set of

TRIO axioms and, more generally, to use TRIO as a logic framework in which properties of such nets

can be expressed and proved. It will turn out that this is not just a trivial exercise, the main reasons for

this being the nondeterminism of the Petri net model, the possibility of simultaneous events, and the

topological complexity of nets, if one wants to consider the most general case. We present here just a

possible axiomatization, and we will discuss its limits and possible alternatives (see also the

conclusions).

To help focus on the essential aspects of the axiomatization, we make the following assumptions:

1 . We restrict our attention to expressing and proving properties that hold for every possible

computation of the model. Properties that are referred to as “safety” properties in the literature [81,

76, 58] are of this type. This is consistent with what is done in most other approaches.

2 . Among the many timed Petri nets models present in the literature [35] we choose Merlin&Farber’s

[66], because it is intuitively simple, and widely known.1

The second assumption can easily be removed, thus yielding extensions of our approach to more

general time models [35], e.g. we may as well consider general time sets associated with transitions

instead of time intervals, or provide a different type of time semantics to the nets, or associate sets of

possible values with tokens as it happens in PrT nets [34], in ER nets [39], and in Coloured Petri nets

[52]. Instead, dealing with other features of nets usually classified such as liveness properties, or

reachability, would require a different kind of axiomatization. A thorough discussion on different

types of properties is given in Section 5. Furthermore, possible ways towards both types of

generalization will be discussed in Section 6.

The rest of this section is organized as follows. Section 3.1 informally discusses the semantics of

timed Petri nets. Section 3.2 presents our axiomatization of timed Petri nets. Section 3.3 provides a

first set of simple properties proved by making use of this axiomatization. Section 3.4 discusses some

critical issues and Section 3.5 provides simplified axioms that exploit restricting hypotheses such as

boundedness.

3 . 1 The informal semantics of timed Petri nets

As we said, we refer mainly to the Merlin and Farber model [66] but we also discuss possible

alternative semantic choices and we point out critical spots. We assume some familiarity with the

literature on classical–non timed–Petri nets [79]. For the sake of generality, unbounded accumulation

of token in places is not prevented. A thorough discussion and comparison of several ways to

describe timing aspects in Petri nets is contained in [39]. That paper also provides a generalization of

all previous approaches and a full operational formalization thereof.

1 In the following presentation we also assume that there is at most one single arc between a place and a transition.
This is not a real restriction, since there are well known systematic equivalence-preserving transformations to
eliminate multiple arcs from Petri nets.
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In a timed Petri net (TPN) every transition v is associated with a pair of values [mv, Mv],

belonging to the temporal domain (with 0≤mv≤Mv≤∞). They are called, respectively, the lower and

upper bound of v, whereas the pair [mv, Mv] is called v’s time interval. Intuitively, the meaning of the

pair [mv, Mv] is that, once v is enabled by the presence of at least one token in each place of its preset,

it can not fire before a time mv elapsed (in the sequel we will call this property LB, since it originates

from the lowerbound of v) and it must fire within Mv unless in the meanwhile it is disabled by the

possible firing of another transition that is in conflict with it (this property will be referred to by UB,

since it refers to the upperbound of v). For instance, consider the net of Figure 3.1

v

rs

p q

u[4, 7]

Figure 3.1 A portion of a timed Petri net.

If transition s fires at time 0 and r fires at time 5, then v cannot fire before time 9. Furthermore, if

within time 12 neither v nor u fired, then v must fire (unless u fires exactly at that time.)

The above rule is the usual interpretation of TPNs. In [39] it is called strong time semantics (STS)

because it forces a transition to fire after its upperbound elapsed. In [39] it is also noted, however, that

this semantics is inconsistent with traditional Petri nets semantics, where a transition is never forced to

fire. For this reason, a new semantics is proposed besides STS, that is called weak time semantics

(WTS). In WTS a transition is never forced to fire, but it is stated that, if it fires, it must fire in a time

included in the interval [mv, Mv]. For instance, suppose that in the net of Figure 3.1 an upperbound

of 3 is associated with u. Then, in STS v could never fire; instead, in WTS it could happen that v

fires–after at least 4 time units since its enabling-because it would not be imposed that u fired before

(in that case u could not fire anymore by using the token that enabled it for more than 3 time units. In

[39] it is argued that both semantics may be useful in different contexts and thus both of them are

pursued. Here, however, we will mainly focus on STS which is more widely adopted, leaving WTS

for a few side remarks.

We point out that tokens are uniquely generated and consumed by transition firings. In particular

any firing of a transition consumes one and only one distinct token from each place in its preset (we

call this property IU, input unicity), and introduces one and only one token into each place of its

postset; that token can contribute to no more than a single transition firing (we call this property OU,

output unicity).

We now illustrate some consequences of these definitions on a few examples, in order to point out

some aspects of the semantics of timed Petri nets that are often left implicit or overlooked. For this

discussion we will refer to the portions of Petri nets described in Figure 3.2.
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Figure 3.2.  A sample of Petri nets fragments.

• Simultaneous firings. Unlike traditional Petri nets, in the timed version time is treated

explicitly. Hence, the notion of simultaneity of events becomes relevant, and any axiomatization of

the model should describe this feature in a natural and simple way. Contemporary transition

firings may occur in TPNs in two, deeply different, ways:

- Simultaneous and concurrent firings. This case is exemplified in Figure 3.2(g). Assume that

both s and v have mv = Mv = 3. Then, whenever r fires, s and v will both fire exactly 3 time

units later. It is clear that, in general, they could fire contemporarily if and only if the

intersection between their associated time intervals is not empty. A special case of simultaneous

and concurrent firing will be examined shortly (meaning of the lowerbound).

- Simultaneous but logically ordered firings (zero-time transitions). In general, it is not excluded

that, for some transition, mv–and possibly even Mv–are equal to 0. Without going into the

philosophical issue of the meaning of an event that takes no time to occur, we simply observe

that this abstraction is useful whenever the duration of the described event is negligible with

respect to the other time constants of the net and that it is widely adopted in the literature on

TPNs. To illustrate the consequences of this assumption, consider the fragment of

Figure 3.2(e). In this case, whenever r fires, s fires immediately too, although the intuition

associated with the usual interpretation of Petri nets would lead to say that s always fires after r.

Thus, we are compelled to clearly distinguish between logical ordering and temporal ordering,

although it is obvious that an event s that is the logical consequence of an event r cannot

precede r, it is not implied that s strictly follows r in time.

• Meaning of the lowerbound. Assume that in the net of Figure 3.2(a) mv = Mv = 3. Then, if

transition s fires in two instants that are 1 time units apart, so does transition v, with the same

delay. This semantics could not correspond to an intuitive interpretation of transition firing as

executing some action that takes a given time. For instance, v could be interpreted as executing

some algorithm on a datum that is modeled by the token produced in p. In such a case, if mv gives

the minimum time that is necessary to execute the algorithm, it is clearly wrong assuming that two

consecutive computations may occur at a distance of 1 time unit. This interpretation of transition

lowerbound is sometimes called the “recharge time”. Although there is no evidence that one of the
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two interpretations is preferable to the other one, we chose the former because it is more general,

since the latter can be easily simulated by the former by simply adding a new place–with a single

token assigned to it in the initial marking–that is both in the preset and in the postset of the

considered transition. For instance, Figure 3.2(f) shows how the fragment of Figure 3.2(a)

should be transformed if one wants that two consecutive firings thereof never occur in a time

interval that is shorter than mv.

As a side remark, notice that this semantics of the lowerbound may introduce another type of

simultaneous and concurrent firing of the same transition. An example thereof is supplied by the

fragment of Figure 3.2(d), assuming that r and s fire simultaneously and that mv = Mv = 3.

• Transitions with empty preset. In non timed Petri nets a transition v with no input places is

conventionally considered as always enabled. This would allow an extension of the semantics to

the timed case where, once the lowerbound mv elapsed after the initial time, v may fire an

unlimited number of times at any time. This interpretation is clearly of no use in most cases since it

reduces the meaning of mv to that of an initial delay with no impact in the subsequent behavior of

the net. Thus, we assume that such a transition cannot fire twice consecutively in less than mv time

units. If one wished to make this convention more explicit, it would suffice to add v a new place

that is both input and output thereof in much the same way as in Figure 3.2(f).

If in exceptional cases the other interpretation is preferred, this can be dealt with in several ways

that are left to the reader.

• Infinite upperbounds. If the upper bound time value Mv of a transition v is equal to ∞, then a

behavior in which v never fires, and tokens entering the places of its preset stay there forever is

admissible for the net. This is consistent with the traditional assumption that TPNs reduce to

classical Petri nets when, for every v, mv = 0 and Mv = ∞ [58].

If one looks at the possible intuitive meanings of the time interval [mv, ∞], however, this can also

be seen as “the limit for Mv → ∞ of [mv, Mv]”. Since in STS this means that v must fire in a time

t, such that mv ≤ t ≤ Mv unless previously disabled, we could deduce that the meaning of [mv, ∞]

is that v must fire in a time t<∞, what is different from saying that the semantics of the net is the

same as in non timed Petri nets, where an enabled transition could never fire. In other words a

fairness hypothesis could be assumed for the firing of enabled transitions (a transition cannot

remain enabled for an infinite time without firing). In our opinion, the new interpretation is more

consistent with STS, whereas the traditional one is more consistent with WTS. Since we decided,

however, to stay as close as possible to the most widely known literature on TPNs, we will

assume the original semantics for the interval [mv, ∞]. We propose instead the use of the symbol

‘ ’ to denote an unbounded finite value, i.e., the fact that the transition cannot remain enabled for

an infinite time without firing1.

1 From the point of view of the theory of computation it must be noticed that the ‘ ’ symbol denotes any finite
value in an infinite domain, which is uncomputable. This should not prevent, however, from using it in
specifications, by knowing a priori that it can only be implied by possible implementations (e.g., an
implementation that guarantees the firing within a fixed time satisfies, but is not equivalent to, the requirement of
guaranteeing the firing within ‘ ’).
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3 . 2 The axiomatization

We now introduce the formal description of timed Petri nets by means of TRIO axioms, according to

the above informal report of their semantics. First, we give axioms describing general properties that

are independent from the topology of the net; then, we present axioms that describe how the topology

of the net and time bounds associated with the transitions determine its behavior.

In the rest of the paper, it is intended that all axioms describing Petri nets semantics are temporally

universally quantified by an implicit Alw operator, and that all their free variables are implicitly

universally quantified.

3.2.1 Basic predicates and general axioms

We stated that the semantics of timed Petri nets admits multiple simultaneous firings of a single

transition. Accordingly, we define a time dependent predicate nFire(v, n) whose meaning is that at the

current time instant transition v fires n times (n = 0 means that v does not fire).

It will also be useful to refer individually to the i-th firing of a transition: for this purpose we

define a predicate fireth(v, i): its meaning is that there is an i-th firing of transition v at the current

time. Since the intended meaning of fireth(v, i) is that v does fire, we will impose that i is > 0.

Clearly, the predicates nFire and fireth are closely related, as expressed by the following axioms.

1 . fireth(v, i) is true for all and only those values of i that are less than, or equal to, the actual total

number of current firings of transition v.

FR(v) (Firing of v): fireth(v, i) ↔ (∃ n(n≥i ∧  nFire(v, n)) ∧  (i > 0))
2 . The number of transition firings in a given time instant is unique.

UFN(v) (Unique firing number of v): ¬∃ m∃ n (m≠n ∧  nFire(v, m) ∧  nFire(v, n) )

3 . There always exists a nonnegative number of firings for each transition.

NNF(v) (Nonnegative firing of v): ∃ n (n≥0 ∧  nFire(v,n) )

Unlike traditional Petri nets, the instantaneous marking of a TPN does not adequately characterize its

overall state: the duration of the token staying in places is significant too. This has been realized in

several ways in the literature: for instance, in [39] the temporal aspects of timed Petri nets are

described by assigning to each token a value representing the absolute time instant of its production.

In TRIO, reference to absolute time is intentionally avoided since it is considered inappropriate for the

description of time invariant systems. Thus, in order to uniquely identify tokens, we refer to the

events of their production and consumption (i.e., to the firings of transitions), and to the places where

they are inserted, or from which they are deleted. The temporal semantics of the nets will be ultimately

provided by imposing constraints on the distance in time among transition firings. On the contrary, the

notion of instantaneous marking will be formalized as a derived concept on the basis of transition

firing axioms.

The predicate tokenF(s, i, p, v, j, d) states that the token produced at the current instant by the i-th

firing of transition s enters place p and will be consumed by the j-th firing of transition v after d time

units. Of course, this implies that place p is in the postset of transition s and in the preset of transition
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v. We do not rule out the possibility that other transitions may be input to place p (and may even fire)

and v may be output to other places besides p.

tokenF is the key predicate in the present axiomatization of TPNs, since each one of its

occurrences uniquely identifies a single token produced and consumed in the net.

tokenF is asserted at the time instant of the firing of the first transition argument, s. For reasons of

simplicity and symmetry of the formulas, it is useful to introduce a dual predicate, tokenP, which has

the same meaning but refers to the time of firing of the second transition, i.e., the one that is output to

place p. Thus predicates tokenF and tokenP are related by the following axioms.

4 . FP (Future to Past): tokenF(r, i, p, s, j, d) ↔  Futr(tokenP(r, i, p, s, j, d), d)

5 . PF (Past to Future): tokenP(r, i, p, s, j, d) ↔  Past(tokenF(r, i, p, s, j, d), d)

tokenF and tokenP necessarily imply the firing of the involved transitions, as expressed by the

following axioms.

6 . FI (Future Implication): tokenF(r, i, p, s, j, d) → fireth(r, i) ∧  Futr(fireth(s, j), d)

7 . PI (Past Implication): tokenP(r, i, p, s, j, d) → fireth(s, j) ∧  Past(fireth(r, i), d)

The above axioms state the only properties that hold independently from the related transitions and

from the net topology. Other properties are specified by means of axioms that differ from case to case.

Because of the presence of six arguments, the token predicates may be regarded as exceedingly

complex; nevertheless, all their arguments are necessary to allow the description of nets in their full

generality. Specifically, the indexes i and j referring to transition firings are necessary for the

description of simultaneous firings when the described net is not 1-bounded, and the name of the

place laying between the two transitions is necessary for the description of complex topologies. It will

be apparent from the succeeding examples that some of these arguments can be omitted in many

relevant particular cases, thus permitting a significant reduction of complexity of the axiomatization.

This will be exploited in Section 3.5.

3 . 2 . 2 Topology-dependent axioms

We now illustrate the axiomatization of the behavior of TPNs as determined by the net topology and

the time bounds associated with the transitions. In order to make the presentation more intuitive and

understandable, we will refer to the simple net fragments of Figure 3.2, that were used as examples in

the foregoing informal account of the semantics. They are general enough, however, to cover most

cases of normal use, such as the examples discussed in Section 4. In Appendix III, a more general

scheme to derive axioms from the topology and the time intervals associated with the transitions will

be presented. It will appear that such a scheme can be made even algorithmic.

Lowerbound axioms

The axiomatization of the LB property–which is simpler than the UB property–will be exemplified

only for the net fragment of Figure 3.2(d). In this case LB prescribes that when transition v fires, it

must consume a token produced by a preceding firing of transition r or by one of transition s no less

than mv time units before.
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8 . LB(v):   fireth(v, i) → ∃ d d≥mv ∧  

∃ j tokenP r, j, p, v, i, d

∨
∃ j tokenP s, j, p, v, i, d

This axiom can be easily generalized to the case when the preset of the transition includes several

places.

Upperbound axioms

We now turn to the axiomatization of the UB property: this will be illustrated by referring to three

different examples, those of Figure 3.2(c), 3.2(d), and 3.2(b), because it takes different forms (which

can however be reduced to a single general scheme), depending on the topology of the described net.

We assume here that for any transition v, the upperbound time has a finite value: the cases when Mv is

equal to ‘∞’ or to the special value ‘ ’ informally introduced in Section 3.1 deserve a separate

discussion, to be provided in the final part of this section.

9. For the net fragment of Figure 3.2(c) the UB property may be intuitively formulated as follows: it

can never be the case that two tokens stay in places p and q for more than Mv time units. More

precisely, it can never happen that a token has been produced by a firing of transition r and one has

been produced by s, both more than Mv time units ago, and none of them has been consumed by a

firing of transition v. This is expressed in terms of a TRIO axiom as follows.

UB.c (Upperbound related to Figure 3.2(c)):

 

¬

dr≥Mv ∧  Past fireth r, i , dr  ∧  ¬∃ dv dv≤dr ∧  ∃ k Past tokenP r, i, p, v, k, dr-dv , dv

∧
ds≥Mv ∧  Past fireth s, j , ds  ∧  ¬∃ dv dv≤ds ∧  ∃ k Past tokenP s, j, p, v, k, ds-dv , dv

or, equivalently:

UB.c’:

dr≥Mv ∧  Past fireth r, i , dr

∧
ds≥Mv ∧  Past fireth s, j , ds

 →
∃ dv dv≤dr ∧  ∃ k Past tokenP r, i, p, v, k, dr-dv , dv

∨
∃ dv dv≤ds ∧  ∃ k Past tokenP s, j, p, v, k, ds-dv , dv

10. For the fragment of Figure 2(d) the UB axiom is the following, fairly natural, modification of

UB.c.

UB.d (Upperbound related to Figure 3.2(d)):

dr≥Mv ∧  Past fireth r, i , dr  → ∃ dv dv≤dr ∧  ∃ k Past tokenP r, i, p, v, k, dr-dv , dv

∧
ds≥Mv ∧  Past fireth s, j , ds  → ∃ dv dv≤ds ∧  ∃ k Past tokenP s, j, p, v, k, ds-dv , dv

The two conjuncts of UB.d are called UB.d(r, v) and UB.d(s, v) since they relate the firings of

transitions r and v and s and v, respectively. They are asserted at (i.e., they implicitly refer to) a time

different from the firing times of both transitions, for similarity with UB.c. They take, however, a
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simpler and more intuitive form if asserted at the time of the firing of transitions r and s, as shown

below.

UB.d(r, v)’: fireth(r, i) → ∃ d (d≤Mv ∧  ∃ k tokenF(r, i, p, v, k, d))

UB.d(s, v)’: fireth(s, j) → ∃ d (d≤Mv ∧  ∃ k tokenF(s, j, p, v, k, d))

11. The last instance of UB axiomatization refers to the net of Figure 3.2(b). There are now two

conflicting transitions, s and v. Thus, the axiomatization of UB must impose the firing of either s or

v. We give two separate axioms for the two transitions.

UB.b(s):    fireth r, i  → ∃ d d≤Ms ∧  

∃ j tokenF r, i, p, s, j, d

∨
∃ j tokenF r, i, p, v, j, d

UB.b(v):    fireth r, i  → ∃ d d≤Mv ∧  

∃ j tokenF r, i, p, s, j, d

∨
∃ j tokenF r, i, p, v, j, d

These axioms have a form that is similar to the previous UB axioms, but they take into account the

fact that transitions s and v share the input place p.

The reader has probably noticed that UB.b(s) and UB.b(v) could be easily unified by substituting

both Ms and Mv with the minimum between the two. We chose however the formulation above since

it is more general and can therefore be extended more easily to other more complex net topologies as it

will be illustrated in Appendix III.

Unicity axioms

The property of output unicity, stating that any transition firing introduces one and only one distinct

token in each place of the postset, can be expressed in the typical form of unicity axioms. Similar

remarks hold for input unicity.

With reference to the net of Figure 3.2(b) output and input unicity axioms take the following form.

12.OU(r) (Output Unicity):  tokenF(r, i, p, t1, j, d) ∧  tokenF(r, i, p, t2, k, e) → t1=t2 ∧  j=k ∧  d=e

OU(r) is useful in avoiding inconsistent derivations in presence of a conflict among transitions sharing

an input place, since one given token cannot be consumed by two distinct firings.

13.IU(s) (Input Unicity for s): tokenP(r, i, p, s, j, d) ∧  tokenP(r, k, p, s, j, e) → i=k ∧  d=e

 IU(v) (Input Unicity for v): tokenP(r, i, p, v, j, d) ∧  tokenP(r, k, p, v, j, e) → i=k ∧  d=e

Marking axioms

The predicate marked(p,n) describes the fact that place p currently contains n tokens. In our approach,

the evolution of the net is axiomatized in terms of transition firings and token

production/consumption. Hence, the notion of marking is essentially a derived one.

Two fundamental axioms regarding the predicate marked state the conditions under which the

marking of a given place remains unchanged or is modified. These axioms, together with the

description of the initial marking–to be given next–and the axiomatization of the firing behavior of the
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net can uniquely determine the number of tokens in all places during the evolution of the net. For

simplicity, the marking axioms will be illustrated on the simple net of Figure 3.2(d) but it will be

evident that the generalization for an arbitrary number of input and output transitions to the place is

straightforward.

14. The first axiom, called Marking Invariance, states that the marking of place p does not change

except when a suitable combination of firings of transitions r, s, v occurs. Since we admit the

possibility of multiple simultaneous firings for both one given transition and for distinct transitions,

the difference between the total number of firings of input and output transitions must be considered.

MI(p) (Marking Invariance of p):

marked(p, n) → Untilw marked p, n , ∃ i ∃ j ∃ k i+j≠k ∧

nFire(r, i)

∧
nFire(s, j)

∧
nFire(v, k)

15. The second axiom, called Marking Change, asserts that the marking changes from the moment

(included) of the firing of transitions that generate it.

MC(p) (Marking Change):

UpToNow marked p, n  ∧

nFire(r, i)

∧
nFire(s, j)

∧
nFire(v, k)

 ∧  i+j≠k → marked p, n+i+j-k

Initial marking axioms

Axioms MI and MC specify only the variations in the number of tokens included in the different

places, not its absolute values. The actual marking may be different for distinct executions of the same

net, depending on the initial marking, i.e. the state from which the evolution of the net is assumed to

start. Consequently the initial marking is described by means of separate, additional axioms that are

not asserted for all execution sequences of the net, but only for those starting from the described initial

configuration.

When describing the initial state of a net, it is not sufficient to assign the number of tokens that are

present at a given time in the places of the net: their production time must also be indicated. We

present here a solution that we prefer to others for reasons of simplicity and practical usefulness. It is

not the only possible solution but it is general enough to cope with the description of the initial

markings of TPNs in the great majority of real-life cases.

In order to axiomatize the initial marking of the net without invalidating previous axioms and

without requiring any preceding firing of transitions in the net we assume, as suggested in Figure 3.3,

that, for each place p in the net, there is one extra transition itp (initializing transition for p) that is

input only to p and is output to no place; we also assume that itp time lowerbound is 0 so that it may

fire any number of times at any instant. Then, we describe the initial marking of p in terms of a given
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set of firings of itp. We write initialMarking(p, k) to assert that in the initial state place p contains k

newly created tokens.

1 6 . initialMarking(p, k) must satisfy the following axiom, where vi, i = 1..k, denote any transition

other than itp that is either input or output of p.

IM(p) (Initial Marking of p):

initialMarking p, k  ↔ 
marked p, k  ∧  nFire itp, k  ∧  

AlwP nFire itp, 0  ∧  AlwF nFire itp, 0  ∧  AlwP nFire vi, 0∧
i=1

k

p

itp

. . . . . . .

. . . . .

Figure 3.3. The dummy transition that “builds” the initial marking.

IM(p) states that itp fires exactly k times at the current instant and does not fire in any other instant

either in the past or in the future. No other transition of the net must fire before the instant at which IM

is asserted.

More complex–but of questionable practical usefulness–cases, such as the presence of tokens of

different age in a place, can be easily modelled by suitable variations of IM.

Then, a formula ι  describing the initial configuration of a net is defined as

ι   =def ∧ j initialMarking(pj, kj)

In order to prove that the specified initial marking ensures a property π of the net, the theorem  ι   π
(or, equivalently  ι  → π) must be derived in the proof system.

Infinite and unbounded upperbounds

Let us now consider the case that Mv = ∞. For simplicity, we will do this with reference to the net

fragment of Figure 3.2(a), since the extension to more general configurations is straightforward.

It is clear that the UB axioms for Figure 3.2(a) can be obtained from that of Figure 3.2(d) by

erasing one of the two conjuncts, i.e.:

UB.a(v): fireth(s, i) → ∃ d (d≤Mv ∧  ∃ k tokenF(s, i, p, v, k, d))

If in UB.a we simply replace Mv by ∞, we obtain

1 7 . (•) fireth(s, i) → ∃ d ∃ j tokenF(s, i, p, v, j, d).

A simple analysis immediately shows, however, that (•) does not correspond to the traditional

meaning of an infinite upperbound in TPNs, since it forces v to fire, though with no temporal bound.

This confirms our previous claim that the traditional semantics of TPNs for infinite time upperbound

is more consistent with weak time semantics than with strong time semantics.
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Instead, (•) is perfectly adequate to describe the semantics of the upperbound ‘ ’ which was

proposed informally in Section 3.1. Thus we will refer to (•) as the UB .a(v) axiom.

On the contrary, the conventional semantics of Mv = ∞ does not require any axiom at all for the

UB property since this allows, after a firing of s, both v firing–at any time–and the fact that v never

fires.

Weak time semantics

The previous discussion on infinite and unbounded upperbounds can also be used to give a few hints

on the axiomatization of WTS. Again, let us refer simply to the fragment of Figure 3.2(a). Intuitively,

the WTS of the net only states that, if v fires, then it must consume a token that has been produced by

the firing of s in a past instant that is included within the interval [mv, Mv]. This is formalized by the

following axiom, which unifies LB and UB properties.

WTS.a: fireth(v, i) → ∃ d (mv ≤ d ≤ Mv ∧  ∃ k tokenP(s, k, p, v, i, d))

On the other hand the firing of s has no implication at all, since, after its firing, it may happen both

that v fires (within [mv, Mv]) and that it never fires (to consume the token produced by s).

3 . 3 Examples

In this section we provide a first set of simple examples of application of the axioms given in

Section 3.2 to the proof of properties of given TPNs. As in Section 2.4.2 the purpose of these

examples is both to illustrate the use of the axiom system and to set up a useful set of “lemmas” that

will be exploited for the derivation of more complex proofs. Again, we will fully report only the

proofs of some more interesting cases, whereas other properties will be simply claimed as theorems.

For future use, theorems are listed as TPN.i.

1. The first theorem refers to the minimum time elapsing since a token is produced till it is consumed.

For any pair of transitions s and v connected via a place p the following property holds.

TPN.1: tokenF(s,i,p,v,j,d) → mv ≤ d

We present the proof considering the net of Figure 3.2(d), its generalization using the axioms

presented in Appendix III is straightforward. First, we prove the following lemma:

LPN.1 : tokenP(s,i,p,v,j,d) → mv ≤ d

Proof of LPN.1:

1.tokenP(s,i,p,v,j,d) Hyp

2. fireth(v,j) 1, PI

3. ∃ e(mv ≤ e ∧  (∃ k(tokenP(r,k,p,v,j,e)) ∨ ∃ k(tokenP(s,k,p,v,j,e)))) 2, LB(v)

4. ∃ e(mv ≤ e ∧  ∃ k(r = s ∧  i = k ∧  d = e)) 1, 3, IU(v), MP

5. mv ≤ d 4, Ax6

6. tokenP(s,i,p,v,j,d) → mv≤ d 1÷5, DED

Proof of TPN.1:
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1. tokenF(s,i,p,v,j,d) Hyp

2. Futr(tokenP(s,i,p,v,j,d),d) 1,  F P

3. Futr(mv≤ d,d) 2, LPN.1, Ax.9, MP

4. mv≤ d 3, Th. iv

5. tokenF(s,i,p,v,j,d) → mv≤ d 1÷4, DED

2. Consider again the net of Figure 3.2(a), where v’s time intervals is [1, 3]. Then, the following

theorem states that, whenever s fires, v will fire in time that is included in the interval [1, 3].

TPN.2: fireth(s,i) → ∃ d(1 ≤ d ≤ 3 ∧  Futr(∃ j fireth(v,j),d))

Proof:

1. fireth(s,i)  Hyp.

2. ∃ d( d ≤ 3 ∧ ∃ j tokenF(s,i,p,v,j,d)) 1, UB(v), MP

3.D ≤ 3 ∧ ∃ j tokenF(s,i,p,v,j,D) 2, EI(d)

4. 1 ≤ D 3, TPN.1, MP

5. 1 ≤ D ≤ 3 ∧ ∃ j Futr(fireth(v,j),D) 3, 4, FI, TD

6. 1 ≤ D ≤ 3 ∧ Futr(∃ j fireth(v,j),D) 5, Th. vii

7. ∃ d( 1 ≤ d ≤ 3 ∧ Futr(∃ j fireth(v,j),d)) 6, ∃− intro

8 fireth(s,i)→∃ d( 1 ≤ d ≤ 3 ∧ Futr(∃ j  fireth(v,j),d)) 1÷7, DED

3. Consider the net of Figure 3.2(b), with [ms, Ms] = [1, 3] and [mv, Mv] = [4, 7]. Then, the

following theorem states that v will never fire.

TPN.3: Alw(¬∃ i fireth(v,i))

Proof.

By TG, TAUT, and GEN, it suffices to derive ¬fireth(v, i). This will be done by contradiction.
1. fireth(v,i) Hyp.

2. ∃ d (d ≥ 4 ∧  ∃ j tokenP(r,j,p,v,i,d))  1, LB(v)

3. ∃ d (d ≥ 4 ∧  tokenP(r,J,p,v,i,d)) 2, EI

4. ∃ d (d ≥ 4 ∧  Past(tokenF(r,J,p,v,i,d), d) ) 3, PF

5. ∃ d (d ≥ 4 ∧  Past(fireth(r,J), d) ) 3, PI

6. ∃ d (d ≥ 4 ∧  Past(∃ e(0≤e≤3 ∧  (∃ k tokenF(r, J, p, s, k, e) ∨ ∃ k tokenF(r,J,P,v,k,e))), d)) 5, UB(s)

7. ∃ d (d ≥ 4 ∧  Past(∃ e(0≤e≤3 ∧  ∃ k(tokenF(r, J, p, v, k, e) ∧  k=i ∧  d=e)), d)) 4, 6, OU(r)

8. ∃ d (d ≥ 4 ∧  ∃ e(0≤e≤3 ∧  d=e)) 7, Th vii, Th. iv

9. ¬ fireth(v, i) 1÷8, by contradiction, since 8 is false

A direct consequence of TPN.3 and axiom UB(s) is the following corollary, that asserts that the time

bounds have resolved the original non-determinism of the net shown in Figure 3.2(b).

TPN.4: fireth(r,i) → ∃ d(1 ≤ d ≤ 3 ∧  Futr(∃ j fireth(s,j),d))
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3 . 4 Assessment of the proposed axiomatization

Let us now briefly comment on the axiomatization of TPNs that has been proposed in Section 3.2.

A more naive and seemingly simpler axiomatization of timed Petri nets could be based on the

predicate marked(p, n) as a fundamental predicate describing the state of the net in terms of the

number n of tokens currently present in each place p of the net. Such a predicate could be used to

express the enabling conditions for transitions and the consequences of their firings. This kind of

axiomatization would be perhaps more appealing from an intuitive point of view, mostly because in

traditional Petri nets the behavior of the net can be characterized by referring exclusively to the current

marking, independently from any previous transition firings, and considering all tokens residing in a

place at a certain step of the computation as indistinguishable.

This kind of axiomatization, however, would suffer from a fundamental flaw: in timed Petri nets

the bare marking (intended as the number of tokens included in each place) is not sufficient to

characterize the state of the net, and, in particular, the “age” of the tokens, which is the critical aspect

in determining the enabling condition for transitions. For instance, consider the net fragment depicted

in Figure 3.4(a). A description of the net based on the marked predicate would include an axiom

stating that “if place p holds a token for 3 time units, then transition u may fire”. Now, imagine that at

time 0, starting with an empty place p, transition r fires, and at time 2 both r and v simultaneously fire,

so that the number of tokens in place p remains unchanged. Then, at time instant 3 transition u may

fire, according to an axiomatization based solely on the marking of places, because the first token

produced by r could not be distinguished by the second: the axiom would only require the presence in

the preset of a transition of a sufficient number of tokens for a sufficiently long time interval.

r

p

u v

[1, 10]

[3, 3] [1, 5]

(a)
   

[1, 1]

[1, 1]

[1, 1]

[1, 1]

(b)
     

[ , M]ε

p q

r

s

[k, k]

[k, k]

(c)

w

Figure 3.4  Some critical cases of TPNs.

In some cases the age of tokens in a place can be modelled indirectly by considering the successive

variations in the markings, but sometimes such a description is not possible or is practically

unfeasible. For instance, consider the net of Figure 3.4(b): as far as marking is concerned, the net

never changes its state, since every consumed token is instantaneously replaced by another one. Thus

any description based exclusively on the marking would be unable to characterize transition firings,

which take place according to a precise and well understood pattern.
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As a further example, consider Figure 3.4(c), where ε and M represent arbitrarily small and

arbitrarily large time constants respectively, and where k is any constant greater than ε and less than

M. During an execution of the net it may happen that places p and q contain an arbitrary number of

tokens, each of any age between zero and k. Each token entered in p by a firing of w will give rise to

an endless sequence of alternate firings of r and s with repetition period 2⋅k, independently from (but

in addition to) the firings caused by other tokens. Describing this behavior purely in terms of marking

would be exceedingly complex, whereas in our framework the description is straightforward, as the

reader can easily verify.

Another fundamental inadequacy of an axiomatization based on the marked predicate is its inability

to deal with zero-time transitions. Intuitively, the enabling condition of any transition r of the net, if

stated in terms of the marking, would require a certain marking of r’s preset to hold for at least mr time

units in order for r to be enabled and fire. However, when mr=0 the above-stated requirement would

be trivially satisfied, since at any time any marking held for the at least the last 0 time units. This fact

implies that referring only to the marking of the net is not sufficient to axiomatize the firing conditions

of zero-time transitions: an explicit reference to other transition firings is indispensable.

On the contrary, in our axiomatization the description of zero-time transitions comes completely

for free as a special case of the axioms given in Section 3.2. Simply, when a transition has a zero

lowerbound or upperbound it may happen that the corresponding LB and UB axioms are satisfied by

assigning extreme values to some of the (quantified) variables. We also emphasize that the axioms

remain valid also because tokenF and tokenP predicates admit a time value greater than or equal to

zero, and the temporal operators Futr(α, t) and Past(α, t) are not strict, i.e., they allow the possibility

that their temporal argument t be null, so that the non-temporal argument α  may take place at the

current time instant. As an example, consider the net fragment of Figure 3.2(e). The axioms for the

net imply that when transition r fires, transition s fires immediately, i.e. at the same time. Thus the

firings of the two transition are in fact simultaneous, which does not contradict common intuition if

we distinguish, as in Section 3.1, between logical and temporal ordering among transition firings.

Similarly, the fact that–assuming mv>0–when transition r fires, place p remains empty and the token

flows directly into place q may seem contrived. This is just a convention, however, that is assumed in

the axiomatization. It is easy to verify that allowing the token to stay even for one single time instant in

place p would lead to a contradiction.

In conclusion, to deal adequately and in a simple and general way with cases such as simultaneous

firings, zero-time transitions, and unbounded nets it is necessary to identify precisely the tokens

produced by the firing of a transition. More comments on these subtle points of TPN semantics and

on alternative approaches will be briefly given in the Section 6.1

1 Yet another comment on the proposed axiomatization could show that some intricate cases, such an unbounded
number of firings in an arbitrarily small time interval, are not completely formalized by our marking axioms. We
deliberately decided, however, not to go deep into this topic that would be of interest almost exclusively from a
mathematical point of view. In fact, in the next Section 3.5 we will introduce a natural hypothesis that rules out a
priori such intricate situations.
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3 . 5 Simplified axioms for particular cases

In this section we show how assuming some restricting hypotheses–which are, however, satisfied in

many cases of practical interest–can highly simplify our axiom system, with the result that we must

pay the price for high generality only when we use it. We will first exploit 1-bounded nets1; then, we

will introduce a very simple restriction in the topology of the nets.

1-bounded TPNs

In Section 3.1 we informally discussed the possibility of several simultaneous firings of the same

transition. Accordingly, in Section 3.2 we introduced the basic predicates nFire(r, n) and fireth(r, i),

to state that transition r fires n times and, respectively, to denote the i-th firing of r. As a consequence,

the predicate tokenF(r, i, p, s, j, d) has two indices i and j denoting which of the (possibly multiple)

firings of transitions r and s generate or consume the considered token.

The following metatheorem, however, shows that, under very broad hypotheses, in a 1-bounded

TPN no simultaneous multiple firings of any transition can occur.

Theorem 3.1

Assume that in a timed Petri net no transition has an empty postset, and that there are no cycles for

which the sum of the lowerbounds of the included transitions is zero. Then, if the net is 1-bounded,

i.e., if at no time any place may contain more than one token, no multiple simultaneous firings of a

given transition can occur.

Outline of the proof

By contradiction, assume that a transition v fires several times, say, twice, simultaneously. Let us

show that it may happen that the two tokens produced by the firings of v will eventually accumulate in

some place, contradicting the 1-boundedness hypothesis. In fact, consider a place p of the

(non-empty, by hypothesis) postset of v. If p does not belong to the preset of any other transition, or

if all transitions having p in their preset have strictly positive lowerbounds, then the tokens will

accumulate in p, contradicting the 1-boundedness hypothesis. Otherwise, the same argument can be

(inductively) applied to any of the transitions having null lower bounds times: since all transitions

have non empty postsets and there are no zero-time cycles, sooner or later the tokens will accumulate

in a place that belongs to the preset of a transition with a lowerbound greater than zero.

Notice, in particular, that the contention applies even to the case when place p is input to several

conflicting transitions with zero lower bound, as shown in the example of Figure 3.5, because of the

nondeterministic behavior of Petri nets. In the example of Figure 3.5 if transition a fires twice, the two

tokens could be consumed one by transition b and one by c, but they could also be consumed by two

simultaneous firings of b. Thus, the net is not 1-bounded.

1 Notice that our conventions on the marking change (Axiom MC) allows to consider as 1-bounded nets such as that
depicted in Figure 3.4(b) that would probably not be considered as 1-bounded on the basis of an intuitive analysis.
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a

b c

d e

[2,2] [2,2]

[0,0] [0,0]

[0,0]

Figure 3.5 A TPN with non zero-time cycles

Thanks to Theorem 3.1, whenever its hypotheses are fulfilled, since any transition may fire only once

at any time, predicate nFire(r, n) reduces to fire(r) (which is true if transition r fires at the current time,

and false otherwise) and predicate fireth(r, i) becomes superfluous. Similarly, predicates tokenF and

tokenP can reduce their arguments to the involved transitions, place, and time term. All axioms are

therefore simplified accordingly. For instance, axiom LB(v) is transformed as follows.

LB(v):   fire(v) → ∃ d d≥mv ∧  

tokenP r, p, v, d

∨
tokenP s, p, v, d

We leave the analysis of other axioms to the reader. Anyway, their use will be illustrated by the

following examples.

Topological restrictions

A different kind of simplification in the axiomatization depends exclusively on the topology of the net.

The predicate tokenF(r, i, p, s, j, d) explicitly refers to the place where the token produced by the

firing of r transits before being consumed by a firing of s. This explicit reference to the place is

needed, in general, when the firing of a transition v may consume tokens inserted by a unique firing

of a transition s into distinct places of the preset of v, as shown by Figure 3.6. In this case

tokenF(s,i,p,v,j,d) refers to the token inserted by the firing of transition s into place p, while

tokenF(s, i,q,v,j,d) denotes the token inserted (by the same firing of s) into place q.

r s w

v

p q

Figure 3.6 Two places that are both in the postset of a transition and in the preset of another transition.

In many cases, however, for any pair r, s of transitions of the net there is at most one place that

belongs both to the postset of r and to the preset of s. So, when we say that a token produced by the

i-th firing of r is consumed after d time units by the j-th firing of s there is no ambiguity on which

place has been holding the token in the time elapsing between the two firings, and we may simply
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write tokenF(r,i,s,j,d). The way our axioms can be simplified by taking these considerations into

account is apparent, so we do not illustrate it further. We will just make use of such a simplified

version of predicates token whenever useful and applicable.

Next, we illustrate the use of simplified predicates and axioms through a few further examples.

1. Consider the portion of TPN depicted in Figure 3.7. It is a slight modification of of the fragment

of Figure 3.2(b): in fact, the new arrow shows that transition s has other places besides p in its preset.

This clearly invalidate the property previously proved as Theorem TPN.4. Instead, the following,

weaker, property holds, which will be formalized and proved in the simplified axiomatization that can

be used in the hypothesis of Theorem 3.1. We will use also the simplified version of predicates token

since there is a single place joining r and s, and r and v.

r

p

s v[1,1] [3,3]

Figure 3.7 A conflict with multiple-input transitions.

TPN.5: fireth(r) → ∃ d (1≤ d ≤ 3 ∧  ( Futr(fireth(s),d) ∨ Futr(fireth(v),d) )

Proof

1. fire(r)  Hyp

2. Dist(Dist(fire(r),-3),3) 1, Ax. 7, Ax. 8

3. Dist( ∃ d(0≤d≤3 ∧  Dist(tokenP(r,s,3-d) ∨  tokenP(r,v,3-d),-d) ),3) 2, def. of Past, UB(v), MP

4. ∃ d(Dist(0≤d≤3 ∧  Dist(tokenP(r,s,3-d) ∨  tokenP(r,v,3-d),-d) ,3)) 3, Th vii

5. ∃ d(Dist(0≤d≤3, 3) ∧ Dist(Dist(tokenP(r,s,3-d)∨ tokenP(r,v,3-d),-d) ,3)) 4, Ax.9÷10

6.∃ d(0≤d≤3 ∧  Dist(Dist(tokenP(r,s,3-d) ∨  tokenP(r,v,3-d),-d) ,3)) 5,Th iv

7 ∃ d(0≤d≤3 ∧  Dist(tokenP(r,s,3-d) ∨  tokenP(r,v,3-d) ,3-d)) 6, Ax.8

8. ∃ e(0≤e≤3 ∧  Dist(tokenP(r,s,e) ∨  tokenP(r,v,e) ,e) ) 7, TD

9. ∃ e(0≤e≤3 ∧  ( Dist(tokenP(r,s,e),e) ∨  Dist(tokenP(r,v,e) ,e) ) ) 8, Ax.9÷10

10 ∃ e(0≤e≤3 ∧  ( tokenF(r,s,e) ∨  tokenF(r,v,e) ) ) 9, PF (twice)

11 ∃ e(0≤e≤3 ∧  ( (tokenF(r,s,e) ∧ e≥1 ∨  tokenF(r,v,e) ∧ e ≥ 3) ) ) 10, TPN.1 for transitions.(r,s) and (r,v)

12 ∃ e(0≤e≤3 ∧  (tokenF(r,s,e) ∧ e≥1) ∨  (tokenF(r,v,e) ∧ e ≥ 1) ) 11, TD: e ≥ 3 →  e ≥ 1

13.∃ e(0≤e≤3 ∧  (e ≥ 1) ∧ (tokenF(r,s,e) ∨  tokenF(r,v,e)) ) 12, TAUT: ((α∧δ) ∨ (β∧δ)) → ((α∨β) ∧ δ)

14.∃ e(1≤e≤3 ∧ (Futr(fire(s),e) ∨  Futr(fire(v),e)) ) 13, FI, FI

15. fire(r) →∃ e(1≤e≤3 ∧ (Futr(fire(s),e) ∨  Futr(fire(v),e)) ) 1÷14, DED

2. The next example illustrates the semantics provided for the case of transitions without preset:

according to the informal discussion of Section 3.1, a transition s without preset should be considered

as connected to a "dummy" place p, as shown in Figure 3.8, which in turn has a single input

transition itp. For such a configuration we wish to prove that transition s never fires more than once in
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less than ms time units (assuming that it is enabled by a dummy initial marking of p consisting of a

single token). This property is formalized by the formula below.

TPN.6.: nFire(itP,1) → (AlwF(fire(s) → Lasts(¬fire(s),ms)))

Notice that the first clause of the statement uses predicate nFire in its general form, whereas the

second part uses the simplified predicate fire. This formulation emphasizes the method through which

the proof is derived. In fact, such a proof consists of two main steps: first, the following lemma is

proved.

TPN.7: intitialMarking(p,1) → AlwF(marked(p,1))

Clearly, TPN.7 states that place p is always 1-bounded. Once this fact is stated, the rest of the proof–

which is by contradiction–can be carried over by using the simplified axioms. Notice that we can

exploit simplified axioms even in a “local” way, in the sense that, in order to analyze the firing

properties of s, only p’s 1-boundedness is relevant, since the firing of s is certainly not affected by the

marking of other places.

Proof of TPN.7:

1. initialMarking(P,1) Hyp

2. nFire(itP,1) ∧ marked(P,1) ∧ AlwF(nFire(itP,0)) 1, IM(P)

3. AlwF(∀ i ∀ k (nFire(s,i) ∧  nFire(s,k) → i=k)) UFN(s)

4. AlwF(∀ i ∀ k (nFire(s,i) ∧ nFire(itP,0) ∧  nFire(s,k) →i+0=k))  2, 3, Arit.

5. AlwF(∀ i ∀ j ∀ k (nFire(s,i) ∧ nFire(itP,j) ∧  nFire(s,k) →i+j=k)) 4, 1, UFN(itP)

6. AlwF(¬∃ i ∃ j ∃ k (nFire(s,i) ∧ nFire(itP,j) ∧  nFire(s,k) ∧ i+j≠k)) 5, ∀≡¬∃¬, TAUT1.

7. Untilw(marked(P,1), ∃ i ∃ j ∃ k(i+j≠k ∧ nFire(s,i) ∧ nFire(itP,j) ∧  nFire(s,k))) 1,MI(P),MP

8. AlwF(marked(P,1)) ∨  ∃ t(Futr(∃ i ∃ j ∃ k(i+j≠k ∧ nFire(s,i) ∧ nFire(itP,j) ∧  nFire(s,k)),t) ∧  Lasts(marked(P,1),t)) 

7, Untilw D e f .

9. AlwF(marked(P,1)) 6, 8, TAUT2

10. intitialMarking(P,1) →AlwF(marked(P,1))  1÷9, DED

Proof  of TPN.6 (By contradiction):

1. nFire(itP,1)  ∧  ¬AlwF(fire(s) → Lasts(¬fire(s),ms)) Hyp.

2. SomF(fire(s) ∧  WithinF( fire(s),ms)) 1, Morgan Laws, SomF and Withinee Def.

3. Futr(fire(s) ∧  WithinFee( fire(s),ms),T) 2, EI(SomF)

4. Futr(fire(s) ∧  ∃ e (Futr( fire(s),e) ∧   e < ms),T) 3, WhithinF Def.

For notational simplicity we will omit the outmost temporal operator Futr(a,T)

5. fire(s) ∧  Futr( fire(s),E) ∧   E < ms   4, EI(e)

6. ∃ d( d ≥ ms ∧  (tokenP(s,P,s,d) ∨  tokenP(itP,P,s,d))) 5,LB(s)

7. Futr(∃ d( d ≥ ms ∧  (tokenP(s,P,s,d) ∨  tokenP(itP,P,s,d))),E) 5, 6, TT(E )

1 The tautologys  α→β ↔ ¬(α∧¬β) is used
2 The tautology (α∨β)∧¬β  →α is used (6 is β while the second disjoint of 8 is ¬β).
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8. ∃ d( d ≥ ms ∧ Futr(tokenP(s,P,s,d) ∨   tokenP(itP,P,s,d),E)) 7,Th. vii, Th iv.

9. ∃ d( d ≥ ms ∧ Futr(Past(tokenF(s,P,s,d),d) ∨   Past(tokenF(itP,P,s,d),d),E)) 8, PF, PF

10. ∃ d( d ≥ ms ∧ Futr(Past(tokenF(s,P,s,d),d),E) ∨  Futr(Past(tokenF(itP,P,s,d),d),E)) 9, Ax9

11. ∃ d( d ≥ ms ∧ ( Past(tokenF(s,P,s,d),d-E) ∨  Past(tokenF(itP,P,s,d),d-E))) 10, 5, Ax8, TD (E < ms ≤  d)

12. ∃ d( d ≥ ms ∧   (Past( tokenF(s,P,s,d),d) ∨   Past( tokenF(itP,P,s,d),d)) ) 6, PF, PF

11 and 12 lead to  four possibilities:

α = ∃ d( d ≥ ms ∧  (Past( tokenF(s,P,s,d),d)) ∧  ∃ e( e ≥ ms ∧ ( Past( tokenF(s,P,s,e),e-E))

β = ∃ d( d ≥ ms ∧ Past( tokenF(itP,P,s,d),d)) ∧  ∃ e( e≥ ms ∧ ( Past( tokenF(s,P,s,e),e-E))

γ = ∃ d( d ≥ ms ∧  (Past( tokenF(s,P,s,d),d)) ∧  ∃ e( e ≥ ms ∧ ( Past(tokenF(itP,P,s,e),e-E))

δ = ∃ d( d ≥ ms ∧ Past( tokenF(itP,P,s,d),d)) ∧ ∃ e( e ≥ ms ∧ ( Past( tokenF(itP,P,s,e),e-E))

13. α ∨ β ∨ γ ∨ δ 11, 12

14.. α, d=e-E   ∃ d( d ≥ ms ∧  Past( tokenF(s,P,s,d) ∧  tokenF(s,P,s,e),d)) TD, Ax9

15.. α, d=e-t   ∃ d( d ≥ ms ∧  Past(nFire(s,k) ∧  K ≥ 2)) 14, FI, e ≠ d, OU(s), FR(s)

15 contradicts the assumption of the simplified notation Alw(nFire(s,k) ∧  K ≤ 1))

16. α, d≠e-E   ∃ d( d ≥ ms ∧  Past( fire(s),d)) ∧  ∃ e( e ≥ ms ∧ Past( fire(s),e-E)) FI, FI

17. β, d<e-E   Past(Past( fire(s),e-E-d),d) FI, TD, Ax.8

17 contradicts the initial marking assumptions because it represents a firing of s before the firing  of itp..

18. β, d≥e-E  ∃ d( d ≥ ms ∧ Past( fire(itP),d)) ∧∃ e( e ≥ ms ∧ ( Past( fire(s),e-E)) FI, FI

19. β, d≥e-E   ∃ e( e ≥ ms ∧ Past(∃ t( t ≥ ms ∧ Past(fire(s),t )),e-E)) 18, LB(s)1.

20. β, d≥e-t   AlwP(SomeP( fire(s))) 16, LB(s) excluding the firing of itP, Th xp2 ,M P

21. β, d≥e-t  ∃ d( d ≥ ms ∧ Past(fire(itP) ∧ AlwP(SomeP(fire(s))),d)) 1 8 , 2 0

21 contadicts the assumption that s never fired before the initial marking.

22. γ  FALSE   γ is equivalent to β, and then it leads to contradictions like in 17 and 21.

23. δ  FALSE  δ represents two different firings of itP. Hence, 23, due to axiom OU(itP) and e≠d, is in contradiction

with the initial marking assumption asserting the uniqueness for the firing of itP.

24. α, d≠e-E 15,17,21,22,23, CA

25. Futr(∃ d( d ≥ ms ∧  Past( tokenF(s,P,s,d),d)) ∧  ∃ e( e ≥ ms ∧ Past( tokenF(s,P,s,e),e-E)), T) 24,43

26. ∃ d( d ≥ ms ∧ Futr(tokenF(s,P,s,d),T-d)) ∧  ∃ e( e ≥ ms ∧ Futr( tokenF(s,P,s,e),T-(e-E))) 25, T>d and T>e-E to

not contradict MI.

Then, there are two other firings of s occurred before the moment we assumed s fired with a firing time difference less

than ms (T). They fired at d and e-E time units before T. We assume without loss of generality d>e-E. In this case there

are two possibilities, the firing occurring later is a consequence of the first one or both are consequence of two different

and precedent firings. Let us consider the first case. In this case the first must produce a firing that will produce another

firing and so on till produce the firing of the seconf one. That is,

1 The disjoint about the possible firing of itP is excluded, because it contradicts 18 which explictly refers to another
firing of itP.

2 The theorem used is Th xp: φ ∧  Alw(φ→∃ a(a > K ∧  Past(φ,a))) →  AlwP(SomeP(φ)) This theorem is the
counterpart of Th. x. refering to the past

3 Including again the temporal operator Futr(α,T) omitted after step 4.
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27. ∃ d( d ≥ ms ∧ Futr(∃ d1 (tokenF(s,P,s,d1) ∧  Futr(∃ d2 (tokenF(s,P,s,d2) ∧  .. ∧  Futr( ∃ dn (tokenF(s,P,s,dn) ∧

d1+d2+..+dn =  d-T-(e-E)),d))

but this contradicts 26 and OU(s) because d ≠ d1.

Then, we must consider the second case where both firings depend on two different and precent firings. That implies,

there are again two firings at least ms time units in the past. This case is analogous to step 13 with the four

possibilities α  ∨ β ∨ γ ∨ δ that also  lead to step 26 with two other different firings of s. Continuing in this way, we

can prove that always in the past there are two different firings of s. This leads to a contradiction with the initial

marking assumption, because, in particular, there should be firings before the initial marking.

Hence,  the hypothesis is false and its negation is valid:

28. nFire(itP,1) → AlwF(fire(s) → Lasts(¬fire(s),ms))

s itp

Figure 3.8 A transition with empty preset, showing the “dummy” preset P.

4 . Sample Applications
In this section we show how the proposed axiomatization can be applied to prove properties of

systems described as timed Petri nets. We use two fairly traditional “benchmarks” for the analysis of

concurrent and possibly real-time systems, namely the elevator system [2] [96] [57] [17].and the

dining philosophers problem, suitably modified to cope with timing issues [3].

Although the main effort is devoted to the illustration of the basic semantic aspects of the proof

system, a few hints are given to provide also a method to master the complexity of non-trivial proofs.

In particular, it is clear that the proof of complex systems must be modularized in much the same way

as their specification and design is modularized too. In other words, complex systems must be

decomposed in simpler components whose local properties should be analyzed first; later, global

system properties must be derived from the local ones. The issue of scaling up to real-life systems is

not the main issue of this paper, however. Nevertheless, due to its tremendous relevance for practical

applications, we will go back to it at the end of this section and in Section 6.

An elevator system

Elevator systems are often considered in the literature, thanks to several distinguishing features such

as the concurrency of the movements of several elevators with the requests issued by button pushing

and timing constraints in the service of such requests.

Here we focus our attention to button pressing and to door opening-closing. We should be able to

derive, however, informations that are general enough to convince the reader that similar reasonings

and proof techniques can be applied to the analysis of other components of the system and of global

requirements.
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Button illumination

Modules of type BUTTON1 may be described as in Figure 4.1 (which is, however, incomplete as far

as it concerns illumination resetting), taken from [38]. Pushing a button is represented by the firing of

transition Push. If the button is off (a token is in Off) and Push fires, then Set immediately fires and

sets the button to on (a token goes in On). C acts as a token consumer to prevent meaningless

accumulation of tokens in P. In such a way, an on button can be pushed many times (with a minimum

idle time of 0.1 seconds representing the minimum possible time difference between two pushings)

without any undesirable consequence. In other words, between any two firings of transition Set, there

is at least one of Push. This informal analysis is formalized by the proof of the following theorem.

EP.1: fireth(Set,i) ∧  Futr(fireth(Set,j),t) → ∃ d(d≤t ∧  Futr(∃ k fireth(Push,k),d))

On
Off

p

Reset

Set

[0,0]
C

[0.005, 0.005]
Push

[0.1,    ]∞

Figure 4.1 A TPN fragment describing button illumination

Proof: we first show (steps 1÷11) that a firing of Set necessarily requires a preceding firing of Push occurring–because of

C’s upperbound–not earlier than 0.005 time units before. Similarly, a subsequent firing of Set occurring after t time

units requires a firing of Push preceding it by h time units, with h≤0.005 (step 12). However h≤t must hold, as depicted

in Figure 4.2, otherwise Push would have fired twice in less than 0.005 time units. (steps 14÷17). This allows to

conclude (steps 18÷21) that the second firing of Push is successive to the first of Set.

Set SetPush Push

 e

0.005

h

 t

Figure 4.2  Relative position on the time axis of the Push and Set events.

1. fireth(Set,i) ∧  Futr(fireth(Set,j),t) Hyp

2. ∃ d(d ≥ 0 ∧  ∃ k tokenP(Push,k,Set,i,d)) 1, ∧ -elim, LB(Set), MP,

3. tokenP(Push,K,Set,i,D) 2, EI, ∧ -elim, EI

4. Past(tokenF(Push,K,Set,i,D),D) 3, PF

5. Past(fireth(Push,K),D) 4, PI

6. Past(∃ e(e≤0.005 ∧  (∃ x tokenF(Push,K,C,x,e) ∨ ∃ y tokenF(Push,K,Set,y,e))),D) 5, UB(C)

7. ∃ e(e≤0.005 ∧  (Past(∃ x tokenF(Push,K,C,x,e),D) ∨ Past(∃ y tokenF(Push,K,Set,y,e),D))) 6,Th.vii,Ax9÷10,Th.iv

1 This suggests that an elevator system will contain many instances of such modules. Thus, once we proved any
property on the behavior of the TPN fragment given in Figure 4.1, we can rely on that property for all buttons
existing in the system.



-40-

8. (E≤0.005 ∧  Past(tokenF(Push,K,C,X,E),D)) ∨ ( E≤0.005 ∧  Past(tokenF(Push,K,Set,Y,E),D)) 7,EI,TAUT1

9. Y = i ∧  D=E 4, 8, OU(Push)

10. ∃ e( e ≤ 0.005 ∧  Past(∃ k fireth(Push,k),e) 9, 5, Ax.6, 8, TAUT2, ∧ -intro, ∃ - intro

11. fireth(Set,i) → ∃ e( e ≤ 0.005 ∧  Past(∃ k fireth(Push,k),e)) 1÷10, DED

12. Futr(fireth(Set,j),t) → Futr(∃ h(h≤0.005 ∧  Past(∃ k fireth(Push,k),h)),t) 11, TT

13. Futr(∃ h(h≤0.005 ∧  Past(∃ k fireth(Push,k),h)),t) 1, ∧ -elim, 12, MP

14. ∃ h(h≤0.005 ∧  Futr(Past(∃ k fireth(Push,k),h),t)) 13, Th.vii, Ax.9÷10

15. H≤0.005 ∧  Futr(Past(∃ k fireth(Push, k), H), t) 14, EI

By contradiction we assume H > t:

16. H > t  Η≤0.005 ∧  Past(∃ k fireth(Push,k),H-t) 15, Th.vi

17. H > t  H-t≤0.005 ∧  Past(∃ k fireth(Push,k),H-t) 16, TD

10 and 17 contradict TPN.6 applied to transition Push. Hence

18. H ≤ t 10, 17, TPN.6, by contradiction

19. Futr(∃ k fireth(Push,k),t-H) 15, 18, Th.vi

20 ∃ d(d≤t ∧  Futr(∃ k fireth(Push,k),d)) 19, TD, ∃ - intro

21. fireth(Set,i) ∧  Futr(fireth(Set,j),t) → ∃ d(d≤t ∧  Futr(∃ k fireth(Push,k),d)) 1÷20 DED

It is interesting to contrast the previous analysis of the net of Figure 4.1 with the net of Figure 4.3,

which is a slight modification thereof. In authors’ experience, the net of Figure 4.3 is a natural initial

formalization of the illumination mechanism of the elevator system. In such a net, however, the lack

of transition C would allow an unbounded accumulation of tokens in place P. Formally, property

EP.1 cannot be proved, since in step 6 axiom UB(C) is used. On the contrary, the following property

can be proved:

EP.2 :
 

fireth Push, i  ∧  Futr fireth Push, j , 0.1  ∧
Futr Lasts ¬∃ h fireth Push, h , 1 , 0.1  

 → ∃ k Futr fireth Set, k , 1

Intuitively, EP.2 states that the button is illuminated by a Push operation that preceded its resetting.

We must warn the reader that Figure 4.3 deliberately oversimplifies illumination resetting (it is

described as a deterministic fact that occurs invariably 1 second after its setting) to help focus attention

on the switching on of the button.

On
Off

p

Reset

Set

[0,0]

Push

[0.1,    ]∞

[1, 1]

Figure 4.3 An incorrect formalization of button illumination.

1 The tautology α ∧  (β ∨  γ) ↔ ( (α∧β ) ∨  (α∧β ) ) is used.
2 The tautology (α  ∧  β) ∨ (α ∨ γ ) → α  is used.
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Proof of EP.2:

1. fireth(Push,i) ∧  Futr(fireth(Push,j),0.1) Hyp.

2. fireth(itOff,n) MI(Off)

3. fireth(Push,i) ∧  fireth(itOff,n) ∨  fireth(Reset,m) 1,2 TAUT1

4. ∃ k tokenF(Push,i,p,Set,k,0) ∧  ∃ k tokenF(itOff,n,p,Set,k,0) ∨∃ k tokenF(Reset,m,Off,Set,k,0)   3, UB(Set), MP

5. ∃ k fireth(Set,k) 4, FI, MP

6. Futr(∃ k fireth(Reset,k),1) 5, TPN.2, MP, TD

7. Futr(fireth(Push,j),0.1) ∧  Futr(∃ k fireth(Reset,k),1) 1 , 6

8.  Futr(Past( fireth(Push,j),0.9) ∧  ∃ k fireth(Reset,k),1) 7, Ax8, Ax9

9  Futr(Past( fireth(Push,j),0.9) ∧   fireth(Reset,K),1) 8, EI(k)

10. Futr( ∃ d( d ≤ 0.9 ∧ ∃ x Past(tokenP(Push,j,p,Set,x,0.9-d),d)) ∨  ∃ x tokenP(Reset,K,p,Set,x,0) ,1) 9, UB(Set), TD

11. Futr( ∃ d( d ≤ 0.9 ∧ ∃ x Past(tokenP(Push,j,p,Set,x,0.9-d),d)),1) ∨  Futr( ∃ x tokenP(Reset,K,p,Set,x,0) ,1) 10, Ax9

Calling α = Futr( ∃ d( d ≤ 0.9 ∧ ∃ x Past(tokenP(Push,j,p,Set,x,0.9-d),d)),1) and

β = Futr( ∃ x tokenP(Reset,k,p,Set,x,0) ,1):

12 α    Futr(  D ≤ 0.9 ∧ ∃ x Past(tokenP(Push,j,p,Set,x,0.9-D),D),1) EI(d)

13. α,  D > 0  D ≤ 0.9 ∧ ∃ x Futr( Past(tokenP(Push,j,p,Set,x,0.9-D),D),1) 12, Th. vii, Th. iv.

14. α,  D > 0  D ≤ 0.9 ∧ ∃ x Futr( tokenP(Push,j,p,Set,x,0.9-D),1-D) 13, Ax9 (0 < D  ≤  0.9 <1)

15. α,  D > 0  D ≤ 0.9 ∧ ∃ x Futr(fireth(Set,x),1-D) 14 ,PI

16. α,  D > 0  D ≤ 0.9 ∧ ∃ x Futr(∃ e (e ≥ 1 ∧  ∃ k tokenP(Reset,k,Off,Set,x,e)), ,1-D 15, LB(Set)

17. α,  D > 0  D ≤ 0.9 ∧ ∃ e (e ≥ 1 ∧ ∃ k Futr(  Past(fireth(Reset,k),e),1-D)) 16, Th. vii, Th. iv, Th. vii, PI

18. α,  D > 0  D ≤ 0.9 ∧ ∃ e (e ≥ 1 ∧ ∃ k Past(fireth(Reset,k),e-(1-D)))  17 Ax8, TD (e ≥ 1 ≥ 1−D)

17 represents a firing of Reset in the past, i.e. before the initial marking causing a contradiction

19. α    D = 0 13 ÷ 18, by contradiction and because D ≥ 0

20. α   Futr( ∃ x Past(tokenP(Push,j,p,Set,x,0.9),0),1) 19, Ax6

21. α  Futr( ∃ x fireth(Set,x),1) 20, PI

22. β  Futr( ∃ x fireth(Set,x),1)  PI

23. Futr( ∃ x fireth(Set,x),1) 21, 22, CA

24. fireth(Push,i) ∧  Futr(fireth(Push,j),0.1) → Futr( ∃ x fireth(Set,x),1) 1÷23 DED

25. fireth(Push,i) ∧  Futr(fireth(Push,j),0.1) ∧  Futr(Lasts(¬∃ h fireth(Push,h),1),0.1)→ Futr( ∃ x fireth(Set,x),1)

24, TAUT2

Door closing

Figure 4.4, taken from [17], is an approximate description of door closing. Transition push_close

represents the pushing of a special button–other than the buttons for elevator requests–for closing the

doors; transition enter_detect represents the entering of a person in the elevator. The intended meaning

of the net is that, if a person enters the elevator while its doors are closing, the doors reopen. This is

1 The tautology α∧β → α∧β∨γ  is used.
2 The tautology (α→β) → (α∧γ →β) is used.



-42-

formalized by the following statement, which can be easily proved along the same lines as in the proof

of TPN.4.

EP.3: fireth(push_close,i) ∧  WithinFee(fireth(enter_detect,k), 2) → WithinFee(∃ j fireth(reopen,j), 3)

closed

close_detect reopen

opened

closing entering

push_close enter_detect[0,1][0,1]

[3,5] [0,1]

Figure 4.4 A TPN describing door closing.

As a side remark it is worth pointing out that Figure 4.4 contains a few inadequacies for a precise

description of the door behavior. For instance, a similar drawback occurs, to that of Figure 4.3, since

an unfortunate token accumulation in place closing may cause illegal behaviors. The reader may

discover by himself some of these inaccuracies and can prove or disprove desired or undesired system

properties.

Furthermore, Figure 4.4 shows that even the adopted TPN model–[66]–cannot completely capture

some subtle system aspects. In fact the closing and the reopening of a door are described as events

that nondeterministically occur in an instant belonging to given time intervals. In practice, instead, the

time needed to reopen a door when a person enters the elevator while door is closing, depends

deterministically on the entering time: if one enters immediately after button pushing, reopening takes

a very short time; instead, if one enters just before complete closing, it takes more. Such subtle

aspects could be described adequately by adopting a more sophisticated TPN model such as TB-nets

proposed in [39]. As it will be emphasized in Section 6, it is just a simple exercise extending our

axiom system to such a generalized family of TPNs.

The dining philosophers

Figure 4.5 presents a real-time version of the classical 5 dining philosophers problem [3]. It has been

derived from the original, non-timed, version, by assuming that every philosopher has a maximum

time to keep a fork without using it. This time-out is represented by transitions PHi-LFj (the i-th

philosopher leaves the j-th fork): if the i-th philosopher picks up the j-th fork (transition PHi_PFj) and

in the following 3 time units he does not manage to pick up the second fork, he must release the j-th

fork. Instead, if he obtains the second fork, he may start eating one time unit later (transition

PHi_SE).
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PH3_Eating

H3_EE

H3_SE

PH3_PF3

H3_LF3

PH3_HF3

3

[1,3]

[1,1]

[3,3]

[1,1]

1,1]

PH3_PF2

PH3_HF2

H3_LF2[3,3]

PH4_Eating

PH4_EE

H4_SE

PH4_PF4

PH4_LF4

PH4_HF4

4

1,3]

[1,1]

3,3]
[1,1]

[1,1]

PH4_PF3

PH4_HF3

PH4_LF3 [3,3]

PH5_Eating

H5_EE

H5_SE

PH5_PF5

PH5_HF5

F5

[1,3]

1,1]

[3,3]

[1,1]

[1,1]

PH5_PF4

H5_HF4

PH5_LF4

3,3]

H1_Eating

PH1_EE

H1_SE

PH1_PF1

PH1_LF1 PH1_HF1

F1

[1,3] [1,1]

[3,3]

[1,1]

[1,1]

H1_PF5PH1_HF5

PH1_LF5 3,3]

PH2_Eating

PH2_EE

PH2_SE

PH2_LF2

PH2_HF2

F2

[1,3]

1,1]

3,3]

[1,1]

PH2_PF1

H2_HF1

H2_LF1

[3,3]

PH2_PF2

[1,1]

PH5_LF5

Legend: PHi_PFj: philosopher i picks up fork j, PHi_LFj: philosopher i leaves fork j,
   PHi_SE: philosopher i start to eat, PHi_EE: philosopher i finish to eat.;
  PHi_HFj:  philosopher i has  fork j, PHi_Eating: philosopher i is  eating, Fj: fork  j.

Figure 4.5 A real-time version of the dining philosophers problem.

Since the hypotheses of Theorem 3.1 regarding 1-boundedness are clearly satisfied by the net of

Figure 4.5, we will analyze it using the simplified predicates and axioms of Section 3.5. The main

property of the net is that, unlike the original, non timed, model, it is deadlock-free. This is clearly

implied by the following theorem.

DPh.1: ι   AlwF WithinF fire PHi_PFi  ∨  fire PHi+1_PFi , 7

DPh.1 means that always in the future (starting form the initial marking ι ) every fork i is picked up

within 7 time units. Notice that it does not mean that a philosopher will eventually eat: for instance, it

could happen that always every philosopher picks up the left fork and never picks up the right one.

Two natural methods are adopted to master the complexity of the proof of DPh.1. First, its

formulation is parametric with respect to the number of philosophers and forks. Obviously, a proof
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identical to that of DPh.1 can be provided for every i, so this “position index” may be considered as

universally quantified. Clearly, in practice, such a parametrization could be embedded in the language

by introducing notions such as the array constructor. Here, however, we are not insterested in such

issues that can be dealt with in quite a traditional way. Second, the proof is modularized along the

following lines:

1 . Proof of a periodicity property of the net, stating that if a fork is ever picked up, it will be again

picked up not less than 2 and no more than 7 time units later. This property is formalized by the

following theorem.

DPh.2:
fire PHi_PFi

∨
fire PHi+1_PFi

 → Futr WithinF
fire PHi_PFi

∨
fire PHi+1_PFi

, 5 , 2

2 . Proof that DPh.2 and the initial marking where all Fi’s store one token imply DPh.1.

Let us consider separately the two proofs.

1. The proof of DPh.2 is based on the following lemmas.

Le.1: fire(PHi_PFi) → ∃ d (1≤ d ≤ 3 ∧  (Futr(fire(PHi_SE),d) ∨ Futr(fire(PHi_LFi),d) ) )

Le.1 represents the fact that if a fork is picked up, it will be either used to eat or released within

3 time units. It is an obvious restating of TPN.5 of Section 3.

Le.2: fire(PHi_SE) → ∃ d(1 ≤ d ≤ 3 ∧  Futr(fire(PHi_EE),d))

Le.2 asserts that if the philosopher ever starts to eat, he will finish not earlier than 1 time unit

and not after 3 time units. Le.2 is a simple rephrasing of TPN.2.

Le.3: fire(PHi_EE) → Futr(fire(PHi_PFi) ∨ fire(PHi+1_PFi), 1)

Le.4: fire(PHi_LFi) → Futr(fire(PHi_PFi) ∨ fire(PHi+1_PFi),1)

Le.3 and Le.4 establish that, whenever a fork is released, either because the philosopher

finished to eat (Le.3) or because the time-out has expired (Le.4), the fork will be again picked

up after 1 time unit. Le.3 and Le.4 derive immediately from LB(PHi_PFi), UB(PHi_PFi),

LB(PHi+1_PFi), and UB(PHi+1_PFi).

The following lemmas Le.5 through Le.8 are just a restatement of Le.1 through Le.4, by referring to

philosopher PHi+1 instead of PHi.

Le.5: fire(PHi+1_PFi) → ∃ d(1≤d≤3 ∧  (Futr(fire(PHi+1_SE),d) ∨ Futr(fire(PHi+1_LFi),d) ) )

Le.6: fire(PHi+1_SE) → ∃ d(1≤d≤3 ∧  Futr(fire(PHi+1_EE),d))

Le.7: fire(PHi+1_EE) → Futr(fire(PHi_PFi) ∨ fire(PHi+1_PFi), 1)

Le.8: fire(PHi+1_LFi) → Futr(fire(PHi_PFi) ∨ fire(PHi+1_PFi), 1)

We now provide the proof of DPh.2, preceded by a brief informal outline.

If philosopher i picks up the fork he may either start to eat or leave it because the timeout expires (steps 1÷2). In the

former case he will return the fork within 7 time units (steps 3÷6). In the latter case the fork will be available again

within 4 time units (steps 7÷9). In any case the fork will be available again for philosophers i and i+1 within 7 time

units (steps 10÷13). A similar reasoning applies to the case that fork i is picked up by philosopher i+1 (step 14), so

DPh.2 holds (step15).
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We use the following abbreviations.

α = fire(PHi_PFi) ρ = fire(PHi_LFi)

β = fire(PHi+1_PFi) λ = fire(PHi_EE)

δ = fire(PHi_SE) Π = Futr(WithinF(α ∨ β ,5),2)

1. α   ∃ d (1 ≤d ≤ 3 ∧  (Futr(δ,d) ∨ Futr(ρ,d)) Le.1

2. α   ∃ d (1 ≤ d ≤ 3 ∧  Futr(δ,d)) ∨ ∃ d (1 ≤ d ≤ 3 ∧  Futr(ρ,d) ) 1, EI, TAUT1, ∃ - intro

We reason by Case Analysis: let Γ = ∃ d (1 ≤ d ≤ 3 ∧  Futr(δ,d)) and Φ = ∃ d (1 ≤ d ≤ 3 ∧  Futr(ρ,d)). Then

3. α ; Γ  ∃ d (1 ≤ d ≤ 3 ∧  Futr(∃ d1(1 ≤ d1 ≤ 3 ∧  Futr(λ,d1)),d)) Le.2

4. α ; Γ  ∃ d (1 ≤ d ≤ 3 ∧  Futr(∃ d1(1 ≤ d1 ≤ 3 ∧  Futr(Futr(α ∨ β , 1),d1)), d)) 3, Le.3

5. α ;Γ  ∃ d (3 ≤ d ≤ 7 ∧  Futr(α ∨ β , d)) 4, Th.iv, Th.vii, EI, TD, Ax.8, ∃ - in tro

6. α ; Γ  Futr(WithinF(α∨β , 4), 3) 5, TD, Ax.8, WithinF definition

7. α ; Φ  ∃ d (1 ≤ d ≤ 3 ∧ Futr(Futr(α ∨ β , 1), d)) Le.4

8. α ; Φ  ∃ d (2 ≤d ≤ 4 ∧ Futr(Dist(α ∨ β , d)) 7, EI, Ax.8, TD, ∃ - intro

9. α ; Φ  Futr(WithinF(α ∨ β , 2), 2) 8, TD, Ax.8, WithinF deftn

10. α ; Γ  Futr(WithinF(α ∨ β , 5), 2) 6, Th.xv

11. α ; Φ  Futr(WithinF(α ∨ β , 5), 2) 9, Th.xiv

12. α   (Γ ∧  Φ) → Futr(WithinF(α ∨ β , 5), 2) 10, 11, CA

13. α   Futr(WithinF(α ∨ β , 5), 2) 2, 12 , MP

14. β  Futr(WithinF(α ∨ β , 5), 2) derivation similar to 1÷13

15.  (α  ∨  β) → Futr(WithinF(α  ∨ β , 5), 2) 13, 14, CA

2. Now the proof of DPh.1 is obtained from DPh.2 through the following steps. Let γ = α ∨  β: then

1. Alw(γ→Futr(WithinF(γ,5),2)) DPh.2, TG

2. ι   fire(itFi) ∧ -elim

3. ι   ∃ d( d ≤ 1∧  Futr(γ,d)) 2, UB(PHi_PFi)

4. ι   Futr(γ,1) 2, 3, TPN.1

5. ι   Futr(AlwF(WithinF(γ,7)),1) 1,4, Th.xii, TT

6. ι   Lasts(WithinF(γ,1),1) 4, Th.xi

7. ι   Lasts(WithinF(γ,7),1) 6, Th.xiv

8. ι   AlwF(WithinF(γ,7)) 4, 5, 7, TD

Closing remark on the use of the axiom system

The reader who is concerned about the amount of details involved in the derivation of relatively simple

statements such as those proved in the previous sections should look at these examples in the same

light as traditional mathematical logic: [65, 30, 19] introduce the formalization of classical

mathematical theories such as group theory, Peano’s arithmetics, etc: step by step proofs are given

just to illustrate axiom systems, but this does by no means imply that this is the way things should be

carried out in practice, where many obvious details can be informally accepted on the basis of intuitive

1 The tautology α ∧  (β ∨  γ) ↔ ( (α∧β ) ∨  (α∧β ) ) is used.
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evidence and skipped. This remark on the practical use of formal methods will never be over-

emphasized [60, 38, 56]. Thus, we will further address it in Section 6.

5 . Related works
As we already mentioned, several formalisms to support a rigourous analysis of concurrent systems

have been proposed in the recent literature. These include:

• Formal languages for the specification of system properties. Among them: algebraic languages as

CCS[68], or LOTOS [14]1, logic assertions in the Hoare style [47] [77] [78] [53], temporal logic

[81, 62], [21], and several variations thereof. Among such variations the most relevant one is

probably the introduction of the next operator [55, 64].

• Operational models such as those based on finite state automata [44] [97] and those based on Petri

nets [79, 84, 34, 52].

Many of them have been or can be extended in such a way to cope explicitly with time measure, so

that strict time bounds typical of hard real-time systems can be rigorously expressed and analyzed.

Among such extensions let us mention the following ones.

• Extensions of CCS’s process algebras [94, 26].

• Extensions of temporal logic. In some cases time is derived on the basis of the next operator, what

yields a discrete time domain [55]; in other cases it is added as a more or less explicit new variable

or function such as in RTL[51], RTTL[76], TCTL[4]. TRIO[37] and the already mentioned

MTL[54] are new logic languages where the classical operators of temporal logic can be derived

from basic operators such as Dist or Futr and Past. More comments on the features of some of

these languages will be given in the following of this section. Alur and Henzinger [5] define a

real-time logic that is based on propositional calculus rather than on first-order predicate calculus,

namely Timed Propositional Temporal Logic (TPTL). Since in TPTL quantification over time is

not allowed, the language is decidable.

• Extension of finite state machines. These often include not only the possibility of specifying time

bounds for transition occurrence, such as Timed Constrained Automata [67] and, more generally,

the Timed Graphs [4, 6], but also the possibility of associating variables–possibly with infinite

domains–with states and predicates involving such variables with transitions, so that, strictly

speaking, the resulting machine is not anymore “finite state”. An instance of this type of machines

are the Extended State Machines by [75].

• Extensions of Petri nets. These have been done in several ways with different levels of generality.

One of the most widely known and adopted models of timed Petri nets is [66] which has been

used in this paper too for this reason. Other examples of temporal extensions of Petri nets are [82,

48, 98], [22, 83, 89, 85, 86]. In [39] a more general model that includes and extends all

1 CCS and the derived language LOTOS are often classified as descriptive languages since their semantics is originally
defined in an algebraic style. They are also presented, however, in an operational light on the basis of the notion of
process, so that they could also be included in the latter category.
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previously studied models is proposed. It also gives hints on combining temporal extensions with

extensions that allow tokens to carry values such as in PrT [34]. A comparison between several

timed Petri nets can be found in [70]. Rather often, the attention in the analysis of Petri net

properties–whether extended with time or not–is restricted to bounded nets, i.e. to nets where the

number of tokens that can be stored into a place is bounded a priori by a given constant. This

makes the model computationally equivalent to finite state machines, what makes property analysis

easier but also decreases their expressive power and generality. [18, 17], [91], [93], [24] are

examples of papers referring to this restricted class of Petri nets.

It is worth emphasizing that several of the above formalisms to model and express properties of real-

time systems have already been applied to industrial projects. This is the case, for instance, of finite

state machines and of Petri nets. In Sections 2 and 6 we mention also some initial application of TRIO

to industrial projects. In a few cases the above models have also been used as the basis for commercial

tools in this field. For instance, PROTOB [15] and RdP by Verilog are based on Petri nets, Statemate

[44], ASA by Verilog and Teamwork by CADRE are based on finite state machines or extensions

and/or integrations thereof with other formalisms.

Table 1 summarizes the main features of the above formalisms.
Formalism Explicit Refer-

ence to Time
Executab i l i t y Domains

Cardinal i ty
D e c i d a b i l i t y

Descriptive CCS [68] No Yes Infinite No

Formalisms CTL [21] No No Infinite Yes

Pure TL [81] No1 No Infinite No

Timed CCS [94] Yes No Infinite No

TCTL [4] Yes No Infinite No
RTL [51] Only Discrete No Infinite No

Real-Time [33] Only Discrete No Infinite No

Descriptive TL[55] Only Discrete No Infinite No

Formalisms RTTL [76] Only Discrete No Infinite Only with fi-
nite domains

MTL [54] Yes No Finite and
Infinite

No

TPTL [5] Only discrete No Infinite Yes
TRIO [37] Yes Yes Finite and

Infinite
Only with fi-
nite domains

Operational Statemate [44] No Yes Finite Yes

Formalisms ESM [76] Yes No Infinite No

T-Graphs [4]2 Yes No Infinite No

HMSM [33] Only discrete Yes Finite Yes
Petri nets or TB-Nets [39] Yes Yes Infinite No

similar PRt [34] No Yes Infinite No

TPNets [66] Yes Yes Infinite No

Legend: To two columns Executability and Decidability are defined as follows. A logic language is decidable if
there exists an algorithm to state the satisfiability of a formula. A logic language is executable if a method–not
necessarily terminating–is explicitly supplied (at the best of our knowledge) to generate a model of a given formula.
For instance, PROLOG is executable but not decidable; PTL is decidable but not–yet–executable. Similarly, an

1 In the case where the next operator is given, time can be implicitly derived as a discrete variable whose unit is the
occurrence of a single next.

2 Other models of the same authors related to Timed Graphs are about Timed Buchi Automatas [6] and more general
[29]
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operational model is decidable if there is an algorithm which states whether a state is reachable from another one or
not. In principle, all operational models are executable since it is possible to associate them with abstract machines–
whether deterministic or not, whether terminating their execution or not–that simulate them. The marks given in the
table, however, refer to the existence of implemented simulators at the time being.

Table 5.1. A summary of models for the description of concurrent and real-time systems

Furthermore, a strong attention was recently paid to the formal analysis and proof of system proper-

ties, which is the main issue of this paper.

In the traditional literature, concurrent systems properties are mainly classified as liveness and

safety properties. They are often intuitively defined as follows [78, 76]:

• ϕ is a safety formula if it is of the form “nothing bad will ever happen”

• ϕ is a liveness formula if it is of the form “something good will eventually happen”1

The above statements, however, are often formalized in different and not always consistent ways. On

the one hand a safety formula is often defined as a formula of the type AlwF(ϕ). This can be shown to

be equivalent to other formalizations under reasonable assumptions.

Things become more critical, however, when dealing with liveness, mainly with reference to

nondeterministic computation models. For instance, in [64] total program correctness is given as an

example of liveness property. If we extrapolate this definition to nondeterministic programs–e.g.,

coded in Dijkstra’s language [28]–we wish to state total correctness as a property that holds for any

possible execution of the nondeterministic program. This constrasts with the traditional definition of

liveness in Petri nets, i.e., the property that, starting from any state reachable from a given initial state,

there exists, for any given transition, a firing sequence where the transition eventually fires: this does

not require that every firing sequence starting from that state enables the given transition. Similarly, it

is not clear how to distinguish, in the above classification, the risk of deadlock in a Petri net (i.e.,

there is a firing sequence that leads to a deadlock) from the certainty of deadlock (i.e., all firing

sequences will eventually lead to a deadlock.

For this reason, we propose instead the following classification.

• Universal properties are properties claimed for every possible evolution of the described system;

• Existential properties to denote those properties claimed for at least one evolution of the described

system;

• General properties to denote those properties that can be expressed only by intermixing in more

complex ways universal and existential quantifications over execution sequences and their states.

Universal properties include safety in the traditional sense (e.g., "the system will never enter a failure

state", “a PN marking will always be reached within 2 seconds from a given initial marking”,

boundedness, etc). They also include, however, properties that are often classified as liveness

properties such as program termination–whether we are talking about deterministic or nodeterministic

1 Clearly, the terms “good” and “bad” must be intended in the sense that we are trying to prove that property. Thus,
once we proved that “a system will eventually crash, no matter what will happen in its environment” we will be
happy to have proved a liveness property.
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programs. In fact, for such a property we wish to state that it holds for any possible execution of the

program. Unavoidable deadlock is also an example of universal property.

For Petri nets, examples of existential properties are reachability (it is possible to reach a given

state (i.e., marking) from a given state) and deadlock risk (it may happen that a deadlock occurs); etc.

Liveness in the traditional sense of Petri net literature is an example of general property since it

states that for every firing sequence, there exists another firing sequence, starting from the marking

reached by the former sequence, that enables a given transition. Another example of general property

is Petri net equivalence, as stated, e.g., by the following sentence: “For every firing sequence in net

PN1 that leads from state s1i to state s1f within time t, there is a firing sequence in net PN2 that leads

from state s2i to state s2f within time t”.

Most part of the present literature, including this paper, deals with the proof of safety properties or

at most of universal properties, which, we saw, properly include safety properties. This is due to the

fact that axiom systems are well suited to prove valid formulas, i.e. properties that hold for every

possible system evolution.

Next, we briefly review, at the best of our knowledge, a significant sample of such a literature.

1. [91] proves universal properties of Temporal Petri nets, i.e., Petri nets whose firing sequences are

restricted by temporal propositional formulas. The proofs are derived by building regular ω-

expressions and the reachability graph associated with a given net. However, despite their name,

Temporal Petri nets cannot describe explicit time requirements. Moreover, as the author

acknowledges, if the reachability graph [79] of the underlying Petri net is not finite (i.e., the PN is not

bounded) it cannot be regarded as a Büchi-automaton and the translation into ω-expressions is not

possible. In a previous work, [90], a simple axiomatization of –again, bounded– Temporal Petri nets

is provided, where a given net is analyzed by manipulating formulae directly using "axiom-like"

properties1 and the topology of the underlying reachability graph.

2. [10, 11] presents a temporal analysis of reachability in an algorithmic way. The authors use a "state

enumeration approach" to analyze Timed Petri nets [66]. Again, this analysis is possible only when

the reachability graph, defined by the authors as an extension of the classical reachability graph, is

finite. This happens when the net is bounded and the firing time bounds for each transition are

integers or rational numbers. The properties to be analyzed are expressed in an informal way rather

than by using a formal specification language.

3.[58] presents procedures to analyze safety, recoverability, and fault-tolerance properties (all of them

are universal ) stated for Timed Petri nets [66] augmented with hazard states. The work is based on

the reachability graphs defined in [10] and therefore it shares its limitations. Also, it lacks as well a

formal specification language.

4.[45, 46] define the Temporal Predicate Transition Nets combining Temporal Petri nets [90] with

Predicate Transition Nets [34]. Even in this case, time is not considered explicitly. [46] outlines an

algorithm for translating a predicate transition net into a temporal logic proof system, and gives a

1 Authors' words.
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refutation proof technique. The proof system consists of an inference rule for each individual

transition, and an additional rule for the conflict case. An ad-hoc restriction in the application of this

rule is necessary to avoid the risk of contradiction that we pointed out in Section 3 for conflicting

transitions.

5.[33] presents the Hierarchical Multi-State (HMS) machines. It is a PN-like formalism with strong

emphasis on decompositional description. The operational formalism is paired with an assertion

language that allows to state "precondition rules" and "postcondition rules" in the style of temporal

logic. The pairing between the HMSs and the assertion language is fairly rigid from the point of view

of temporal evolution since every firing of a single transition–or concurrent firings of several

transitions–implicitly increments the time variable of 1 unit. From a given execution path of an HMS,

and from given pre- and postcondition rules, a set of inequalities is derived that represents the time

conditions for the feasibility of the given path. Thus, solving the inequalities determines whether a

potential plan can be scheduled. Proving path feasibility is a limited case of property proving, where

the considered property is both universal and existential (it is the same as proving that a property holds

for a fixed instantiation of a given variable in first-order theories). From an intuitive point of view,

however, it seems more appropriate to classify it as an existential property.

6.[21] describes an approach based on the verification of finite-state concurrent systems by model

checking their temporal logic specification, while [16] presents a technique for efficiently verifying

systems with an extremely large number of states. However, these verification methods are based on

the CTL language, a propositional branching temporal logic which does not provide metric on timing

operators[20], and is thus unable to describe the quantitative aspects of real-time systems. [4] extends

CTL model-checking to the analysis of real-time systems. The authors define Timed CTL by

extending the syntax of CTL to allow quantitative temporal operators. Quantifications over the

temporal domain are forbidden, however. The operational model introduced is Timed Graphs, i.e.,

state-transitions graphs with time constants that bound transition occurrence. The important result

claimed by the authors is that the model-checker complexity "does not blow up" when dealing with

dense time.

7. [18] proposes a simple translation of the reachability graph of a bounded Petri net into a Moore

machine and then analyzes net properties by exploiting the model-checker defined in [21]. As usual,

the model-checker can be applied only to finite state-machines. A similar approach is taken by [25] for

Condition/Events Nets.

A previous work of the first authors [17] applies a similar method to Timed Petri nets. These nets

are a slight modification of classical Merlin and Farber’s model [66] that allows to deal explicitly with

the concurrent firing of several transitions (true concurrency approach [84]) and prevents a transition

from firing if a place in its postset has already a number of tokens equal to a predefined bound (thus,

the model is finite state). Then, the specification language RTTL (Real-Time Temporal Logic) is

given. It enriches the language of [21] by introducing explicit definition of time intervals. A few fairly

ad-hoc operators are added to the logical language. In particular the composed formula A||B is used to

denote that A and B occur “in parallel” (they are the logical expression of the contemporary firing of
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two concurrent transitions); the formula A;B is used to denote that A and B occur simultaneously but

with an ordering relation between the two (A must logically precede B). ‘||’ is called the “parallel

operator” whereas ‘;’ is called the “domino” operator. These operators allow to avoid the tricky

situations that we mentioned in Section 3.1 and 3.4 when dealing with contemporary events but

compel the user to give logical formulas that are strongly biased by the underlying operational model

so that the logic language can hardly be used to specify system requirements, possibly before or

independently from its design. A method to prove universal and existential properties of systems is

then outlined. Once more, it is based on the construction of a finite reachability graph from the given

net and a further analysis thereof against the stated assertions. It is a slight extension of the method

presented in [21] where the reachability graph is viewed as a finite machine.

A few technical inaccuracies in the presentation prevent a thorough assessment of the paper.

8. [75, 76] uses Extended State Machines (EMS) as operational model and–yet another–RTTL

(Real-Time Temporal Logic) as specification language. EMSs consist of a finite state “kernel” which

is augmented by introducing variables with arbitrary domains. Transitions leading from one state to

another one are labeled by a guard (a first-order formula on state variables) and an operation (a value

assignment to state variables). Any transition can occur only if its guard evaluates to true. In such a

case the global state is updated by executing the operation associated with the transition. RTTL is

basically a temporal logic equipped with the next operator. Both EMSs and RTTL are enriched by an

explicit time variable that can be used in RTTL formulas and can be tested and updated by guards and

operations, respectively. The time variable can have only discrete domains.

It must be emphasized that EMS transitions do not necessarily update the time variable, so that

zero-time transitions are allowed, as well as in normal Timed Petri nets. As a consequence, however,

the next operator refers to the next state in the evolution of the EMS but not necessarily to the next

time instant. This allows to treat in a consistent way zero-time transitions but, in our opinion, is

slightly counterintuitive and generates some risk of confusion in the user who is compelled to pay

deep attention to clearly distinguish the logical evolution through a sequence of states–which is

specified by the next operator but may occur without any time elapsing–and temporal evolution, which

is described by a “normal” variable. RTTL also departs from the original philosophy of temporal logic

since time is considered as a component (albeit distinguished) of the modelled system.

An axiom system is then provided to allow the proof of–universal–properties of EMSs stated as

RTTL formulas and decision procedures are given for the finite state cases. It is not clear, however,

what the axioms should be if the considered EMS were nondeterministic (recall from Section 3 that

nondeterminism in the computational model implies a risk of contradiction in an axiom system based

on traditional Hoare’s approach)

Other approaches aim at proving properties of programs, as opposed to systems modeled by finite

state machines, Petri nets. etc. The two approaches, however, are clearly related to each other. Among

them, let us recall the following ones.
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9. [47][77][42][78][8] apply a classical Hoare's approach to the verification of concurrent, Pascal-

like, programs.

10. [61] presents the foundations of the use of temporal logic for the verification of programs [64]. In

[81] it is shown how the system can be applied to some state-machines as C/E nets [84].

11. [43] and [49] are, at the best of our knowledge, the only cases of formal analysis of concurrent

programs that explicitly take time into account. In [43] the used programming language is a concurrent

version of Dijkstra’s language [28] (see [32] for a few remarks on its formal semantics), and the

assertion language is a classical first-order logic language. [49] uses a real-time parallel programming

language akin to Occam [50] and an extension to MTL [54] as assertion language.

In general, we claim more generality of the former approaches since the proof of program properties

can be easily reduced to the proof of properties of a system modeled by an abstract machine, once

rules–and even algorithms–are given to translate a programming language into an operational model

(see, e.g., the definition of Ada’s task system semantics in term of timed Petri nets as suggested in

[59] and [36]).

In summary, it is clear that, after a long time during which formal methods literature almost

ignored the field of real-time systems, there is now much attention thereto, although some of the

present research results appear in a fairly preliminary stage and often rather unaware of each other.

With respect to the several contributions to the formal analysis of real-time systems, we claim, for our

approach (we acknowledge, of course, that some of the claims below are based on subjective

evaluations):

• More generality. In fact, at the best of our knowledge, our approach is the only one that allows to

deal with both discrete and continuous time and to analyze even unbounded nets (i.e, infinite state

machines). It is also easily extensible to even more general timed Petri nets such as TB nets [35]

and their integration with PrT nets [34] (ER nets [39]). See the conclusions for more remarks on

this extension.

• More naturalness. We believe, in fact, that an asynchronous model such as Petri nets is often more

suitable to describe the evolution of several processes with different dynamic behaviors–such as a

plant and a set of microprocessors for its control–that synchronize each other only occasionally,

maybe through message passing. Similarly, we believe that a language such as TRIO is more

suitable to formalize real-time system properties than languages where time is an explicit extra

variable or where time is derived by counting the number of occurrences of the next operator

(which acts as the successor operator in Peano’s formalization of natural numbers).

• More flexibility. This should stem from the fact that our axiom system is general enough to cover

many semantic aspects of timed Petri nets, including their possible extensions, but can be

drastically simplified when suitable hypotheses restrict the class of considered nets (e.g. 1-

bounded nets, no zero-time firing). Also, the axiom system is clearly undecidable in the general

case, but suitable decision algorithms could be designed to cope with several particular cases (see

the conclusions for more remarks on this topic).
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To help focusing attention on the the main features of the presented literature Table 2 gives a synopsis

of most of the above mentioned contributions. Instead, Table 3 gives a few more details by restricting

the attention to the works that are more closely related with our own, namely the works based on the

so called dual-language approach [61][76], where one language is prescriptive and algorithmic in

nature, and the other one is an assertional language, which is descriptive enough to specify system

requirements. Among these contributions, more emphasis is given to those using Petri nets as the

prescriptive language. For more informations about the current trends on automatic verification of

finite state machines, the reader is referred to [87].
Operational

Model
Type of Specification Language.

No Formal Logic with- Logic
Language   out  metric  with metric

Type of analysed properties

Universal Existential General

Berthomieu & [10, 11] ⊗ ⊗
Suzuki & [90, 91] ⊗ ⊗

PN- He & [46] ⊗ ⊗
Based Chang & [18] ⊗ ⊗

Chang & [17] ⊗ ⊗
Leveson & [58] ⊗ ⊗

Gabrielian & [33] ⊗ ( l imited) ⊗
TRIO - PN, This paper ⊗ ⊗

Finite Ostroff[76] ⊗ ⊗
State Clarke & [21] ⊗ ⊗

Automata Alur & [4] ⊗ ⊗
Gries, Owicki, Lamport

[42, 77, 78] ⊗ ⊗
Conc. Hoare [47] ⊗ ⊗
Lang. Haase [43] ⊗ ⊗
Based Manna & [80, 61, 62] ⊗ ⊗

Legend: General properties are restricted to the class expressible by branching temporal logic.

Table 5.2. A comprehensive view of the literature on the analysis of concurrent and real-time systems.

Reference Oper.
Language

A s s e r t .
Language

R e a l
Time
Expr .

P r o o f
Method

Prop-

erties1
Aut .
Veri f

D e s c r i p t i o n C o m -
m e n t s

Alur & [4] Timed
Graphs
(Timed
Automatas)

TCTL
Timed CTL

Yes
With a
posi-
tive

dense
domain

Extended
Model
Checking

General Yes Adequate [21]
method to deal
with metric time

Dense do-
mains
without
computa-
tional
blow up

Chang & [18] Bounded
Petri nets

Proposi-
tional
Branching
Temporal
Logics

No Model
Checking

General Yes The reachability
Graph is trans-
formed into a
Moore Machine.
T h e n ,  [ 2 1 ]
a lgor i thm is
applied

Applicable
on ly  t o
bounded
nets. Also
extended to
Timed Petri
nets

1 Again, here general properties refer to the class expressible with branching temporal logic



-54-

Clarke & [21] State
Machine

CTL
(A branch-
ing tempo-
ral proposi-
tional
logic)

No Extended
Model
Checking

General Yes Theorem prov-
ing by model-
checking the
state graph.

Foundation
al work on
model-
checking.
More effi-
cient ex-
tensions
[16]

Damm & [24] AADL-Nets
(C/E nets
augmented
with predi-
ca tes  on
places and
different
k inds  of
arcs)

MCTL
(A modular
extension
of CTL)

No An adequate
Model
Checking al-
gorithm as
[21] is given
with compo-
sitional rules.

Exis-
tential

Yes Model-checking
f o r  p r o v i n g
modules correct;
proof system for
module compo-
sition

Only for
bounded
Nets

Dannelutto &
[25]

Finite State
Machine or
C/E Petri
nets

Proposi-
tional
Branching
Temporal
Logics

No Model-Check-
ing as [21]

General Yes The same de-
scription as [21]
holds

Only for 1-
bouded
nets

Gabrielian &
[33]

Hierarchical
Multi-State
Machine.
(Similar to
Petri nets)

Pre and
Post-
condition
Laws

Yes
Discret

e
tempo-
ral Do-
main

Inequalities
Resolution

Restric-
tive
Exis-
tential

No Determines if
there exist a
scheduling for a
given path (a
firing sequence)

Only finite
sequences
are verifi-
able. Ac-
cen t  on
Top-Down
decompo-
sition.
Does not
permit
disproving

He [46, 45] Temporal
Predicate
Transition
Nets
(A mixing
of Temporal
PN [91] and
PRt
nets[34]. )

Linear
Temporal
Logic

No Refutation
Proof System
derived from
the net topol-
ogy

Univer-
sal

No Every transition
defines an infer-
e n c e  r u l e .
Special rule for
the  con f l i c t
case.

An ad-hoc
restriction
is neces-
s a r y  t o
avoid the
r i s k  o f
con-
tradiction

M a n n a  &
[61,62,81,64]

State
Machine

Linear
Temporal
Logic

No Proof System Univer-
sal

No Proof system for
program verifi-
cation.

A founda-
tional
work on
temporal
logic
program
verifica-
tion.

Ostroff [76] Extended
State Ma-
chine

RTTL. Real
Time Tem-
poral Logic
(Classical
Linear TL
plus time
variable

Yes.
Discret

e
tempo-
ral do-

main. It
deals

with N

Proof System
using pre and
post condi-
tions

Univer-
sal

Only
for a
small
class

of
prop-
erties

Compositional
description
proof system as
[61]. Time as ex-
plicit variable.
Proof Diagrams

Two
orthogonal
concepts
of  t ime:
States se-
quences
and System
time.

Suzuki & [90] Temporal
Petri nets
(Firing
Sequences
restricted
with a tem-
poral logic
formula.

Linear
Temporal
Logic

No Based on ax-
ioms-like and
reachability
graph analy-
sis

Univer-
sal

No Properties
proved using the
restrictive for-
mula and the
given axioms
together with
the reachability
graph topology

Only for
bounded
nets, i.e,
finite
reachabil-
ity graph .
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Suzuki [90] Temporal
Petri nets

Linear
Temporal
Logic

No Semi-formal
proofs based
on Regular
Expressions
and Büchi
Automata

Univer-
sal

No Proofs infered
from expres-
sions structure
and reachability
graph topology

Only for
bounded
nets, i.e,
when the
reachabil-
ity graph
is finite.

Tuominen [93] Elementary
Nets
(A kind of
C/E Nets)

DPDL.
Determinis-
tic Proposi-
tional Dy-
namic
Logic.

No A simplified
version of the
Tableau
Method.

Existen-
tial

Yes The net is trans-
lated to a DPDL
formula and then
a tableau method
is used .

Only for 1-
safe nets

This paper Timed Petri
nets

TRIO Yes.
Dense

and
Discret

e Do-
mains

Proof System Univer-
sal

No A Timed Petri
net axiomatiza-
tion is given in
terms of TRIO.
Then, a sound
proof system is
applied.

Table 5.3.  A more detailed view of formal approaches to the analysis of real-time system properties.
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6 . Conclusions
We have presented an approach to proving properties of concurrent and real-time systems. Such

properties are expressed in TRIO–an extension of temporal logic–and systems are modeled as timed

Petri nets.

The approach is based on an axiomatization of TPNs in terms of TRIO formulas, what turned out

to be a non trivial job due to the adoption of a nondeterministic and possibly unbounded computation

model.

We have been able to apply the method to the proof of some non-trivial properties of classical

benchmarks for the analysis of concurrent and real-time system. A similar success has been obtained

for other examples not reported here.

We do acknowledge, however, that the contents of this paper delineate just a few initial steps (the

“foundations”) on the way of practical application of the approach to real-life cases (as it is the case

with all related literature). Much more work is needed to reach a maturity that is comparable with more

established formal methods (yet still under debate) such as VDM, [1, 13] and Z [88] in more

traditional application fields. Let us classify such a work into the following categories:

1 . Moving from simple cases and hypotheses to more general frameworks suitable to cope with more

practical situations. Typically this requires introducing many more details, enriching and

generalizing methods, but does not involve solving open scientific problems.

2 . Gaining generality and power by solving problems that are presently still obscure.

3 . Building tools that facilitate practical application of the method.

1 . In the first category there are:

1.1. Using a more general TPN model such as TB and/or ER-nets [39].

1.2. Introducing modularization and higher level mechanisms to allow coping with complex

systems. Both TPNs and TRIO have already been extended with such mechanisms [73, 40,

41, 23, 69]. We do not expect any major problem in building “proof methods in the large” that

allow to decompose the analysis of a modular system into separate proofs of single modules.

The examples presented in Section 4 should have shown, however, that a modular attitude can

be exploited even without any linguistic mechanism supporting it.

1.3. Applying the method to real-life case studies. Again, this has already been done separately

and successfully by using both TRIO and TPNs for the description and analysis of systems

developed within industrial environments [72].

1.4. Deriving proof methods for other formalisms by developing suitable translations from a

formalism into another one: for instance, a proof method for Ada programs can be obtained on

the basis of its translation into augmented PNs as suggested in [59] and [36].

2 . In the second category there are:

2.1. Dealing with properties other than universal properties to achieve more generality. This issue

is related with the following ones, which, however, deserve attention by themselves.
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2.2. Using alternative logic models. For instance, we saw in Section 5 that branching logic [9,

20, 27] is well suited to deal with universal, existential, and a restricted class of general

properties of nondeterministic computations.

2.3.Trying different TRIO axiomatizations of TPNs. In fact, we should emphasize that the

axiomatization presented here is just one among several possible alternatives, whose relative

advantages and disadvantages have still to be thoroughly investigated. In particular, we plan to

look for an axiomatization that is closer to the traditional terminology of Petri nets. For

instance, we would like to express the marking of a net in a more immediate way and to relate

the firing of transitions directly to such a predicate instead of using the token predicate whose

number of arguments may compel the user to take care of many details. We have seen in

Section 3.4, however, that this goal hides a few subtle problems. A few approaches are

presently under investigation. Basically, they consist of excluding truly contemporary events.

On the contrary, they assume the possibility only of “almost contemporary events”. The

approach has some intuitive appeal and some mathematical difficulties. It implies that the

underlying essential time domain be dense in nature, but allows, if needed, to derive a discrete

time domain as an approximation and abstraction of the dense domain which can be completely

hidden to the user.

2.4. Extending TRIO to a higher order logic. This would produce benefits both in the use of

TRIO itself as a specification language and in the axiomatization and property expression of

TPNs. In fact, it would be useful to quantify concepts such as firing sequence, reachable

marking, etc. that are presently either predicates or formulas. Incidentally, this possibility

would also allow to express and to prove properties of existential and of general type. Several

more or less traditional approaches to express such higher order concepts may be followed.

3 . Here, again, we plan to build on top of tools that already exist both for TRIO and for TPNs.

Existing–prototype–environments for TRIO and TPNs include editors, interpreters, and verifiers

for the writing and prototyping of specifications. By following, for instance, the lines of the

ASLAN specification environment [53], tools supporting the use of the proposed method should

allow:

• Building system descriptions as TPNs and “annotating” them with assertions written in TRIO;

• Deriving, in a semiautomatic way, intermediate assertions that help the construction of a

complete correctness proof;

• Verifying the correctness of the proofs that are built in such an interactive way.

In the construction of these tools, we expect major benefits from the integration of the

axiomatic–deductive–approach and of the model-theoretic approach, which is based on the

interpretation of formulas on given domains to check their validity1. Thus, a complete proof of

1 We have already developed a tool that decides the validity of TRIO formulas on finite discrete domains. It is based on
the semantic approach described in [31]. It has, however, exponential complexity with respect to the number of
quantifications in the formula (the problem is NP-complete).
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a given property could be semiautomatically derived by alternating formulas whose validity is

verified by a TRIO interpreter and deductions based on the axioms given in Sections 2 and 3.

The above points 1, 2, and 3 should have shown that our approach to the exploitation of formal

methods in practical cases is strongly based on the belief that formalisms are a useful tool to increase

confidence on intuitive reasoning in critical cases, not an alternative thereof. As it happens even in

pure mathematics, most truths can be derived on the basis of evidence and of informal deductions, but

tricky situations can be avoided by spending some more effort in the application of formal details

when dealing with intricate cases. In our experience with several real-life case studies, the “purely

formal part” of any design document amounts in general to a small part thereof, but quite often it

replaces or complements a former, less formal, version that exhibited some critical troublespots.

The benefits of formal methods can be further enhanced by the application of (semi)automatic tools

which, often, nicely complement–but, again, do not substitute–human reasoning in that they can

easily take care of many clerical and error prone details, thus helping focusing attention on the creative

aspects of the analysis and design process.
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Appendix I TRIO’s model theoretic semantics
A straightforward way of defining the semantics of TRIO is based on the concept of a temporal

structure, from which one can derive the notions of state–an assignment of values to time dependent

predicates–and of evaluation function, which assigns to every TRIO formula a distinct truth value for

every time instant in the temporal domain.

A temporal structure is denoted as S = (D, T, G, L), where

• D is a set of types, that is, of variable valuation domains: D = {D1, ... Dn}. In the following, we

will use the notation D(x) to indicate the evaluation domain associated with variable x.

• T is the Temporal Domain: it is supposed to be a linearly ordered abelian group, thus possessing a

total addition operator ‘+’ with a neutral element ‘0’ and an ordering relation ‘≤’. The subtraction

operation ‘-’ and the relational operator ‘<’ can be trivially derived from ‘+’ and ‘≤’, and will be

used in the sequel. T can be, for instance, Z–the set of integer numbers–or Q–the set of the ratio-

nal numbers–or R–the set of real numbers.

• G is the time independent, or time invariant, part of the structure. G = (ξ, Π, Φ), where

° ξ is a valuation function defined on a set of time independent variable names, such that, for

every variable name x, ξ(x) ∈ Dj, for some Dj ∈  D;
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° Π is a valuation function defined on a set of time independent predicate names. If p is the name

of an n-ary time independent predicate, Π assigns a relation to it, that is, Π(p) ⊆  Dp1×...×Dpn,

where Dpj∈ D, for each j∈ [1..n];

° Φ is a function defined on a set of function names. If fj is an n-ary function name, then Φ(fj) is

a total function of type Dji1
 × ... × Djin

 →  Djo, with Djik
∈ D for each k∈ [1..n], and

Djo∈ D.

• L is the time dependent part of the structure. L = {Π i | i ∈  T}. Every Π i defines a state of the

temporal structure, i.e. a function defined on a set of time dependent predicate names. For every

name p of an n-ary time dependent predicate, Π i assigns a relation to it, that is,

Π i (p) ⊆  Dp1 × ... × Dpn, where Dpj∈ D for each j∈ [1..n].

A temporal structure S = (D, T, G, L) is said to be adequate to a TRIO formula if D contains the valu-

ation domains for all the variables occurring in it, and if functions ξ, Π, Πi, and Φ, assign values of

the appropriate types to all time independent and time dependent variables and predicate names, and to

all functions. If S = (D, T, G, L) is a structure adequate to a given TRIO formula F, then it is possible

to define an evaluation function assigning a value, at any time instant i∈ T, to all terms and formulas

that can be constructed by using variables, functions, predicates and operators occurring in F. We call

such function Si; its definition for terms is as follows.

i ) Si (x) = ξ (x) for every variable x;

i i ) Si (f (t1, ... tn)) = Φ(f) (Si (t1), ... Si (tn) ) for every application of an n-ary function f.

For TRIO formulas, the function Si yields values belonging to the set {true, false}, and is defined as

follows:

iii) Si (p (t1, ...tn)) = true iff p is a time independent n-ary predicate and (Si(t1), ... Si(tn) ) ∈  Π(p),

                                    or p is a time dependent n-ary predicate and (Si(t1), ... Si(tn) ) ∈  Πi(p).

If A and B are formulas, then

iv) Si (¬A) = true iff  Si (A) = false;

v)  Si (A → B) = true iff Si (A) = false or Si (B) = true;

vi) Si (∀ xA) = true iff Si (Aa
x) = true for every a∈ D(x).

Finally, the truth value of a temporal formula is defined according to the following clause.

vii) Si(Dist(ϕ, t)) = Si+Si(t)(ϕ)

A TRIO formula F is temporally satisfiable in a temporal structure S iff S is adequate to it, and there

exists a time instant i∈ T for which Si(F)=true. In such a case, we say that the temporal structure

constitutes a model for F. A formula F is temporally valid in a structure S iff Si(F)=true for every

i∈ T; it is valid iff it is temporally valid in every adequate structure.
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Appendix II The soundness of TRIO’s axiom system
The soundness property of a deductive calculus claims that Γ ϕ  implies Γ ϕ , i.e. only valid

formulas may be derived. The soundness proof for TRIO’s axiom system runs on induction on the

length of the derivation, and follows the lines of similar proofs provided in traditional textbooks of

mathematical logic [30].

Since the only inference rule of the calculus is Modus Ponens, which is trivially sound, our proof

reduces to showing that all the axioms of Section 2.4 are valid. First, we notice that (as can be easily

shown) all generalizations of valid formulas are also valid and that, by the very definition of validity

(see Appendix I), if α is valid then its temporal generalization, Alw(α), is valid too. Hence it suffices

to consider only axioms which are not themselves generalizations or temporal closures of other

axioms. For brevity we omit the parts of the proof regarding first order and equality axioms, i.e.

axiom groups 1÷6, since they do not differ significantly from standard proofs such as that of [30].

Hence it only remains to show the validity of the temporal axioms.

Axiom group 7. From clause vii) of the semantics, and since zero is the neutral element of the

addition operation on the temporal domain (assumed to be a linearly ordered abelian group) it follows

that Si(Dist(α),0) = Si(α), so α is true if and only if Dist(α, 0) is true.

Axiom group 8. The validity of these axioms follows from the fact that ‘+’ is a total operation on

the temporal domain, and that the values of terms t1 and t2 do not depend on the evaluation time, since

they contain only time independent elements of TRIO’s alphabet, like variables, constants, and

functions.

Axiom groups 9 and 10. Their validity follows trivially from clauses iv) and v) of the semantics

and from the totality of the ‘+’ operation.

Axiom group 11. If formula α is time independent and currently true then Si(α)=true for any i∈ T,

by clauses i), ii), iv), v), and vi) of the semantics. Hence Dist(α, t) is true for any value of t.

Appendix III Generalized topological axioms
In this appendix we briefly show how topology dependent axioms can be derived in a systematic way.

We will restrict our attention to the LB, UB, IU, OU axioms, leaving the remaining–simpler–ones to

the reader.

With reference to Figure A.III.1, let us assume that a generic transition v is output to p distinct

places pi, each one having ni input transitions and ki output transitions (among which, possibly, v

itself), and is input to q distinct places qi. Also v may coincide with some of the other transitions,

when it is both input and output of some place.
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Figure A.III.1 A general fragment of TPN.

• Axiom LB(v) states that every token consumed by a firing of transition v must have been

produced at least mv time units before.

LB(v):   fireth v, i  → ∃ d d≥mv ∧  ∃ x tokenP rj,k, x, pj, v, i, d∨
k=1

nj

∧
j=1

p

• Axiom UB(v) specifies that if a tuple of p tokens was formed more than Mv time units ago, at least

one of its tokens must have been consumed by a firing of v or of one of the transitions in conflict

with it.

UB(v):     

di≥Mv ∧  Past fireth ri,ji, xi , di  ∧
i=1

p

→

 ∃ d d≤di ∧  ∃ y Past tokenP ri,ji,xi,pi,si,h,y, di-d , d∨
h=1

ki

∨
i=1

p
∧

j1=1..n1
. . . . .

jp=1..np

 

As noticed in Section 3.2 with reference to the net fragment of Figure 3.2(b) some of the transitions in

conflict with v may have a stricter upperbound: in this case their axiom UB would logically imply

UB(v).

Axioms IU(v) and OU(v) need not explicitly mention the transitions whose firings are related to

those of v. Hence in the following formulas variables x and y represent transitions and–as usual–are

to be interpreted as implicitly universally quantified.

• IU(v) asserts that any token extracted by a firing of transition v from each of places pi, i=1..p,

was generated by a single firing of a unique transition.

IU(v):  tokenP(x, i, ph, v, j, d) ∧  tokenP(y, k, ph, v, j, e) → x=y ∧  i=k ∧  d=e∧
h=1

p

• OU(v) indicates that every token inserted by a firing of transition v into each of places qh, h=1..q,

is consumed by only one firing of a unique transition.
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OU(v):   tokenF(v, i, ph, x, j, d) ∧  tokenF(v, i, ph, y, k, e) → x=y ∧  j=k ∧  d=e ∧
h=1

q

Based on these axiom schemata, an algorithmic procedure can be defined to translate a TPN into a set

of TRIO axioms characterizing its temporal behavior.


