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Abstract—In this paper we propose a new soft-iterative method
for the estimation of block-fading channels based on multi-block
(MB) processing. The MB estimator exploits the invariance of the
subspace spanned by the multipath components of the channel
and it estimates the channel subspace by sample averaging over
a frame of blocks. Here the MB method is extended to incorpo-
rate soft information, which is available in iterative equalizers. A
performance evaluation and comparison with other soft methods
in the literature is carried out showing the benefits of the proposed
approach on the turbo equalizer convergence.

Index Terms— Iterative receivers, Maximume-likelihood chan-
nel estimation, Multipath channels, Performance analysis, Soft
processing, Subspace methods.

[. INTRODUCTION

Iterative (turbo) equalization is a powerful technique that can
be adopted at the receiver when data, protected by an error cor-
rection code, is transmitted over a frequency selective channel
causing inter-symbol interference. The equalization and decod-
ing tasks are performed iteratively on the same block of re-
ceived signals, with exchange of soft information [1][2][3].

The convergence of these iterative receivers depends on the
quality of channel state information (CSI) [4]. To improve the
CSI accuracy, soft-iterative techniques refine the channel esti-
mate using the soft information provided by the channel de-
coder. In this paper we focus on soft-iterative channel estima-
tion for block-based wireless systems, where turbo processing
is performed on a set of L > 1 data blocks, each containing both
training and data symbols. We propose a new soft-based tech-
nique that performs a multi-block maximum-likelihood (MB-
ML) estimation of the channel relying on the quasi-stationarity
of the multipath delays within the L blocks. As in the block-
by-block (or single-block, SB) estimation methods [4][5][6],
the channel is estimated by combining both the hard-valued
training and soft-valued information-bearing data. But differ-
ently from the above listed methods, the MB-ML method ex-
ploits multi-block measurements to improve the estimate ac-
curacy for the slowly-varying subspace spanned by the mul-
tipath components. At first iteration the channel estimate is
obtained as in [7] from the training signals only, while in the
subsequent iterations it is refined using the a-priori statistics on
the information-bearing symbols. The ML SB-MB methods are
compared to [4][5][6], both analytically, by evaluating the mean
square error (MSE) of the estimates, and through simulation re-
sults. To allow the comparison, the estimation is carried out for
single-input-single-output (SISO) channels, but it can be also
extended to SIMO/MIMO (single/multiple input multiple out-
put) systems (see also [8]).

(*) S. Ferrara is now with CWC (Centre for Wireless Communication), Uni-
versity of Oulu, Finland.

The paper is organized as follows. Sec. II defines the signal
model and the receiver structure. Soft-iterative channel estima-
tion is in Sec. III, the analytical MSE evaluation and compari-
son in Sec. IV. Sec. V gives the simulation results and Sec. VI
the concluding remarks.

II. SYSTEM DESCRIPTION

We consider a block-based transmission of convolution-
ally coded data over a frequency selective channel. A se-
quence of binary information symbols is convolutionally en-
coded with code rate R, permuted by a random interleaver
I1[-] and mapped into quadrature phase-shift-keying (QPSK)
symbols zq(i) = (b(2i) + jb(2i + 1))/v/2, where b(i) €
D ={+1,—1} denotes the ith code bit after interleaving.
The transmission of the obtained QPSK sequence xq =
[za(1)---za(N,L)]T is organized (as shown in Fig 1) in L
blocks of N symbols each: xq = [x3(1)---x1(L)]T, with
xa(0) = [za(1;0)---za(N}; 0)]T being the (th data block
for ¢ = 1,...,L. An uncoded training sequence x({) =
[2¢(1;€) - - - 2 (N, ; )] is added as preamble within each block
yielding an overall block length of N/ = Ntl + N(; symbols.
The L blocks are then transmitted over a frequency-selective
channel, here modelled as a linear filter h(¢) € C"*! (in-
cluding transmitter/receiver filters and multipath effects) that
is constant within the block interval but varying from block to
block (block-fading channel). The equivalent complex base-
band model is shown in Fig. 2.

Let y(i;¢) denote the ith sample measured at the receiver
within the /th block (after matched filtering and symbol-rate
sampling), the vectors y.(¢) = [y(W;0) --- y(N;;0)]T e
CNotand yq(¢) = [y(N; + W) - y(N';0)]" € CNoxt
gather, respectively, the Ny = Nt' — W + 1 and the Ny =
N, (; — W + 1 signals received within the training and the data-
transmission phases. These signals are modelled as

{ yi (€) = X (0) h () +wy (0),
ya(0) =Xa () h(f) +waq (£),

where the Toeplitz matrices X; (¢) € CN*W and X4 (¢) €
CNaxW denote the convolution of, respectively, the training
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Fig. 1. Block-based transmission
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Fig. 2. Signal model for convolutionally coded system.

and data symbols with the channel: [X; (£)],., = @ (W +
n —m;{) and [Xq (0)]m.n = za(W + n — m; £). Notice that
the first W — 1 samples at the beginning of each phase have
been discarded to avoid overlapping between training and data
and simplify the subsequent analysis (see Fig. 1). The vec-
tors wy (¢) = Lw(W7 0)---w(N; 0T ~ CN(0,621y,) and
wa (6) = [y(N; + W3 £)---y(N';0)]" ~ CN (0,07, I,) col-
lect uncorrelated complex Gaussian noise samples with zero
mean and variance 0. The signal-to-noise ratio (SNR) is de-
fined as p = E[|[(¢)||*] /o2,

The channel h (¢) = G(7)a (¢) is the superposition of
d paths having constant delays 7 = [r1---74] and block-
fading amplitudes a (¢) = [a1 (£)---aq (£)]. The kth col-
umn of the W x d matrix G(1) = [g(71)---g(7a)] con-
tains the system pulse waveform (convolution between the
transmitter and the receiver filters), delayed by 74 and sam-
pled at the symbol rate. According to the Rayleigh fading
and wide sense stationary uncorrelated scattering (WSSUS) as-
sumptions, it is « (¢) ~ CA(0,R,) with power-delay-profile
R, = diag{A1,...,Aq4}. It follows that h (¢) ~ CN(0,R;,),
with covariance R;, = G(7)R,GT(7). Notice that, since
the columns of G(7) are not necessarily independent, it is
r = rank[Ry] < W. The r-dimensional invariant subspace
R(Ry,) is here referred to as the channel subspace. r repre-
sents the number of resolvable delays for the bandwidth of the
transmitted signal [7]. Based on these assumptions, the channel
vector can be rewritten in terms of the new parameters [7]

h(¢) =Ub(¥), 2)
where U € C"*" is a constant full-column rank matrix hav-
ing as column space the channel subspace R(U) = R(Ry,),
while b (¢) € C"*! is a block-fading vector. A possible (but
not unique) choice for U is the matrix containing the r eigen-
vectors (stationary channel modes) of Ry, the corresponding
modal amplitudes are b (¢) = Uth (¢) ~ CN(0, A), where A
is the 7 x  diagonal matrix containing the r eigenvalues of Ry,.

The iterative receiver structure is shown in Fig. 3. It con-
sists of a soft-in channel estimator, a sliding-window soft-input-
soft-output (SISO) minimum-mean-square-error (MMSE) lin-
ear equalizer [2][3] and a log-maximum-a-posteriori (log-
MAP) SISO decoder [9], separated by an interleaver and a de-
interleaver (of size LN, (;). At each iteration the soft channel
estimator derives (as described later on in Sect. III) a new esti-
mate for the channels {h(¢)}L_,, by exploiting both the train-
ing symbols and the a-priori log-likelihood ratios (LLR) for the
data-bearing bits b(4): A1[b(2)] = log{P[b(i) = +1]/P[b(i) =
—1]}. The channel estimates are then used to perform equal-
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Fig. 3. Turbo receiver structure for convolutionally coded system.

ization and decoding. Specifically, the SISO equalizer (or sub-
sequently the decoder) computes the a-posteriori LLR A [b(%)]
(or Ax[c(7)]) about the code bits b(z) (or ¢(z)). The extrinsic
LLR is then provided at the output of the module as difference
between the a-posteriori LLR and the a-priori LLR A4 [b(4)] (or
Az2[c(7)]). This refined soft information is de-interleaved (or in-
terleaved) and it is passed to the decoder (or the equalizer) as
new a-priori LLR Aq[e(4)] (or A1[b(4)]) for further processing.

III. SOFT-BASED CHANNEL ESTIMATION

In the following we address the problem of estima-
tion of the channel h (¢) from the ensemble of L blocks
{ye(0),ya(€)}f_,. At first iteration the estimation is carried
out from the training signals {y(¢)}%_, only, using the knowl-
edge of the pilot symbols X (the a-priori information on X4 ()
is missing). After the first channel estimation, equalization and
decoding of the L blocks, the LLRs A; [b(7)] can be exploited to
refine the initial estimate. Namely, the a-priori LLRs are used
to compute the mean value Z4(i) = E [xq(4)] and the variance
03(i) = E[|Azq (i) |?], with Axq (i) = zq (i) — Zq (i), for
each code symbol z4(i), 7 = 1,..., LN(;. We recall that for
QPSK modulation these statistics can be obtained as [3]

= % (tanh M + jtanh W) 3)
4)

1—|Za(d)*

Within the /th block, the quantities (3) and (4) will be indicated
as Zq(i; £) and o3 (i; £), respectively. The convolution matrix
built from the soft-valued data sequence {Z4 (;¢)} is Xq (£) =
E[Xq(0)] € CNaxW 'while AX4 (£) = Xq(¢) — Xq (¢) is the
matrix obtained from the data estimate errors {Azq (¢;¢)}.

Some assumptions are herein made to perform channel es-
timation. The training sequence is assumed to be the same in
all blocks so that Ry = X! (¢) X, (¢) is independent of the
block index. The information-bearing symbols {zq(i; ()} are
independent and their number is large enough so that Rq =
X (0) X4 (£) ~ Naly and Rgq = XY (£) X4 (¢) ~ Nyl
Here Ny = Ny(1 — 03) represents the effective number of
known data symbols depending on the average symbol vari-

LLNC& S2ENa 52 (7). We further assume Azg (i) as
a stationary white process, independent from w(¢; ) and hav-
ing variance o3.
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Based on the assumptions above, the model (1) reduces to

{ yi (£) = Xy (0) h (€) +we (£),

=Xaq () h(0) + Awq (£) +wa (0),

Training
va (€) Data

) (5)
where the soft-valued data X4 (¢) is known and can be treated
as an extension of the training sequence, while Awgq (¢) =
AXq4 (€) h (¢) represents an additive noise term (independent
from wq (¢)) having variance Ac? = o302 p. With respect
to the training-phase, in the data-transmissmn phase the input
noise variance is virtually increased by a factor 1 + 0% p to ac-
count for the unreliability of the soft values Z4 (; £).

Below we consider soft-based channel estimation from (5),
at first without imposing any specific constraint on the chan-
nel structure and then imposing the channel-subspace invari-
ance constraint (2) (for known r). The unconstrained esti-
mate of h (¢) is obtained block by block from the single-block
(SB) measurement {y+(¢), ya(¢)}. We briefly recall the follow-
ing SB methods from the literature: the least squares (SB-LS)
method [5]; the mixing (SB-M) and combining (SB-C) methods
[4] (herein extended to the estimation of frequency-selective
channels). Then we propose a new SB-ML method based on
the white Gaussian assumption Awy (£) ~ CN(0,Ac21Iy,).
A structured soft-based approach is finally obtained by the ML
estimation of h (¢) parametrized as (2), from the multi-block
(MB) ensemble {y(¢), ya(£)}/;-

A. SB channel estimation
1) SB-LS method [5]: By neglecting the term Awq(¢), the
LS channel estimate from (5) yields:

hsprs(f) = X @)y (0) + X ()ya(0)- (6)

2) SB-M method [4]: The mixing method (fully equivalent
to [6]) estimates the channel vector by minimizing

= X(OR(O| + By, [llya(0) - Xd(ﬂ)h(ﬁ)lléij

(Rt + Ra)

Fu = |y (£)

The solution can be written as
o (0) = (Re+Ra) - XHO(0) + KE@Oya(0)] ®)

where Ed :E[Xg(é)Xd(é)] = NdIW

3) SB-C method [4]: The combining method is a lin-
ear combination of the unbiased training-based LS estimate
hi(¢) = Ry X (0)y, (¢) and the biased data-based estimate

ha() =Ry KU (0)ya(0):

hspc (¢€) = Thy (¢) + Dhg (£). ©)

The weighting matrices D and T are selected so as to minimize
the estimate variance F¢ = E,[||hspc(£) — h(£)||?] under the
constraint B, [hgpc (¢)]= h (¢). Following the same procedure
as in [4] it can be shown that the minimization yields

—1
D

NaRj! (RéRfiH + Nth) (10)

- —1
Ly - Ry (RGRY + NoR) Ry (1)

where R} = X! (¢)X(¢). Similarly to [4], since the solution
depends on the unknown symbols X4(¢) the matrix R/, needs
to be approximated, e.g. as R} ~ Ng(1 — 2¢)b where ¢ is
the bit error probability at the output of the SISO decoder and

=3 LlNd Z2LN‘1 |E [b(2)] |. The disadvantage of this approach

is the need of estimating €. Notice also that for large Ny the SB-
C estimate (9) reduces to the SB-LS estimate (6) as it is: R/, ~
Rd, D~ Ny4 (Rt + ]:__{d)il and T ~ Iy —Nd (Rt + Rd)il.

4) ML method: The SB-ML estimate, under the Gaussian
approximation for Awy (), is the minimizer of the negative
log-likelihood function

L) = lye () =X (OB (O] +7llya () = Xa (OB (0) |
12)
for v = (1+ 03p) =" (factor due to the noise non-stationarity).

By setting R = R + 7R, the minimization yields

hgg (0) =R (XT (O ye (0) +9XT (O ya (). (13)

B. MB channel estimation

By generalizing [7] to model (5), the MB-ML estimate can
be obtained as the minimizer of £ = 3 v_1 L (¢) constrained to
the channel structure (2), yielding:
—R2PR*hgp (1)

hys (0) (14)

P represents the estimate of the projector onto the channel sub-
space and it is obtained from the r leading eigenvectors of

Raus (1) =7 R (Zj_l s (¢) Bl (é)) RUZ. (15)

Notice that the soft ML-MB estimate (14) reduces to the
hard-based one proposed in [7] when the a-priori information
is missing (od ~1, Ny~ 0) or perfect (od ~ 0, Ng ~ Ny).

IV. PERFORMANCE ANALYSIS AND COMPARISON

We evaluate and compare the MSE for the SB methods
(SB-LS, SB-M, SB-C, SB-ML) and the MB-ML method for
L — oo (i.e., perfect knowledge of the temporal subspace).
The following definitions will be used: n¢(¢) = X2 (0)wy(¢),
ng (E) = Xg(ﬁ)wd (f), And(ﬁ) = XE(E)AWd(E), ANd =
N4 — Nq. P denotes the true projector onto the temporal sub-
space R[R'/?R;,RH/?].

From the estimate definitions in Sec. III and model (5),
the estimate error Ah(¢) = h(¢)—h(¢) for all methods
can be written as indicated in Table I (rows 2-6). The MSE
E[||Ah(¢)]|?] is evaluated by averaging over fading, noise and
information-bearing data, and using the uncorrelation of n(¢),
Ang(¢) and ng(¢) (the proofs are omitted for lack of space).
The resulting MSEs are listed in Table II (rows 8-12), together
with the MSEs for uncorrelated training sequence, i.e. for
R; = NIy and R = (N, + vNg)Iyy (rows 14-18). To sim-
plify the performance comparison, in the following we focus on
this second case (uncorrelated training sequence).

The comparison between the SB performances shows that the
ML approach has some definite advantages with respect to the



TABLE 1
MSE OF SOFT-BASED SB AND MB ESTIMATES.

| Method|Estimate error

SB-LS [(R,+Ra) " [m:(f) +na(f) + Ang(0)]

SB-M | (R, +Rq)~ [ +(0) + nd(é) + Ang(¢) — ANgh(0)]
SB-C TR n.(0) + DRd ng(f)

SB-ML 1{nt( )+7[nd( ) + Ang (O]}

MB-ML [R~Y2PR™"*{n, (¢) +v[na (¢) + Ang (0)]}
|Meth0d |MSE for correlated training sequence

SB-LS |02 tr[( t+Rd) (Rt + 77 1Ry)]

SB-M r{ (R,4+Ra) 2[Ry +7 'Ry + 2MR,, }
SB-C r{E [TR;'T"| + E,,[DD"|N, /Ng}
SB-ML |02 tr[(R, + 7R4)~ ]

MB-ML |52 tr[(R +9Rq) PP(R, +yRa)
[Method [MSE for uncorrelated training sequence
SBLS [o2[w (Nt + 7—11\7d) J(Ny+N,)?

SB-M |o2[w (Nt + 7*11\7(1) + pANZ] J(N+Na)?
SB-C |02 trE,,[TT"]|/N; + 02 trE, [DD"| Ny /N2
SB-ML |02 W/(N; + vNq)

MB-ML (02 r/(N; + vNqa)

mixing, combining and LS techniques. First of all, let us con-
sider the estimate errors in Table I. It can be seen that the SB-
ML estimate is always unbiased, while the SB-M estimate is af-
fected by the bias E[hspn(£)] = [1+03/(Ny/Na+1)h(f) #
0 for 02 # 0. As highlighted in [4], for 0% ~ 1 (unreliable soft
data) and Nq > N; this bias can be very large, preventing the
turbo receiver to bootstrap.

The results in Table I show also that, for 0(21 = 1, the
MSEs for the SB-LS, SB-C and SB-ML methods reduce to
MSE; = ofUW/Nt, i.e. the performance of the conventional
training-based estimate hy (¢) (defined as in Sec. III-A). On
the other hand, for large SNR p and Ng > N; the MSE
of the SB-M method is MSEgp.\i/MSE; &~ pNy/W > 1.
This implies that the SB-M receiver performance can even de-
teriorate for increasing number of iterations (as shown by the
simulation results in Sec. V). Similarly, for 03 = 0 (i.e.,
for Ny = Ny and X4 () = Xg4(¢)), all SB methods re-
duce to the LS estimate calculated from the overall sequence
of Ny + Ny known symbols, reaching the lowest MSE value
MSEt+d = O'%UW/(Nt + Nd)

Let us now consider the intermediate values 02 € (0,1). By
comparing row 17 in Table I with MSE; it can be seen that the
SB-ML estimate is always more accurate than the conventional
training-based one. This improved accuracy, provided for any
grade of reliability on the data estimate, is another advantage
of the ML approach. On the other hand, the SB-LS and SB-
M methods perform worse than hy (¢) for, respectively, alp >
(1 +Nd/Nt) and 0'3,0 > (Nd/Nt + ANd/Nd + 1)/(Nd/Nd +
NqANq/W) (i.e., for unreliable data and large SNR).

Let us finally compare the SB-ML and MB-ML methods
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Fig. 4. MSE for soft-based SB/MB estimates vs. mutual information.

(rows 17-18). For these estimators the MSE depends only
on the ratio between the number of channel unknowns and
the number of effective training symbols within each block
(N; + vNg). The latter number ranges from N; (in case of
missing prior information) to Ny + Ny (for perfect prior infor-
mation). On the other hand, the number of unknowns is W for
the SB estimator, while for the MB estimator it is reduced to
the number r of block-dependent amplitudes b(¢) [7], as the
projector P is perfectly estimated for L — oc.

To conclude, the ML method is always unbiased and it out-
performs the training-based estimate (and also all other SB
methods as proved by simulations in Sec. V) for any 0 < 03 <
1. Furthermore, when integrated with MB processing, the ML
approach allows a further MSE reduction by a factor W/r with
respect to the SB approach, yielding the most accurate estimate
among all other methods considered in this paper.

V. NUMERICAL RESULTS

A frame of 10000 randomly-chosen equiprobable infor-
mation bits is coded by a 4-state convolutional code with
generators (7,5), and it is permuted by a random inter-
leaver. The code bits are mapped into 10000 QPSK sym-
bols and arranged into L = 20 blocks with N; = 500
symbols each. A training sequence of Ntl = 46 QPSK
symbols is obtained by adding a cyclic prefix to the se-
quence of length Ny = 31 defined in [S]. The block-
fading Rayleigh channel is simulated according to the follow-
ing multipath models: d = r = 6 resolvable paths, de-
lays T [0 1 2, 2 2 8.2,9.2,10.2)us, mean powers R, (0) =
2 diag{1,3,5,1,3, 7} Model C1) ; d = r = 9 resolvable
paths delays 7 =[0,1.1,2.2, 58 6.2,7.2,10.2,11.2,12.6] ps,
mean powers R, (0) = dlag{l, 3 }1,3, 3, 2,2, 1%
(Model C2). The MB method is simulated using as P the esti-
mate drawn from L = 20 blocks or the true projector onto the
channel subspace (as for an estimate from L — oo blocks).

Fig. 4 compares the analytical (lines) and simu-
lated (markers) MSE for: all SB methods (MSEgp.Mm,
MSEsp.c, MSEsg.1,s, MSEsp.\m1,) and the ML-MB method
(MSEnB.ML), p = 3dB, channel model C1, mutual informa-
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tion Z = 0 + 1. The latter is defined as the mutual informa-
tion Z = Z{b(i), A1[b(¢)]} between the input code bits b(¢) and
the output a-priori information A [b(¢)] here approximated as
Gaussian according to [10]. The number of data symbols used
for channel estimation is Ng = 200. Fig. 4 confirms that, for
Z = 0orZ = 1, all SB methods have the same performance
(except SB-M that is affected by the estimate bias for low 7).
The MSE reached for Z = 0 and Z = 1 equals the performance
of the LS estimate evaluated from, respectively: the training
sequence only (MSE;) and the whole training-data sequence
when all symbols are known (MSE; 4 ~MSE; - 31/200). As
pointed out in Sec. IV, it is MSEgg.m1, <MSE; for all 7
values, while for low Z the MSE of the estimate is above
MSE; for both the SB-C method (for Z <0.5) and the SB-
LS methods (for Z <0.2). For instance, for Z =0.1 (Ny ~
15), the simulation confirms the MSE gains/losses evaluated
from Table I: MSEgp_1,s/MSE; ~MSEgp.c/MSE; = 0.34dB,
MSEgsp.Mm/MSE; a4dB, MSEy 1, /MSE; ~ —0.67dB. It is also
shown that MSESB—ML/MSEMB—ML ~ 4.2dB for L — .

Fig. 5 and 6 show the BER performance vs. E; /Ny for the
complete iterative receiver after n = 1--4 iterations. The chan-
nel model is simulated according to model C1 (Fig. 5) and C2
(Fig. 6). The number of data symbols used for soft-based chan-
nel estimation is Ng = 500. Fig. 5 compares the receiver for
known channel with the receiver based on SB-M (top figure)
and SB-C/LS/ML (bottom figure) channel estimation. It can
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Fig. 6. BER performance for SB-ML and MB-ML methods vs. E; /Ny for

varying number of iteration (n).

be seen that for large E;, /Ny all SB methods have comparable
performance, with SB-ML performing slightly better than the
others. On the other hand, for E; /Ny < 4dB the bias of the
SB—M estimate is shown to worsen the receiver performance
for increasing n. Fig. 6 compares the ML-SB and ML-MB es-
timators highlighting the advantages of the MB approach: the
performance of the MB receiver is far below the SB one and it
is very close to the known-channel lower bound.

VI. CONCLUDING REMARKS

This paper proposes the integration of the training-based MB
estimate [7] for block-fading channels with soft iterative equal-
ization. The soft ML-MB method exploits the invariance of the
channel subspace across blocks and it estimates the channel us-
ing the soft statistics on the information-bearing data. The ana-
lytical performance evaluation and comparison with other soft
methods in the literature, also validated by simulation results,
show the advantages of the proposed method.
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