A Cooperative Negotiation Protocol for Physiological Model Combination

Nicola Gatti and Francesco Amigoni
Dipartimento di Elettronica e Informazione
Politecnico di Milano, Milano, Italy
{ngatti,amigonj@elet.polimi.it

Abstract that goes beyond “putting pieces together”: it can account
for secondary inter-effects between the partial models and
The global model of a complex phenomenon can emerget can flexibly model physiological phenomena [4]. Among
from the cooperative negotiation of agents embedding lo- the advantages of the use of agents to represent partial mod-
cal partial models of the phenomenon. We adopted this ap-els, the possibility to dynamically change their composition
proach to model complex physiological phenomena, such agn a flexible and open way is particularly relevant.
those related to the metabolism of glucose-insulin and to the
determination of the heart rate (pacing). In this paper we  The purpose of this paper is to formally describe and an-
formally describe and analyze the properties of a coopera- alyze the cooperative negotiation protocol experimentally
tive negotiation protocol we developed to allow the agents Used and validated in [1]. Although the protocol has demon-
to produce a global coherent model of a physiological phe- strated to work very well in practice, we are interested in
nomenon. We concentrate on the study of the conditions unfinding more formal justifications of its effectiveness. This
der which the agreement found by the negotiation protocol formal study is especially needed because the global model

is guaranteed to be reached. We also show details of an ap-emerging from the cooperative negotiation of the agents
plication concerning the pacing problem. could be used to develop controllers of the modelled phys-

iological phenomena. A very simple example of controller
can be obtained by pushing a phenomenon toward the op-
timal state determined according to its global model. These
1. Introduction regulating systems must be proved to satisfy some proper-
ties, the most important being te&bility of the negotiation
A system is considered complex when its behavior de- process to guarantee that an agreement is eventually reached
pends from the interaction of several heterogeneous subsysand, as a consequence, that a smooth control action over the
tems [3, 13]. Complex systems are encountered in severahuman body can be carried out. In this paper we formally
disciplines, such as physics, chemistry, biology, psychol- define a cooperative negotiation paradigm and we present
ogy, economics, and political science. Physiological pro- some results obtained from its formal analysis by provid-
cesses are a class of extremely complex systems to studyng constraints on the values of negotiation parameters that
and to model [10]. This is mainly due to the fact that a phys- guarantee the stability. We note that, in addition to stability,
iological process usually emerges from the interaction of other properties could be analyzed: for example, the conver-
several elements belonging to an intricate network of re- gence speed and the response time of the system. However,
lationships, where each element is involved in more pro- these aspects are outside the scope of this paper. In the fol-
cesses [2]. lowing we will refer to the determination of the heart rate
In previous work [1], we developed a system, calted (pacing). Many models have been proposed for pacing, but
thropic agencyable to integrate a number of partial mod- each of them is effective in describing the normal sinus ac-
els of a physiological phenomenon in order to globally pro- tivity only under ideal and very restrictive conditions. Since
duce a comprehensive model of the phenomenon; in particthe conditions are different for different models, the negoti-
ular we addressed the glucose-insulin metabolism. Partialation mechanism presented in this paper allows the combi-
models are embedded in agents (called decisional agentshation of the partial models in a global model. This is an ap-
and the global model results from the interaction - a coop- plication field different from that in [1] and shows the flex-
erative negotiation - of these agents. The negotiation pro-ibility and the generality of the proposed cooperation ne-
cess we implemented is mediated by an agent calipl- gotiation paradigm, that can be applied to model different
izer. Negotiation offers a way to integrate partial models physiological phenomena. Briefly, the main original con-



tributions of this paper are the definition of a cooperative  Differently from what we found in literature, in our ap-
negotiation protocol to integrate partial models of physio- plication we need a formal description of the negotiation
logical phenomena and the preliminary outline of a general paradigm in order to prove some properties (i.e., the sta-
methodology that can be employed to prove properties ofbility); the agents have not information about other agents
negotiation protocols. since (as stated above) we want a flexible architecture that

This paper is structured as follows. The next section will allows for dynamic update of agents; and we do not know
review the state of the art in cooperative negotiation, empha-& priori the social utility, but we determine the social utility
sizing its potential role in modelling complex physiological by finding the negotiation parameters that bring the agents
phenomena. Section 3 introduces our cooperative negotialo precisely mimic the behavior of the physiological phe-
tion protocol and shows its effectiveness in the pacing ap-nomenon. This last issue is worth a more detailed discus-
plication. Section 4 outlines a methodology that is applied Sion. In economic domainsyelfarismis the principle ac-

to theoretically investigate some properties of the protocol. cording to which the relative attractiveness of social alterna-
Finally, Section 5 concludes the paper. tives is determined by a total social ordering [17]. A social

welfare functional assigns a social rank to the alternatives.

In our application, the only available information is the set
2. Cooperative Negotiation of local potential (utility) functions that evaluate the states
from the local points of view of the agents. Hence, the pos-
sible global states of the multiagent system cannot be eval-

Cooperative negotiation is a particular kind of negotia- - . o X
tion that takes advantages of the cooperative nature of theuated by any explicit social utility function nor ordered by

agents to maximize social utility [12]. For the purposes of any soc.ial welfare principle: thg aptual global state of.the
this paper, cooperative negotiation is a way to perform dis- system is the result of_the negotiation of the agents, as illus-
tributed optimization for fully cooperative agents. In coop- trated in the next section.

erative negotiations, each agent has a partial view of the

problem and operates an optimization according to it, the3. A Cooperative Negotiation Protocol for
results are put together via a negotiation trying to solve the  Physiological Modelling

conflicts risen by the partial views. The relevant benefits of

cooperative negotiation for smoothing conflicts are the pos-  The proposed negotiation protocol is inspired to [8]: we
sibility to tackle dynamic environments and the reduction of generalized the protocol presented there, intended for auc-
the computation time [12]. Three dimensions can character-tion negotiations, to the case of cooperative negotiation.
ize a cooperative negotiation: the formal degree of the ne-

gotiation paradigm, the information about other agents, and3.1. Description of the Protocol

the knowledge of the social utility.

Cooperative negotiation is currently adopted mainly in  For the purposes of this paper, a negotiation involves
resource allocation field. For example, in [12] a cooperative contracting agents and a mediator, called equalizer. Each
negotiation approach for real-time control of cellular net- agenti embeds a partial model referring to a space of pa-
work coverage is proposed. Each base station is an agentametersA;, € RY: and its state is represented by a vec-
that negotiates the antenna radiation pattern around traffidor p; € A;. The spaces!; can overlap (i.e., they can have
spot with the neighboring agents. The authors show that thecommon dimensions) and the global parameter sphoé
local area real-time cooperative negotiation between basehe system isd = [J!_, A;. Each agent is associated
stations leads to a near-optimal coverage agreement in thavith a potential functiori/;(-) : A; — [0,+o0) that ex-
whole cellular network. In [5] a cooperative negotiation ap- presses the distance (not necessarily Euclidean) of the cur-
proach is adopted to solve a distributed resource allocationrent state from the optimal curve of the model embedded by
problem in radar tracking of targets in an environment. Each the agent. For example, Fig. 1 shows the potential function
radar platform has three distinct sensors and negotiates theiof an agent, called QT agent, that embeds the model [15] re-
orientation with the neighboring agents in order to better lating the heart rate (HR) and the length of the QT interval
track a target. From the analysis of the cooperative negoti-(a quantity inferred from ECG data). As another example,
ation paradigms for resource allocation presented in litera-Fig. 2 shows the potential function of an agent, called RR
ture (see also [6, 9]), it emerges that they are usually nonagent, that embeds the model [16] relating HR and the res-
formal and that the agents have information about otherspiration rate (RR), namely the number of respiration cycles
agents; moreover, the negotiation can be with or without ex- per minute.
plicit social utility information. Although some analytical The two potential functions above have been calculated
results have been derived for negotiations CITAZIONE?, in the following way. We started from the models [15] and
they are usually referred to competitive negotiating agents. [16] and tuned their parameters to mimic the collected data



whered(p) is the distance op from the curve (3.1). The
same we did for the spackr r obtaining the potential func-
tion Urgr(+). The formulas above have been experimentally
determined after several trials in order to define steep po-
tential functions that assign high values to points that are
far from the optimal curves. Indeed, the optimal curves are
the only information we have on the physiological phe-
nomenon: far from them, the heart functioning is not op-
timal; this aspect is captured in the above steep potential
functions.
d o et In addition, each ageritis associated with a normaliza-
T tion parametesV; € [0, 1] that scales the potential function
U;(-) in a global measure unit. This is needed because the

ranges of the potential functions of different agents (for ex-
ample, implemented by different designers) could be differ-
ent.

We callp_, theoffer (or proposa) formulated by agent
i attimet to the equalizee. p!_, , is a proposed state in the
spaced;. We callp!_, the counter-offer formulated by the
equalizer at time to the agent. p._,, is the proposal of
a new state inA; that is the expression of the last nego-
tiation step. Anegotiation sessiors a sequence of inter-
leaved offers of the agents to equalizer and counter-offers
of equalizer to the agents, starting at tilmand ending at
time 7 € N. For example, the portion of a negotiation ses-
sion regarding ageritcan be represented as follows:
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Figure 1. Potential function  Uqgr(+)

RR (respiration cycles per minute) Fbedis par mirasia] p?_}e -~ pg—n - pll—ni I pZ—m,
Figure 2. Potential function  Ugg(-) The anthropic agency of [1] models the glucose-insulin
metabolism through a sequence of negotiation sessions. In
the same way, the QT and RR agents described above model
relative to a particular patient (see Subsection 3.2). For in-the heart rate of a patient through a sequence of negotiation

stance, for patient6265, we obtained: sessions. Given the current state of the patient (the current
values of HR, QT, and RR read by appropriate sensors), a
HR = — 8.2 (3.1) negotiation session (with corresponding t@s) determines
1 (1930-4 - QT) the heart rate that should exhibit the patient, the heart rate is
1734.7 compared with the actual heart rate of the patient, the new

state of the patient is read, and a new negotiation session
starts (see Fig. 3). A heart rate control system could be ob-
tained by applying to the patient, using a pace-maker, the
These models describes two curves in the spaggs with heart rate determined by the system. We now turn our atten-
dimensions HR and QT, andl », with dimensions HR and  tion to the description of a single negotiation session and,

RR, respectively. These curves represent the combination of Particular, to the determination of the offers and counter-

values for which the heart has an optimal functioning for Offers.

the patientl6265. Then, to every poinp = (hr, qt) of the Given the vectop € A representing the current state

spacedqr we attributed a numerical valdéyr(p): of the global phenomenon to be modelled (as read by sen-
sors measuring physiological quantities), each agdot-
mulates an initial offer as the result of a local optimal search

HR = 26.98 - arctan (0.0995 - RR — 2.5947) + 95.02

d(p)’ d(p)? < 20 performed with objective functiot;(-) starting from the
10 ) current statep; of its internal model 1, is the projection
20 + 10 = log ((d(p) - 20> + 1> d(p)? > 20 of p on A;), for instance it could use a hill-climbing based

10 technique:



This versor is headed toward the agreementi(jjat time
t (see Fig. 4). From (3.3), it can be seen that the next of-

Model

B { Lo J == 1 fer of the agent gets closer to the last agreement of the ne-
b mor e L gotiation by a quantityy; (p;)||p._; — p!_..||, proportional
N AR R T to the distance between the last offer of ageand the last
e [ agreement.

Considering the vector along the direction of the gradi-
ent of4;(+) in pt_,, and normalizing it, we obtain the fol-

Qm > " lowing versor:

Figure 3. The modelling system vitl — VU;(pi_..)
' VUi (pi_.)ll
It points toward the direction of maximum increasing of
p?_. « LocalSearch (p,Ui(-)) U;(-) and every vector orthogonal &g+ is tangent to an

) ) equipotential curve (Fig. 4). We define the following ver-
Usually the potential function#/;(-) constructed as de-  sor that is along the direction orthogonal to the gradient di-

scribed above do not have local minima (see, for example, rection and thus tangent to the level curves of the potential
Figs. 1 and 2): thus we can assume, without loss of gener-space (Fig. 4):
ality, that hill-climbing based techniques efficiently find the
global minimum of/;(-) (namelyts; (p?_..) = 0, for all ). uitl - (v gt v
Each agent proposes its offer by sending the following Wf“ = 1+1 1+1 1+1 1+1
triple to the equalizer{p!_ ., U;(p!_.), Ni). o™ = (Vi) i
The equalizer receives the offers of all the agents at timeFrom (3.3), it can be seen that the next offer of an agent tries
t and calculates their weighted average: to keep constant the potential value in the direction of the
last agreement, namely it moves in the directiowdt ! by
n a quantitys;(p:)||p._; — p!_.||- Among the infinite vec-
m! = Zi:lfgﬁe N [L+ Ui(pic)] (3.2) tors orthogo(nal) |'[lo the gradienHt direction, we choegé!
i Ni- L+ Ui(pl )] as the one the minimizes the angle with*. This choice
is justified by the fact thatv!™' has a component that is
added tou’™ and another component that is in the direc-
tion of the equipotential curve on which the last offer was.

m' is the agreementeached in the negotiation session at
time t. Note thatm?® is a point in 4; in the above for-
mula, the sum at the numerator is intended to sum only
the corresponding elements of the vectors (for example,
(hr1,qty + (hro,rr) = (hr1 + hre,gt,rr)). The equal-
izer communicates to the agents its counter-propgsals,
that are the projections @it on theA;, by sending to each
one of them the valudp!__,).

After receiving the counter-proposal, every agenal-
culates its new offer to the equalizens:

pfile = p§—>e+Hp(t)—>L_pf—>e||(al(pl)uf+1+ﬂ7(pz)wﬁ—‘rl) . B . .
(3.3) Figure 4. The versors uf, vi, w! in a bi-

whereq;(-) and j3;(-), called negotiation parametersare dimensional potential field

two functions on4; to R, || ...| is the vector norm, and

u/tt andw!™! are two versors defined below. (In our im-
plementation of the negotiation protocol, the propgsal’.

is forced equal top!_,, when their difference is below a To summarize, the next offer of an agent takes into ac-

given threshold;.) count two components, the first one pushes toward the nego-
Considering the vector connecting, ; to p!_ ., and tiation agreement, the second one pushe_s toward the equipo-

normalizing it results in: tential curves. The first component contributes to accommo-

date the tendency of the society, while the second compo-
nent contributes to keep the individual agent close to its op-

t+1 péﬁi 7 pfﬂe (3 4) . .
) ' timal curve. The valuesy;(p;) and 3;(p;) determine the



relative weights between these two components. For exam-

ple, if a;(-) is small (namely, the weight of the component [es [ea [ o [ oo [| stern [ vartern

that pushes toward the negotiation agreement is small), the 0010 | 0152 | 0010 | 0240 )] 2918 6794

model embedded in ageihas high confidence and its pro- 0010 | 0150 | 0010 | 0248 || 2918 6808

posal moves only slightly from its optimal curve. We also 0010 | 0150 | 0010 | 0250 || 2918 6814

note that the values of functions(-) ands;(-) during a ne- 0010 | 0154 | 0010 | 0244 || 2918 6816

gotiation sessior_1 depend only @y, namely from the cur- Table 1. An optimal case

rent state of the internal model of ageénand thus are con-

stant during all the negotiation session. Hence, in the fol-

lowing, when it is clear that we refer to a single negotiation

session, we will use; andg; instead ofv; (p;) ands; (p;), o1 \ az \ 51 \ P2 H Blerr] | warlerr]

respectively. 0010 | 0152 | 0.000 | 0.000 3.005 6.987
0.010 0.150 0.000 0.000 2.980 7.006
0.010 0.150 0.000 0.000 3.032 6.938

3.2. Experimental Results

In order to validate the negotiation protocol described Table 2. The same case with 3, = f, =0

above in the pacing application, we compared its results
with those obtained by the single partial models and by  Finally, we emphasize the role ¢f during the negoti-
the Weighted average combination of the partial models. Wegtion: in Table 1 we report the results (for pat|éﬁf265)
used three 24-hours long ECGs, taken from [14], of patientscorresponding to the negotiation parameters that minimize
16265, 16420, and17052, and we extracted from them the  E[¢] and, in Table 2, we report the results corresponding to
(24-hours long) temporal series of HR, QT, and RR, for the same parameters but with = 3, = 0. It is clear that
each one of the three patients. We considered the averagg, andg,, introducing the contribution ok*1, help to im-
Ele] and the standard deviatiarur|e] of the errore, de- prove the reliability of the model.

fined as the absolute value of the difference between the real
value of HR (as read from the ECG) and the value of HR es- 4
timated by the system. We used the QT and the RR agents ™"
described above. Initially we calibrated (by estimating the
parameters with a non-linear least-square technique) their

models on the signals of every patient (see previous subsec- In th'.s ;ecnon, we first define the concept of stab_lhty Of.
tion). a negotiation session; then we show how the analysis of this

stability can be reduced to the analysis of the asymptotic

4 2V\1/_thr(]) V‘;ﬁ use onlytLh(?[ t%)T agent, we d%btdi;rﬁe] th: stability of a corresponding dynamical system; finally we

‘ ‘ .( IS means that the average er [e] for the exploit this approach to formally derive some results on ne-
three patients is in the rang8.2,5.2]) and varle] =

. gotiation stability.
9.98 £+ 1.5. When we use only the RR agent, we obtain gotiat iy
Ele] = 11.2 + 1.9 andvar|e] = 47.9 + 3.0.

In the case we use both the agents and their proposals ar

;:]omb;rrl]e(tj with & weltghtelzd tz;\]veragelzlvnhout negog_ano?, ‘;\r']e The main property we are interested in theoretically in-
a\'/eht ad(vtve re_po(rj Sn y i restL_J S correipct)r? tlng_ ot evestigating in this paper is the achieving of an agreement in
welghts, determined by a exhausiive search, that minimize, negotiation session. In particular we are interested in de-

Elel): Ele] = 3.6 + 0.3 andvarfe] = 7.6 £ 1.0. termining the constrains that guarantee the stability of the
In the case we use both the agents and their proposaliegotiation in order to facilitate the design of stable nego-

are combined with the negotiation protocol introduced in tjations. To begin with, we formulate the above concepts

this paper (with\y = Ny = 1), we have that (we re-  mpore formally:

port only the results corresponding to the negotiation pa-

rameters, determined by a exhaustive search, that minimizeéDefinition 4.1 A succession of offerp;_,, converges to

Ele]): Ele] = 2.9+ 0.2 andvar|e] = 6.5+ 0.3. These re-  Pi € A; when3t > 0 such thatp;_,, = p; fort > ¢.

sults improve those obtained using weighted average COM-afinition 4.2 A succession of agreemenig converges to

bination of aboutl7% for Ele] and14% for var|e]. This € Awhen3f > 0 such thatm! — mm for £ > 7.

means that negotiation provides a more accurate estimate

(i.e., closer to the real value read from ECG) of the HR Definition 4.3 A negotiation session &ablewhen the suc-

value. cession of agreementa! converges to an ¢ A.

Formal Analysis of the Proposed Coopera-
tive Negotiation Protocol

é.l. Stability Property



If a negotiation session is stable, then the agents involved4.3.1. The Average Caselet us start from the case in
are guaranteed to eventually reach an agreement if they arevhich A; = 1 for all i and/;(p!_,.) = 0 for all ¢ and
given enough time. i. In this casem? calculated according to (3.2) is the aver-

_r . . . age of the proposals!_ .:
Definition 4.4 A negotiation session isstrongly sta-

i n t
ble when the succession of offegs; ,, converges to D D

p; € A;, for all agentsi. m’ = n

It is easy to see that, if a negotiation session is strongly ~ Consider the following Lyapunov function:
stable, then it is also (simply) stable. "
£(t) =Y lIpt., — m'|]
4.2. Formulation of a Negotiation Session as a Dy- i=1
namical System It is a function of the state of the dynamical system cor-
responding to our negotiation protocol and it is trivially
To formally study the stability of a session of our co- positive and equal t® in the equilibrium, namely when
operative negotiation protocol, it is convenient to cast the the proposalp’ ., = m? (for all 7). To demonstrate that
problem in the framework of dynamical systems [11]. Given it is also monotonically decreasing, we need to prove that

(3.2), equation (3.3) can be written as: L) > L(t+1):
t+1 t+1 t+1 n i
Pice = pine b lom” 4 fiwi 7) D IPfoe —m[F > flpit —m P (42)
Pic1 Pine N [L+U(Pi.)] i=1 i=1

al —Pi.l (A1)

i Ni- L+ Ui(pi,)) We prove it in two steps. Firstly, note that:

This can be seen as a dynamical system corresponding to
the negotiation session, whose state at tire the col- n n
lection of thep!_,, (for all 5). This dynamical system is S o lpitL —mfY? =) pitl - mt?
asymptotically stable if and only if it existsfasuch that i=1 i=1
Pile =P f_ort > 1 and_for alli. Henpe,the dyna}mmal since, in the spacel;, m'™! is the average of the points
system above is asymptotically stable if and only if the cor- 11 and, by definition, the average is such that:
responding negotiation session is strongly stabie equi- e ' '
librium of the dynamical system being the collectionf n
of Definition 4.4. m'*! = argmin ) _ [|p/} — m"|?

The dynamical system (4.1) can be studied in order to i=1
determine the conditions (on the negotiation parametgrs The second step consists in proving that:
and 3;) under which the system is asymptotically stable.
We adopt an approach based on Lyapunov functions that n n
describe geometrical properties of the proposals and of the Z |pt_. — m'|? > Z ||Pfile —m'|? (4.3)
agreements. This approach is based on the Lyapunov crite- i=1 i=1
rion [11]: if we can find a “smooth” positive (equal tin
the equilibrium) monotonically decreasing function (called
Lyapunov function) of the state of a dynamical system, then
the system is asymptotically stable. To apply this criterion
in our case, we need to determine a function that is posi-
tive and that decreases at each negotiation step.

A sufficient condition for the (4.3) to hold is thdp! . —

i—e

m'|? > ||pitL — m?|]?, for all i. To verify when this suf-

ficient condition is satisfied, we writgp! ™! — m?|| as fol-
lows (according to (3.3) and (3.4)):

||p§~>e + ai(mt - pgﬁe) + ﬁ’algﬂe - thW7t1+1 - mt”

4.3. Some Formal Results on Stability 1 o 1

Hence,|pi". — m!||?, considering thafw!*'|| = 1 by

In this section, we present some formal results on the sta-definition of versor, is (after some math):
bility of a negotiation session that can be obtained from the
analysis of the corresponding dynamical system. To sim-
plify the following discussion, we assume, without loss of . Bt
. : H (piﬁe —m )Wz

generality, that all thel; have the same dimensions, namely +26;(1 — o) )

A; = Aforalliandp!_,, = m' for all ¢ and for alli. Ipi. —m’|

IPi e —m'|*((1 = :)? + 57+




Calling A; = [|p;_. — m’|| andl’; = (1 — &;)* + B7 +
20;(1 — a;)(pi_. — m")wi"!/||pi_, — m'[|, inequality
(4.3) can be rewritten as:

N N
YA AN
i=1 i=1

SinceA; > 0 andIl’; > 0 by definition, a sufficient condi-
tion to satisfy inequality (4.4) (and, consequently, (4.3)) is
thatl'; < 1. Namely:

(4.4)

m'! — p?

t

;- (o —1)-witt <1
Hp2—>€ ' ’

Remembering the definition (3.4) ef ™' and splitting the
above inequality according to the sign@f- («; — 1), we
have:

20; — a2 — 32

i 1—1 >0—= L witt
Bi-(ai =) W 26; - (a; — 1)
20; — a? — [3?
;o v —1) < (00— t+1 |t il S
fi{ea—1) W 26; - (a; = 1)
Bi=0= 0< oy <2
a;,=1—= 1< <1

In a similar way, we determined also the conditions for

which a negotiation session is not strongly stable. A graph-

ical representation of these constraints for the average case
is shown in Fig. 5.

alphaii

Figure 5. Regions of space («;, 3;) where the
negotiation is always strongly stable (white),
the negotiation is not strongly stable (black),
and nothing is said by our sufficient condi-
tions (gray)

4.3.2. The Weighted Average Caselet us consider now
the case in which; (p!_,.) = 0 for all ¢ and:. In this case,

These are the conditions on the negotiation parameters thaf' calculated taccording to (3.2) is the weighted average of
guarantee that (4.3) (and (4.2)) holds and that the dynami-the proposalg; . :

cal system is asymptotically stable.
Calling 9:** the angle between! ™ andw!**, we can
write the two above inequalities as:

20, — a2 — (32
B (ai—1)>0 — cos(0t+!) < 20405 =01

26; - (i — 1)
a2 32
Bi-(a;—1) <0 = COS(9§+1)>W

Since cos(+) has upper and lower limits, we have that
cos(0:™') < 1 andcos(it!) > —1 are inequalities al-
ways satisfied. Thus we can determine the ranges ahd

G; in which inequality (4.2) is always satisfied as:

200 — af —ﬁf

ﬂi-(ai—1)>0:> 1<2ﬂi‘(04i—1)
20 — o — (7

And, with some trivial algebra, we obtain the conditions for

t_ S Pi N
> N
Note that the weightd&/; are constant during the negotiation

session.
Consider the following Lyapunov function:

m

L) =" |Ipt, —m[2N;
=1

This function of the state of the dynamical system corre-
sponding to our negotiation protocol is trivially positive and
equal to0 in the equilibrium. Following a reasoning simi-
lar to that of the previous case, it is possible to demonstrate
that it is also monotonically decreasing when the conditions
(4.5) hold. Hence, Fig. 5 graphically describes the strong
stability results also for the weighted average case.

4.3.3. Discussion.Note that the above results are oslyf-
ficientconditions: a negotiation session can be (simply) sta-
ble although the offers of the agents do not converge but

which a negotiation session is strongly stable in the averagediverge at equal “speed” (see Fig. 6). The Lyapunov func-

case:

(0<ﬂ1<1/\6i<0511<2—ﬂi)\/

V(-1<Bi<OA=fi<a; <2+ ) (4.5)

tions £ defined above can be given an interesting geometri-
cal interpretation. Consider the constellation of offpfs .

in the spaced and their convex hulV? [7]. By definition,

the weighted averagm?® is a convex combination of the
p!_. and thus, for a well-known property of convex hulls,
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