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Abstract

The number of independent parameters necessary to
describe an isolated reflection with AVO and residual
velocily error is determined. A statistical analysis al-
lows to identify an ambiguily among these parameters
that cannot be solved without geological a priori infor-
malion. As an erample, an ezireme medium totally
tmplausible geologically but kinematically equivalent is
derived.

Introduction

An accurate velocity estimation is essential to seis-

mic data post—-stack and pre-stack processingi.e. pre—
stack depth migration.
Pre-stack analysis allows the specific estimation of
elastic parameters (velocities P and S, density) which
require a nonlinear elastic inversion. Although sev-
eral authors (Tarantola, 1986; Kolb et al. 1986) have
already examined the problem of elastic parameter es-
timation, there is still a need to fully understand the
limits and reliability of the inversion technique. An
alternative approach to elastic parameter estimation
(cfr. full elastic inversion) lies in Amplitude and Phase
vs. Offset (AVO and PVO) measurements. Owing to
AVO dependence on physical parameters (e.g. Zoep-
pritz equations) the AVO inversion searches for op-
timal elastic parameters that fit AVO measurements.
When compared to kinematic and full elastic inver-
sions of the interface, AVO analysis and inversion can
be considered as an intermediate approach. However
it 1s to be noted that the inversion of noise free AVO
measurements has more than one solution (Drufuca
and Mazzotti, 1991). The need to use not only P-P
reflections but also P-S, S-S and S-P reflections to
improve the reliability of the interface inversion was
discussed by de Haas and Berkhout (1990?, Van Ri-
jssen and Herman (1991). In fact the reliability of
the inversion is greatly reduced by AVO measurement
errors. Single interface AVO measurement requires a
much more accurate kinematic model than does' seis-
mic imaging. However there is no guarantee that the
proposed model is the real one just because the wave-
field obtained from the inversion modeling matches
the data.

A key role in AVO analysis for elastic parameter
estimation is played by velocity analysis; even small
errors can cause quite relevant inaccuracies in the es-

timation of the proper AVQ. It was shown by Spratt
(1987) and Walden (1990) that velocity residual, or
Residual Normal Move Out (RNMO), reduces the re-
liability of AVO measurement and the inversion lacks
the expected accuracy. NMO correction and stretch-
ing reduces the accuracy of AVO measurements (Her-
bert, 1990) so it is advisable when AVO measurements
are employed to correct moveout statically.

The basic assumptions of AVO analysis are that: i) the
bandwidth of the wavelet must be considered when es-
timating the reflection moveout; ii) an analysis is made
of the isolated reflections (signal muting can reduce re-
flection interference).

This paper presents a statistical analysis of the in-

teraction, due to velocity errors, between AVO and
RNMO. Any elastic reflection (assumed here to have
a physical AVO behavior), unknown deterministically
but characterized by a known statistical distribution,
is decomposed into reflections with and without AVO.
In such a simple description the residual is minimized
and could correspond to different media but no inver-
sion technique is able to differentiate the media. The
analysis was carried out for full bandwidth wavelets
(i.e. Ricker wavelets) adding the reflection delay.
If, in a LMS sense, any elastic event can be further de-
composed e.g. into two or more reflections with AVO
and with distinguishable velocity parameters, then the
AVO information is no longer reliable for the extrac-
tion of the elastic parameters of the interface. In fact
the basic assumption for any AVO analysis and in-
terface inversion is to have a single event with a well
determined velocity. It is demonstrated here that the
AVO inversion is ambiguous, not only in the physical
parameter subspace (velocities P and S, and density)
but also in the kinematic subspace.

Elastic Reflections Model

Consider the Common Midpoint Gather (CMG) of
the elastic reflections of a horizontally layered model
of earth. A few simplifications of the P-P reflections
are examined for the purpose of obtaining a simple and
useful relationship between AVO and velocity errors.

e The hyperbolic moveout of each reflection de-
pends on the normal incidence traveltime 7 and
on the velocity vg. Only short offsets are consid-
ered so that the parabolic moveout approximation




holds true

2
z 2
tz)~ 75+ —27_01)3 = 19 + poz°. (1)

The residual normal moveout (RNMO), rather
than the moveout of a CMG after correction
for constant velocity, is approximated by the
parabolic moveout. The reflection times can be
represented by a Taylor series of the form t(z) =
¢+ (1/v2)x? + coz* + 328 + ..., where ¢3, c3, ...
are coeflicients. Obviously, a simplification of the
reflection time polynomial is considered here.

e The amplitude of the reflections vs. offset z

(AVO) are approximated by the relationship A +
Bz? = A(1 + ¢2?). Assuming that only small
incidence angles are considered (< 30°) the P-P
reflection coefficient (R,,(6)) depends on the P-
P and S-S normal incidence reflectivity (Spratt,
1987) Rpp(0) ~ Rypp(0) +2[Rpp(0) — Ry4(0)] sin? 4.
The zero offset amplitude A depends on the
acoustic impedance contrast whereas the S-S nor-
mal incidence reflectivity can be estimated from
the AVO parameter ¢q. The kinematic inversion
of Vp, obtained from the moveout measurements
(i.e. velocity analysis), provides only an approx-
imate estimate of P-P normal incidence (apart
from density p).
Therefore, pre-stack AVO analysis allows the es-
timation of interface elastic parameters (veloci-
ties P and S, density); the normal incidence or
the short offset reflections are mainly useful for
subsurface imaging (post-stack or P-P kinematic
section) or image processing (i.e. migration).

e The seismic wavelet w(t) considered here has no
phase shift vs. offset (PVO). The reflection model
chosen deals with narrow, limited and full band-
width wavelets.

The CMG seismic signal s(z,t) can be obtained as
a linear combination of elastic reflections:

S(;L‘,t) = ZA,'(l-i-quz)UJ(t—Ti—Pixz)"’f(’:xt), (2)

The residual [ | e(z,t) |? dt dz is used in the estima-

tion of the parameters of the equivalent model of the
i-th reflection:

(7,p)i are used in the estimation of the equivalent kine-
matic model, i.e. V, velocity and layer thickness;

(A, q); depends on the interface elastic parameters (the

kinematic model, density p and V; velocity).

The interaction between RNMO and AVO of NMO
corrected elastic reflection in the (z2,t) domain can be
analyzed in the Fourier transformed domain (kyz,w).
The spectrum of an isolated reflection with AVO
(Fig.1 (a)) is ambiguous and could be considered as
the superimposition of two or more events, each at a

Figure 1: 2D Fourier transform of AVO and RNMO

constant value of the wavenumber k2 (lateral bands).
The spectrum of two or more reflections with differ-
ent RNMO, and without any amplitude behavior vs.
offset, contains the spectra of each reflection on sep-
arate slopes, each slope depending on the reflection
RNMO parameter p; (Fig.1 (b)). The limited time
resolution depends on the wavelet bandwidth whereas
the aperture limits the RNMO resolution as shown in
Fig.1 (c)-(d), this leads to ambiguity in the spectra.
Owing to this spectra ambiguity, a strong interaction
occurs between the AVO and RNMO. In other words
the spectrum of an isolated reflection with AVO can
be interpreted as a superimposition of two or more
reflections without AVO. Moreover the velocity errors
are an additional cause of further ambiguity.

Eigenstructure Decomposition

In seismic data the elastic reflections of narrow
bandwidth were cc usidered so as to obtain the interac-
tion of AVO and RNMO; furthermore the number of
the degrees of freedom of uncertain AVO and RNMO
for elastic reflections was evaluated.

After NMO correction the time windowed CMG
narrow band elastic reflection is characterized by nor-
malized RNMO (p;) and AVO (g¢;) at frequency wo;
sampling along the offset square z2, gives the data
vector

a(pi, @) = Ail(Ig)eort, (1+q,-z3.)ef“°"-'=(g'.
The offset is normalized to the cable length (z2,,, =
1) and the maximum considered RNMO has a phase
difference of wopmarz2,,, = T over the cable length so
that the normalized RNMO parameter in now limited
|pi |< 1.

'Each elastic reflection in the time window is char-
acterized by a RNMO and an AVO behavior that is
not deterministically known a priori; it can be mod-
eled by its statistical distribution. In other words,
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Figure 2: Eigenvalues of the covariance matrix for the
uniform distribution of AVO and RNMO. From the
not negligible eigenvalues, the number of degrees of
freedom for this model is N=5.

let us suppose the probability densities of AVO g(q)
and RNMO f(p) are known. The covariance matrix
for independent events (the normal incidence reflec-
tion coefficients are taken as statistically independent

variables i.e. 4; = 0: A AT = 0ifi £ A; 2=1)1s

R= / / aa’ f(p)g(q)dpdg = Elaa’]  (4)

where E is the expectation. The number of not neg-
ligible eigenvalues of R indicates the number of de-
grees of freedom of the data i.e. the number of inde-
pendent parameters that can be used to model the
data. In fact the eigenvectors (or eigenstructures)
v,, i =1,.., N of the covariance matrix R completely
span the data subspace, provided that the eigenvalues
are Ay > Ay > ... > AN > AN+1 >~ /\N+2 ~ . ...~0
(Rank{R} = N). Each event considered in the mod-
eled distribution of AVO and RNMO can be obtained
as a linear combination of the eigenstructures span-
ning the data subspace:

N

a(p,7) = Y_Biv; +£(57) (5)

i=1

so that the residual || &(7,7) ||*~ 0.

Considering a uniform (i.e. equally likely) distri-
bution of AVO and RNMO between the two extreme
values (| gmas |< 1 and | pmaz |< 1), the number of
degrees of freedom is N=5 as shown in Fig.2 where the
eigenvalues’ ratio is represented. Increasing either the
maximum offset or the RNMO py,q, in the a priori
distribution, increases the number of degrees of free-
dom. The linear slope of N vs. the maximum offset

or RNMO (52— = -4N_ ~ 1) js evident from the

dxznuz dpm“‘
number of not negligible eigenvalues of the covariance
matrices corresponding to increasing RNMO spread
(Fig.3(a)). Obviously the number of detectable events,
and their resolution, increases with the cable length.
The number of degrees of freedom N is more or less
independent of the a priori ¢ distribution. This has
been shown in Fig.3(b) where the eigenvalues of the
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Figure 3: Eigenvalues of covariance matrix R: (a)
for a uniform distribution of AVO and increasing
RNMO (pmaz) or equivalently maximum offset (nor-
malized RNMO step is 0.5); (b; for a uniform distri-
bution of RNMO (| pmaz |< 1) and increasing AVO
(-1 < ¢<1+6¢ 6¢g=0,1,2 ..). From the eigen-
value analysis it is evident that the number of degrees
of freedom N(pmaz) increases almost linearly with
RNMO (a), but is almost independent of the AVO

(b).

covariance matrices have been represented for increas-
ing gmaz. This suggests that AVO information can be
mistaken for the RNMO. Eigenstructures are an or-
thogonal basis of events but they have little physical
meaning. The importance of each eigenstructure can

be appreciated from, for instance, the evaluation of
the MS error

N
le(p, @) 1=l alp, q) = > Biw; |, (6)
i=1

with respect to the decomposition N and the param-
eters (p, q).

Narrowband Elastic Reflections Decom-
position

Eigenstructures span the narrowband data sub-
space provided their AVO and RNMO have been mod-
eled; therefore, eigenstructures are unusable for seis-
mic inversion due to their poor physical meaning. An
alternative and more physical approach is the decom-
position of the elastic reflections previously modeled
into a nonorthogonal basis of elastic reflections. The




narrowband data subspace could be spanned on the
basis of reflections corresponding to events character-
ized by a RNMO and an AVO or by reflections with
no AVQ, thus having RNMO only.

Considering the basis with both RNMO and AVO,
each vector a; depends only on p; and ¢; (i.e. a; =
a(pi, ¢;)), thus the basis becomes

(7)

Any narrowband elastic reflection a(p,q) modeled
from the relationship (3) can be decomposed into the
nonorthogonal basis

I = [—&1;.&.2! "'1&);]‘

k
a(p,¢) = Y _ Ai(p,9)a; = La(p,q). (8)
i=1

The MS error

te(p,q, T) |I*= (T alp, 9)-a(p, 9)" (T alp, q)—é(p(,gq))

depends on the choice of the weight vector a(p,q).
The optimum choice is obtained by minimizing the
MS error (9) with respect to the weight vector so that
the LMS error for each event is obtained. From the
gradient computation:

ollepaDI® _
da(p, q)

the LMS error becomes
le(p,a, T) 2in=2"(p.9)(I - Pla(p,¢).  (11)

The matrix P = T(T*T)~'T" corresponds to the pro-
jection of a(p,q) onto the subspace spanned by the
nonorthogonal basis a;. The MS error for an optimal
choice is better expressed as:

0 (10)

| e(p, 0, ) ll2in= Tx[T — P)a(p,9)a"(p,9)(I - 2%12.

Once (p, q) have been defined, the MS error (12) de-
pends on the event and on the basis T. To evalu-
ate the MS error for an a priori statistical distribution

the previously considered uniform distribution of AVO
and RNMO was used; the MS error becomes:

(D) II’= eI - P)RA-P)].  (13)
The residual depends on the covariance matrix R for a
known distribution once the nonorthogonal basis with
RNMO and AVO has been chosen.

The next step implies the use of the a priori infor-
mation in order to define the covariance matrix. This
was to find the optimal combination of the basis events
a, that minimize the MS residual (13) that depends on
the covariance matrix. From (13), the minimization is
obtained from the gradient computation:

o1l (@ II?

=0.
a(plyPQv mek)

(14)

[ N Events | p value NO-AVO | p value AVO |
1 Event 0 0
2 Events +0.5100 +0.6460
3 Events 0; £0.7621 0; £0.8210
4 Events | £0.3706; +0.8875 | £0.3280; £0.8375

Table 1: Normalized velocity sampling of nonorthog-
onal narrowband basis with and without AVO that
optimizes the MS error for the assigned a priori dis-
tribution (equally likely elastic reflections).

In order to take into account the effect of a limited
signal to noise ratio, the eigenvalue spread of the T
matrix is limited to 30 dB; this corresponds to the
eigenvectors used for the evaluation of P in (14) 1. In
this way the optimum sampling for AVO and no AVO
in the RNMO parameter p is found by minimizing the
MS error. The RNMO sampling in Table 1, obtained
for events with parabolic amplitude behavior, can be
analogously obtained for events without AVO (events
with ¢ = 0). In the same way Fig.4 shows the LMS
error for the optimum velocity sampling as a function
of the number of events with AVO that would span the
data subspace corresponding to the previously consid-
ered distribution of velocities and AVO. The same fig-
ure shows the LMS error for the events without AVO.
It has been shown that any distribution of events per-
taining to the data set characterized by R could also
be described with: either 1 event with AVO or with 2
events without AVO, with 2 events with AVO or with
4 events without AVO. These descriptions correspond
to different media but no inversion technique can dif-
ferentiate them without further information.

Seismic Data Decomposition

An analysis of the narrowband is a valuable guide-
line for a more physical decomposition of full band-
width CMG. If one elastic reflection at normal inci-
dence traveltime 7, and moveout pg is considered the
traveltimes of the basis of N elastic reflections are

ti(z) = To+8Ti+(po+6p;)z” = To+pox’+6ti(x). (15)

The basis of full bandwidth elastic reflections contains
the time dependency that was neglected in the narrow-
band elastic decomposition. For the sake of simplicity
it is convenient to define the basis vector as

T(z,t,87, ép) = {w(t — 6t1(x)), ..., w(t — 6tn(z)),

1The computation of the projection matrix P is obtained
from the SVD of the matrix T: U*TV = A and the singular
values spread of 30dB defines the singular values matrix As
that corresponds approximately to that signal to noise ratio.
The factorization of T becomes:

I = HsAsKE‘
and the projection matrix, from SVD is

E = y_su..s'
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Figure 4: MS residual as a function of the number
of events representing the data set. The a priori dis-
tribution can be described by 2 events with AVO, or
with 4 events without AVO, obtaining a comparable
negligible residual.

2w(t — 8t1()), ..., e?w(t — bty (z))} . (16)

The MS error depends on the basis time ref-
erence §r = 07y, 672,...,678} and bp =
{ép1, 6po, ..., 6pn} and on the amplitude coefficients
a={A,...,An, By, ..., By} (acoustic reflection coef-
ficient A; and AVO B;):

[l (2, 8p) |I*= Es + o’ $(é, 6p) a - 2o’ ¥(67, 8p),

(17
where E, = [ [ | s(z,t) |? dtdz represents the signal
energy. The symmetric positive definite matrix, i.e.
basis correlation matrix, ®(ér, Sp) = [ [T'Tdtdz

(the basis vector (z,t) dependence is understood) de-
pends on the basis time sampling as well as on the
crosscorrelation vector between the basis and the data
¥(4z, 6p) = [ [s(z,t)T dtdz. The optimal weight
vector can be estimated from a linear inversion; never-
theless, the optimal time sampling of the basis should
be evaluated using an optimization stage. The op-
timal velocity sampling, estimated for equally likely
reflections in the narrowband analysis, can be extrap-
olated to the limited bandwidth reflections. Obviously
the analytical signals should be considered taking into
consideration the Hilbert transform of limited band-
width data.

Consider the synthetic CMG elastic reflections of cen-
ter frequency fo = 30H z and raised cosine bandwidth
Af = 20Hz: the time window is centered on To =
512ms, the average stacking velocity is vg = 4.0Km/s
and the receiver sampling is dz = 50m while the max-
imum offset is Ty = 2450m. Any limited band-
width elastic reflection, or any combination, is de-
composed into a nonorthogonal basis. The residual
S [ 1e(z,t) |? dtdz of the decomposition into reflec-
tions without AVO of isolated narrow bandwidth elas-
tic reflection is reported in Fig.5. By increasing the
number of events the basis spans the data subspace
more accurately.

A synthetic elastic model (dashed) is shown in
Fig. 6; using a 60Hz Ricker wavelet each reflection
has been decomposed into three elastic reflections
with parabolic AVO. The equivalent kinematic model
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Figure 5: Nonorthogonal decomposition of elastic re-
flections using limited bandwidth reflections without
AVO. Residuals vs. 2, 3, 4 events decomposition
of elastic reflections with AVO (normalized q) and
RNMO (normalized p) (right: residual projection on
the RNMO parameter). Increasing the nonorthogonal

- basis, the residuals decrease as predicted for narrow

band example in Fig.4.

(solid) is able to describe the muted CMG within 2-
3% of residual. The accepted velocity error of each
reflection is approximately 0.4%. The equivalent sig-
nal model (i.e. made by reflections used to decompose
the isolated reflection with RNMO corresponds to a
combination of three reflections with basis traveltimes
(15?{, such a combination depending on the effective
Ricker wavelet bandwidth. This extreme equivalent
kinematic media could be geologically meaningless,
due to impossible density contrast, but no inversion
technique could tell the difference between them if the
MS error was the only discriminating factor.

Conclusions

The unreliability of the MS solution of AVO anal-
ysis and inversion was explored and the importance
of geological information revalued. It was found that
seismic elastic reflections can be replaced by reflections
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Figure 6: Full bandwidth (60Hz Ricker wavelet) syn-
thetic example of the elastic model (dashed) where
each reflection has been decomposed into 3 kinemati-
cally equivalent elastic reflections (solid). Even if the
equivalent model could be geologically meaningless,
the inversion is unable to differentiate between the so-
lutions in the kinematic subspace without any a priori
information.

without AVO and this makes the reliability of AVO in-
version questionable. Furthermore it was shown that
AVO does not generally increase the number of de-
grees of freedom of the data. It was demonstrated
that any combination of narrowband elastic reflections
can be decomposed into either K AVO reflections or
2K reflections without AVO, the residuals being com-
parable. The decomposition of the narrowband into
reflections with and without AVO has been extrapo-
lated to a limited bandwidth that can be compared
with the bandwidth of practical seismic data. The
more realistic Ricker wavelet was also examined in a
synthetic example, this led to a kinematic (but per-
haps not geologically) equivalent medium.

In the kinematic subspace the equivalent medium
which can be obtained is not unique; in fact, only
the geological a priori information, or other geophys-
ical measurements (e.g. well logs), can identify the
relevant solution in the ambiguous subspace.
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