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Abstract— Knowledge of node locations is desired in many
types of wireless sensor network (WSN) technologies. Cooperative
localization has been proved to provide self-calibration in the
WSN even in presence of sparse reference nodes and noisy range
estimates, as it relies on redundancy exploiting all the available
inter-node measurements. In this paper we consider cooperative
localization based on time-of-arrival (TOA) inter-node ranging.
We analyze the Cramer-Rao bound on the positioning accuracy
for one/two dimensional regular network topologies. The aim
is to obtain some understanding of the behavior of localization
accuracy for varying system settings, as a base for future
evaluations of more realistic random network deployments.

I. INTRODUCTION

Positioning is a topic of great interest nowadays as its
application to emergency, security, environmental monitoring,
and location-aware services, is expected to play an important
role in the near-future wireless markets. An important area
of applications is that of wireless sensor networks (WSN),
flexible low-cost networks that are able to self-organize and
adapt to changing conditions. In typical WSN applications,
only few nodes have known positions (reference nodes or
anchors), all the others (unknown nodes) have to be localized
by the network itself, even those that are out of the range
of any anchor. In such a situation, localization can be ob-
tained through the cooperation of all nodes, using not only
measurements from anchors but also measurements among
pairs of unknown nodes [1]. If nodes are equipped with ultra-
wide-band (UWB) transmission capabilities, accurate inter-
node range measurements are achievable through time-of-
arrival (TOA) estimation [2].

The Cramér-Rao bound (CRB) provides a useful means for
the analysis of the limits of positioning accuracy. CRB results
for cooperative localization, based on different types of inter-
node measurements, can be found in [1]- [7]: the localization
error is shown to depend on several elements, in particular
on the measurement reliability (which may be impaired by
multipath, non-line-of-sight, synchronization errors, etc.) and
the topology of the network. The CRB analysis for TOA-
based cooperative localization is here extended to include path-
loss effects and it is focused on simple network topologies,
such as regular one/two dimensional (1D/2D) sensor arrays.
The aim is to obtain some understanding of the behavior
of localization accuracy for varying system settings, e.g.
network size, unknown/known node density, path attenuation,
transmission coverage, etc. Analytical close form results show
how the average location accuracy is related to the number of
unknown nodes and to the number of reliable connections for
each unknown node. We believe that this preliminary study

can be the starting point for successive evaluations of more
realistic WSN topologies (e.g., modeled as random networks)
and for defining guidelines for deployment of practical WSN
systems given location accuracy requirement.

I1. MODEL

Consider a network composed of N nodes with locations
01, ...,0N, each defined by a pair of spatial coordinates 6;, =
[vx yx]T € R%, k = 1,...,N. We assume that the first N,
nodes have unknown positions {6}, while the remaining
N, = N—N,, are reference devices located in known positions
{Gk},iV:N“H (e.g., through GPS). In cooperative localization
[1], the estimation of the 2N, unknown parameters 68 =
xT y1T, with x = [z1---2zn,]T and y = [y1---yn,]7T,
is obtained from pairwise measurements {zj .} made between
any pair of (either known or unknown) nodes k and £. Focusing
on TOA's, z;, ¢ represents the estimate of the distance between
nodes k and ¢:

die =0k — 0] = Q/A.T:i’@ + Ay,%’g Q)

with Az, ¢ = 2 — x¢, Ayk,e = yr — ye. Let Q be the subset
of nodes with which node & makes measurements, Iq, (¢) is
the visibility function such that Io, (¢) = 1 if £ € Qy, or
I, (¢) = 0 if not. For I, (¢) = 1, the measurement from
node %k to node ¢ can be modeled as follows:

Zke = h(0k,00) + exe = [0k — O] + €x s, 2

where h(0y,0¢) = |0 — 0] and ey ~N (O,ai’z) is the
measurement uncertainty, here assumed as Gaussian and un-
correlated to the other measurements’ errors {e,, n }m-£k n-e-
In this work, range estimates are considered unbiased, as we
assume that both z; , and z; are available for each pair of
nodes k, £, so that clock biases can be canceled (as for round-
trip measurements). The analysis can be generalized to include
synchronization errors following the approach in [3].

According to the CRB on TOA estimates [8], the variance
o}, should be linearly related to the inverse of the signal
to noise ratio (SNR) that is experienced over the radio link
used to obtain that range estimate zj (. This SNR is typically
modeled as proportional to d;; where « is the path-loss
exponent, thus it is reasonable to assume:

Oip =00 (dre/do)™ =08 - (|0k — 0c] /do)™,  (3)

where o2 is the range accuracy at a reference distance d.
Arrange all measurements into the vector z =[z; - - - zp/]";
based on the Gaussian assumption it is z ~ A (h (0),Q (8)),



where h (0) is the vector collecting the terms {h(6,6,)},
while Q (0) is the diagonal covariance matrix having as
diagonal entries the variances {o7 ,} that depend on the
unknown parameters 6 according to (3). The total number
of measurements is M < N(N — 1) — N.(N, — 1) and it
is maximum in case of full coverage, i.e. when each node
makes measurements with all others (excluding measurements
between two anchors). We will assume, however, that each
node has a limited coverage and makes measurements only
to nodes located within a radius r from itself, i.e. Q, =
{6 : |Abg | < r}. The ideal case of full coverage will be
considered only as a reference for performance evaluation in
Sec. IV (notice that in this case it is » — oo, but the reliability
of the range estimate always reduces for increasing distance
due to the path loss effects according to (3)).

I11. ANALYSIS OF THE CRB
The CRB for any unbiased estimate & is [8]:

Cov(0) =E[6—0)(6—0)T] > F !, 4

where F is the 2N, x 2N,, Fisher information matrix (FIM)
for the 2V, coordinates 6. For TOA-based cooperative local-
ization, the CRB has been derived in [1]- [3] assuming that the
estimator has no a priori knowledge about the dependence of
the measurement accuracies on the locations 8. The analysis
is here modified to include the path-loss model (3). The FIM
inverse can be written as [8]:

Co Cuy } _ [ Foo Fuy T ©)
where Fy,, F,, and F,, are the N, x N,, FIM sub-blocks that
can be derived as in [1] using the Gaussian assumption for the
measurements z. The derivation is modified in the Appendix
S0 as to include the path-loss model (3), yielding:

c:F—lz[

D (m“ 6““,’”), if ko= ¢
[Fxx}kj = /™ " 2A A (6)

o (3 + 1)

b (2Aydi2j +50Ayw), if k=20
[Fyy]k,e = {7 2Ay a’Ay ; @

—Iﬂk(g)(2dgl+6 “)’Ifk#f

Z (QAtgjjdAka] +/8(¥ Aaﬁk]jAykJ>, |f]{j:£
[ny}k‘,l = JEQ éAmk 2Aync o ACEh ¢ AyYk.e if (8)

—Iq, (6) ( or.0dh ¢ = +p5 i e ) REEa

The parameter 5 has been introduced above to indicate the
a-priori knowledge about the relation of the covariance Q (0)
with the unknown parameters 6 at the estimator: it is 5 = 1
in case the model (3) is assumed, 8 = 0 for no a-priori
knowledge. In the latter case the FIM equals the results given
in [1], while for 3 = 1 a second term is added to each
element of the FIM leading to a lower estimate error. For
increasing SNR (03 — 0) this second term becomes negligible
and the FIM elements (6)-(8) tend to those for 8 = 0. This
result is confirmed by Fig. 1 that compares the location root
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Fig. 1. CRB of the location accuracy and RMSE of the MLE for the network
deployment exemplified in the box ("0’ denotes unknown node, ’x’ is anchor):
Ny =3, N=2, a=4,dp =1m, A =5m, r — oo.

MSE (RMSE) of the maximum likelihood estimation (MLE)
averaged over 100 independent realizations with the two CRB
bounds (8 = 0 and 5 = 1) for different values of oy. The
MLE requires a nonlinear unconstrained optimization and it
is here implemented using a standard iterative gradient-search
algorithm initialized according to [3].

The lower bound on the kth location estimate accuracy is:

MSE;, = B[llfx — 0x/1*] 2 [Caaly s + [Cyyliy - ()
that, averaged over the whole network, yields:

NlL
o MSEy _ t2(C)
N,

tr(Cqa) + tr(Cyy) '

MSE = =
N, N,

(10)

In the following we investigate the above bounds for 1D/2D

network topologies. The aim is to introduce analytical tools to

be used in Sec. IV for studying the impact of the network
deployment on cooperative localization performance.

A. Simplified Bounds

In 1D networks the N nodes are deployed along a straight
line and each position is given by a single scalar coordinate
0, = z € R. In this case, the N, x N, FIM, F, for the
unknown parameter vector & = x reduces to the matrix F,
in (6) with Aajil = dj ,. For large SNR, this leads to:

Z _IQ] (2) _191 (Nu) T
e a' o? o?
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From the above equation and from (3), we can see how the
cooperative localization accuracy is related to the connectivity
of the unknown nodes’ network and to the reliability of the
links towards the anchors. For convenience of notation, let
us introduce the parameter v, , = Io,(¢)/0} ,. Based on



the assumptions in Sec. I, it is vy, , = v, ;. This parameter
can be seen as an indicator of the quality of the connection
between nodes k& and ¢. The FIM can also be written as
F = F, + F,,, the sum of the localization information from
reference nodes (F,) and from cooperation (F,). The first
term, F,, = 2diag (ZéV:Nu_H QCWIRERS Z?ZN“H YNyt )s
accounts for the links between each unknown node and the
N, reference nodes. On the other hand, the matrix

Ny,
Zz:1 V1,6 ]_V’Y1,2 ~71,N,
V2,1 D1 V2.0 —Y2,N,
F,=2 ]
N’U/
~YN,,1 —VYN,,2 24:1 YN, .0

12)
depends on the connectivity graph of the unknown nodes’
network [9]. In case of no reference nodes (V, = 0), we have
F, =0and F = F,, is singular (all raws sum to zero): the
estimation of the absolute coordinates is not possible in this
case, only relative localization may be achieved. Remember,
indeed, that in a 1D geometry absolute localization requires the
use of IV, > 1 reference nodes for the existence of solution,
and N, > 2 for the uniqueness (to solve flip ambiguity)®.

For 2D networks the FIM has a more complex structure
with respect to (11). Still, a simplified lower bound for (9)
can be obtained by observing that it is [8]:

Coo = (For—Fo,F/F )7 >F0 (13
Cyy = (Fyy - Fny;a}F;yl)_l > Fy_yl (14)

with equality for F,, = 0 (i.e., the FIM is block-diagonal,
the estimation of x and y can be decoupled into two separate
1D problems). Furthermore, for any pair of positive definite
matrices F,, and F,, the series-parallel inequality holds:
F,l+F,} >4(F,, +F,,) " [10]. From (6)-(8) and using
the relation Az? ,+Ay? , = d ,, it follows that the elements
of the matrix F,, + F,, have the same expression as in (11)
for large SNR. Thus we get the simplified bound:

MSE 2 [F],  +[Fy], 24 |(Faw +Fyy) 7| =4[B!
Even though this bound may be non realistic for complex
topologies, in Sec. 1V it will be shown to be close to the CRB
for large isotropic regular networks with nodes uniformly and
equally distributed along the two coordinate axes.

IV. ANALYSIS OF REGULAR 1D/2D NETWORKS

We start by considering a 1D uniform linear array (ULA)
composed of NV nodes uniformly spaced along a straight line
at positions 0, = z = (k — 1)A, k = 1,...,N, with
inter-distance A = 5m. Of these nodes, NV, are reference
devices placed uniformly among the unknown nodes (see the

LFor conventional 1D (or 2D) localization, it is well known that existence
and uniqueness of solution to the TOA-based localization problem is guar-
anteed when each node is linked to at least 2 (or 3) reference nodes. For
cooperative localization the problem of solvibility has been investigated using
graph rigidity theory in [11]. A sufficient condition is full connectivity (i.e.,
complete graph) with N,. > 2 (or N, > 3).

— 34-node array
--------- 12-node array
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Fig. 2. CRB for a 12-node (dashed line) and a 34-node (solid line) sensor
arrays, for different values of coverage radius .

deployment in Fig. 2, where 0’ denotes unknown node, while
"X’ is anchor). According to the CRB of TOA estimation [2],
the range accuracy is o9 = ¢/(2v/2 - SNRoB), where c is the
speed of light, SNRy = 10dB is the SNR at the reference
distance dyp = 1m and B = 500MHz is the effective signal
bandwidth. The path-loss exponent is « = 4. The coverage
radius ranges from » = A (each node makes measurements
with up to 2 neighbors) to » — oo (full coverage).

An initial study of regular 1D networks shows that a rough
estimate of the localization accuracy can be obtained by
reducing the problem to a single sub-array deployment for
limited node coverage (i.e., low r or high «). In Fig. 2 the
CRB on the location accuracy is plotted along the ULA for
two different deployments: an array of NV = 34 nodes with
N, = 4 (solid line); three separate (non cooperating) arrays
having each N = 12 nodes and V,. = 2 reference nodes at the
ends (dashed line). For » < 3A the performance of the 12-
node array is almost the same as that of the 34-node array, as
far as the density of the anchors is constant. This means that
we can approximate the 30 x 30 FIM of the first deployment
by a block-diagonal structure having over the main diagonal

(15)k’kthree 10x 10 blocks equal to the FIM of the 12-node sub-array.

Based on the above result, we can now focus on a single
regular array with N, = 2 anchors at the two ends. Due to
the uniform deployment, it is di ¢, = |k — ¢|A, and the FIM
elements are [F ] = fro -2 [(A/do)® - 03]~ with

k N—-1-Fk
> L+ > Lifk=¢
f _ m=1,k—m<N, m=1,m<N,
7 - if0<|k—0 <N,
0, if [k—¢| >N,
where N,, = |r/A] is half the number of nodes within

a distance r (i.e., the number of cooperating neighbors on
each side of the node). It is worth noticing that, for large
N, the FIM tends to be a Toeplitz matrix having elements:
for = to =230 “Loand frpim = tm = — ==, with
N,, = [(N —1)/2] for full coverage. The strength of this
assumption is shown in Fig. 3 where the true CRB (solid
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Fig. 3. True CRB and its approximation by a Toeplitz FIM for a 12-node

ULA with different values of the coverage radius.

line) and the one computed with the Toeplitz approximation
(dashed line) are plotted along a sensor array of N = 12 nodes
for different values of r. The approximation is particularly
good for low coverage radius (for r = A the two lines
are perfectly superimposed). Notice also that the positioning
accuracy improves for increasing node coverage, but not so
significantly for » > 2A (due to the path-loss).

An extreme case is a« = 0 and r — oo (all nodes cooperate
with each other providing range measurements with constant
variance o2, regardless of the inter-node distance), which leads
totg = N — 1 and ¢, . In such a situation the inverse
FIMC=F ' canbe easrly calculated in closed form, leading
to the following bound on the average location accuracy:

tr(C) 1 < 1+ 1 >
N, 02N N,
For a fixed number of anchors, the above CRB decreases as
1/N for increasing network size, as the number of unknowns
goes with NV while the number of measurements grows with
N2, On the other hand, for o > 0, the reliable measurements
reduce and the MSE may increase with the network size. This
is shown in the following by deriving a close form for the
CRB for o > 0 based on the Toeplitz FIM approximation.

The MSE bound (10) for 1D networks depends on the
trace of the matrix C and thus on the sum of the inverse
eigenvalues of F. Let {11;} X1 be the eigenvalues of F sorted
by decreasing order, expenmental results not included here
have indicated that for limited coverage (large « or small
r) the trace of C is dominated by the minimum eigenvalue
BN, 1 ,Ij“o "L~ L1 Furthermore, for Toeplitz
matrices the foIIowrng Iower bound holds [12] BN, -1 =

I(min{Ae;} + min{Aa;+1}), where {\;}2Nr 1 are the co-
efficients of the order-2N,, discrete Fourier transform (DFT)
of {ti}f\f:“_*(lN 1) These can be expressed as:

N, .
~ 2
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Fig. 4. Average CRB along the array vs. the number of unknowns for different
values of path-loss exponent: true CRB (solid line) and approximation (19)
(dashed line). The array geometry is represented in the box.

It follows that mln{)\m} =X =0, min{/\gi_r_l} = A1, with:

N 1 ™m N 1 /mm\?
/\1—22—(!{1003<—)]z —a(—)_
—m N, mX::l m N,
(18)

where we used the truncated Taylor series expansion cos x =
1 —1/z% for z < 1 and we introduced the function of the

path-loss exponent ¥(a) = Zﬁ" 1 7a==. It follows that:
tr(C) 1 1 o (AN 1
MSE > N—— &2 — | ———=N,.
B2 NN, v 0\dy) W(a)m2 "
(19)

This bound is validated in Fig. 4 by comparing the true CRB
with the approximation (19) for o = 2,3,4 and » — oo. The
true CRB for o = 0 is shown as a reference. Notice that the
approximation (19) has been derived under the assumption
of limited coverage and thus it is accurate only for large «
(or small 7). The term W(«a) gives the dependence of the
positioning accuracy on the connectivity degree of the WSN:
the higher is the number of reliable connections for each
node (i.e., the effective number of cooperating neighbors), the
larger is ¥(«). For the limit case o = 2 and r — oo it is
U(a) = (N —1)/2 =~ N, /2 and the MSE is approximately
constant for increasing NV,. On the other hand, for o > 2
the effective number of connections decreases rapidly: it is
U(a)=16fora=4, ¥V(a)=12fora=5and ¥(a) — 1
for larger .. From (19) we can thus conclude that the average
accuracy is linearly related to N, for o > 2, as confirmed
by the results in Fig. 4. The same holds for limited coverage
radius, e.g. for » = 1 which leads to ¥(a) =1 Va.

The analysis is finally extended to regular 2D ULA, using
the same parameters as for the previous simulations with o =
4. Fig. 5 shows a network of N = 25 nodes, with N, = 21
unknowns (indicated with "0”) and NV,. = 4 anchors (indicated
with ’x’). The ellipses (red line) plotted around the unknown
nodes represent the CRB of the location accuracy obtained
from the 2 x 2 covariance sub-matrices of (5); the black circles
are calculated from (9), while the blue circles from (15). We
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(blue) compared with the lower bound (15) (black) for » = 2A (left) and
r — oo (right), for a 2D regular WSN with N = 4 x 4, N, = 2 x 2,
A = 5m. The error has been multiplied by 4 for visualization purposes.

Location uncertainty ellipses (red) and circles with radius MSE

can observe that for a regular network the uncertainty ellipses
tend to be circles, especially for central nodes that are not
affected by border effects. This justifies the reduction of the 2D
problem to the 1D discussion. Moreover, it is clearly visible
that for growing coverage radius the approximation (15) tends
to the true CRB. Fig. 6 shows the RMSE on a gray scale
for N = 34 x 34 and N, = 4 x 4. We can observe that the
location accuracy tends to be uniform on the 2D area apart
from locations close to the anchor nodes.

V. CONCLUSIONS

In this paper, we investigated the performance limits of
TOA-based cooperative localization. We extended previous
CRB analyses in the literature in order to account for the
path-loss effects. We focused, in particular, on regular 1D-2D
network topologies. For 1D deployments, analytical results,
validated by numerical simulations, have shown how the
location accuracy is related to the number of known (V)
and unknown (V,) nodes and to the network connectivity.
In particular, for ULAs with fixed N,, the CRB on the
average location MSE increases linearly with N, in case of
limited connectivity among the nodes (e.g., for small coverage
radius r or path-loss exponent o > 2). The coefficient of
proportionality, ¥(«), has been calculated in closed form
showing the dependence on the number of reliable connec-
tions for each node (i.e., the effective number of cooperating
neighbors). An approximated CRB has been derived also for
regular 2D networks. A further development will be a more in-
depth investigation of 2D networks and the extension to more
realistic WSN topologies modeled, e.g., as random networks.

APPENDIX
The FIM sub-blocks are calculated as follows [8]:

1290179)

2 all/k 61/£

Fuvlke = [HTQ "H, e + —tr <Q_
(20)

where 1 and v represent either = or y, Q = Q(6), H,. and
H, denote the two components of the A x 2N, gradient
H=20 _ g, H,). The element (k, ) of each sub-block
(20) is the sum of two terms: the first one is taken from the

matrix HTQ~'H and it is already known from [1]; the second
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Fig. 6. CRB on the location accuracy for r = 2A (left) and » — oo (right)
for a 2D regular WSN with N =34 x 34, N, =4 x 4, A = 5m.

one is obtained by computing the derivatives of Q with respect
to zx and yi. Let i = i(k,¢) = 1,..., M be the indexing
function giving the position of the measurement (k, ¢) in the
vector z, the derivatives can be calculated according to (3) as:

”’“’O‘Au . ifi=d(k,
Q] ] o kot (k, )
Tl T S Ay Q=0 k) (21)
0, otherwise
This result together with (20) leads to the FIM values (6)-(8).
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