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Abstract—This letter analyzes the coding efficiency of dis-
tributed video coding (DVC) schemes that perform motion-com-
pensated interpolation at the decoder. The decoder has access only
to the key frames, when generating the side information for inter-
mediate frames. Therefore, the true motion field necessary for this
operation is not directly available, and the motion vectors must
be estimated at the decoder side, thus introducing displacement
estimation errors. The accuracy of the motion-compensated inter-
polation at the decoder depends on several factors: 1) the overall
motion complexity; 2) the temporal coherence of the motion field;
and 3) the temporal distance between successive key frames.
Adopting a state-space model and a Kalman filtering framework,
we obtain an estimate of the displacement error variance. This is
used to determine the rate-distortion function of the overall coding
scheme, that takes into account both intra-coded key frames and
DVC-coded frames. The proposed model shows that motion-com-
pensated interpolation is unable to achieve the coding efficiency of
conventional motion-compensated predictive coding. In addition,
the model provides a good estimate of the group of pictures size
that optimizes the coding efficiency. Experimental results on real
video sequences validate the results of the proposed model.

Index Terms—Distributed video coding, motion analysis, video
coding.

1. INTRODUCTION

ISTRIBUTED video coding (DVC) is a recent video
Dcoding paradigm whose main idea is to perform
intra-frame encoding and inter-frame decoding. The com-
putational burden due to motion estimation is thus shifted to
the decoder side. DVC is based on the principles of distributed
source coding stated by the Slepian—Wolf [1] theorem for the
lossless case and later extended by the Wyner—Ziv [2] theorem
to the lossy scenario. Results obtained on test video sequences
reveal that DVC coding schemes generally improve the coding
efficiency with respect to intra-frame coding, but, so far, they
have been unable to achieve the coding efficiency of conven-
tional motion-compensated predictive codecs, at least for the
case of noise free transmission [3].

The goal of this letter is to introduce a model that allows to
study the coding efficiency of DVC-based coding schemes. We
restrict our analysis to schemes that compute the side informa-
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tion at the decoder by performing motion-compensated inter-
polation, starting from two intra-coded key frames [3]. Specif-
ically, we focus only on the generation of the side information,
neglecting other factors related to the channel coding tools that
are typically used to replace conventional entropy coding. We
elaborate our model in two steps. First, for each Wyner-Ziv
coded frame, we estimate the displacement error variance in-
troduced by motion-compensated interpolation. In fact, the true
motion field is not directly available at the decoder, and it must
be estimated introducing displacement estimation errors. Then,
we estimate the power spectral density of the motion-compen-
sated prediction error to obtain the rate-distortion curves by in-
verse water-filling [4]. Armed with the proposed model, we in-
vestigate the tradeoff between motion-compensated interpola-
tion accuracy and GOP size, in order to find the optimal group
of pictures (GOP) size for a target distortion.

This letter extends our previous work in [5] in two ways:
arbitrary GOP lengths are considered and the analysis is not
restricted to high rates, thus including the effect of lossy
key frames. In addition, experimental results on real video
sequences are presented to corroborate the validity of the pro-
posed model. A similar work appeared in [6], where the model
explicitly addresses only the case of motion-extrapolation.

II. RATE-DISTORTION MODEL

Consider a GOP of size N frames, encoded either using a
conventional motion-compensated predictive codec or a DVC-
based scheme as in [3]. These schemes differ in the way the
motion-compensated prediction (side information) $(¢) of the
current frame s(t) is generated.

* Motion estimation at the encoder: §(t) = §p(t) is ob-

tained by performing motion estimation using s(¢) as cur-
rent frame and the previously encoded frame s'(t — 1)
as reference frame (s’ is the quantized version of s). An
I — P — P —...—1GORP structure is assumed.

*  Motion-compensated interpolation at the decoder: The de-
coder performs motion-compensated interpolation using
lossy coded key frames s'(71) and s’(72) only (11 < t <
T2) [7], [8] to generate §(t) = Swz(t). An T — WZ —
WZ — ... — I GOP is adopted. The decoding of any
Wyner-Ziv (W Z) frame requires both the previous and the
next I frames to be decoded first.

If we constrain the distortion D to be constant along the GOP,

the average rate R per frame can be computed as

R(D)= -

N-—1
v |R'(D)+ >’V D) (1)

=1

where R!(D) is the contribution of the intra-coded frame and
Rl{ PwZz} (D) that of the ith inter-coded frame (for the case of
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motion-compensated prediction at the encoder or motion-com-
pensated interpolation at the decoder).

The rate-distortion curve Rf(D) is given by the following
parametric set of equations 9]

=12 //mm [0,0ss(AN)]dA  (2)

I<€):871r_2 // max [0710g2 ¢880( )] dA bit 3)
A

where ¢55(A) (A = (wg,wy)) is the spatial power spectral den-
sity (PSD) of the source and 6 > 0 is a real-valued parameter
that allows to move along the rate-distortion curve. We notice
that when 6 < ¢¢5(A) VA, DI(#) = 6. Therefore, 6 is propor-
tional to the amount of distortion introduced by quantization.

In the following, we derive the rate-distortion curves
R{PWZ}(D) adopting the framework introduced in [4]. To this
end, let us denote the residual frame after motion-compensated
prediction as e(t) = s(t) — $(t) and define the spatial power
spectral density of e(¢) as ¢e.(A). Let us consider a video
signal that is described by a constant, translatory displacement
(dy, dy), and neglect any other effect like rotation, zoom, occlu-
sions, illumination changes, etc. The approximate expression
of ¢ee(A) is given by [4]

Des(N),
bee() ~ {max{(;ee(m,a},

1

(?)ER(A) _ 2¢ss(A) <1 —e 2 (UJmUZAd_r +wyaidy)> ! (5)

D'(6)=E [(s' - s)

if ¢as(A) <0

otherwise

“4)

where o3,

Ad, = d, —d, (¢ = z,y), which is assumed to be zero mean
and Gaussian distributed. The error is strictly connected to the
way motion is estimated and represented, as it will be detailed
shortly.

In [4], an approximation of the rate-distortion function is
given by

denotes the variance of the displacement error

D{P’VVZ}(H) - E [(el _ e 2]
// min [0, ¢ss(A)] dA (6)
A
R{PWZ}(H)
1 dee(A)
Sy // log, P ()

Ax(¢55(A)>0 and pec(A)>6)

We can observe that, in order to compute (1), we need to char-
acterlze the values of the displacement error variances 0% 4, and
o d, for each frame in the GOP. Assuming 1sotrop1c dlsplace-

ment errors, we can state that, on average, o' Ad, = oidy =
O'QA 4 Therefore, we will drop the coordinate index x,y in the
rest of this letter. We can analyze the following two cases:

e P frames: The motion estimation is performed at the en-
coder. We can assume that the displacement error is solely
due to the finite accuracy used to represent motion vectors
(M = 1,1/2,1/4,...pixels). Therefore, we can write
02, = M?/12 for any frame in the GOP as indicated in
[4].

e W Z frames: The motion estimation is performed at the
decoder between successive intra-coded key frames. Then,
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this is used to infer the motion for intermediate W2
frames. In order to evaluate JQAI for the ith frame we
propose a model based on Kalman ﬁltenng, detailed in the

following section.

III. STATE-SPACE MODEL

In this section, we introduce a state-space model according to
the Kalman filtering framework. We describe the time evolution
of the true displacements with the state equation, and the noisy
observation of the motion between two intra-coded key frames
with the output equation.

Specifically, we introduce the following state equation:

d(t) = pd(t — 1) + 2(¢t) ®)
where d(t) is the true displacement that the frame s(¢) is subject
to, p is the temporal correlation coefficient and z(t) ia a zero-
mean white noise, having variance o2 (z(t) = WN(0,02)).
The variance of d(t) can be computed as 02 = o2 /(1 — p?).
In order to gain an insight, we can interpret o5 as an indication
of the motion complexity; and p as a measure of the temporal
coherence of the motion field, for a given value of afl. A value of
p close to one indicates that motion has approximately uniform
velocity along time.

In the proposed model, we can view the motion-compensated
interpolation process as an estimation of the displacements at
timet,t—1,...,t—N+1(G.e.,d(t),d(t—1),...,d(t—N+1)),
when only the motion o(t) between two key frames is observed

o(t) = d(t)+d(t—1)+d(t—2)+...+d(t— N+1)+w(t) (9)

where w(t) is a white noise WN (0, o ) that takes into account
the finite accuracy of displacements (02, = M?/12), as already
explained for P frames in the previous section. Equation (9)
describes the fact that the true motion between two successive
key frames can be expressed as the sum of displacements of the
frames in between.

The state-space model described by (8) and (9), implies that
a new observation o(t) is available at any time instant ¢. Ac-
tually, we have access only to one observation every N time
instants, where NN is the GOP size. A more accurate model for
the problem at hand is obtained by relating the increment of the
time variable to intra-frames only. With a change of variables,
we define 7 = ¢/N and we rewrite the state-space model in the
new time units 7.

For the sake of simplicity, consider a GOP of N = 3 frames
(see Fig. 1). At time 7, the intra-frames s(7) and s(7 — 1)
are used to compute the displacement o(7). WZ frames are de-
fined at intermediate fractional times 7 — 1 + &k and 7 — 1 +
ko(k; = i/N). Exploiting the autoregressive model (8) and de-
noting d;(7) = d(7 — 1 + k;) and z;(7) = 2(1 — 1 + k;), we
obtain the subsequent model

(1)
dy(1) = pPd(T — 1) + p71( )+ 22(7)
d(r) = p*d(r — 1) + p*21(7) + pz2(7) + 2(7)
o(t) =di(7) + dao(T) + d(T) + w(T) (10)

that can be written in the canonical form prescribed by Kalman
filtering
(11

12)

d(r) =Fd(r — 1) + vy(7)
o(t) = Hd(1) 4 va(1)
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S(T=2+ky) s(t—1) s(tr—1+k)s(tr—1+ky) s(7)
dt —1+ky %
d(r—1)
T—2+ks T—1 T—1+k T1—1+k T
Fig. 1. Motion-compensated interpolation with time step 7 referred to the evo-

lution of the intra-coded key frames.

where d(7) = [dy(7), da(7), d(7)]T. vi(7) = [21(7), p21(7) +
22(7), p?21(7) + pz2(7) + 2(7)]", v2(7) = w(7).

For a GOP of size N, we can generalize the previous discus-
sion obtaining the following matrices:

p 0 - 0
p>2 0 -~ 0
Finwny= o
pN 0 --- 0
Haxm=(1 1 --- 1)
1 p oo pjvil
VI(NXN):JZ : . . .
N-1 N_i_pj\uz Zflez(N i)

Vo(ix1) =F |v3

The matrix V7, is composed of zeros, because the noise terms
v1(7) and vo(7) are uncorrelated.

Going back to our original problem we want to obtain the
variances of the dlsplacement errors % 4, of the ith WZ frame

in the GOP. Let us consider d(r|r — 1), i.e., the estimation of
the state vector d(7) computed at time 7 with data available up
to time 7 — 1. Kalman theory states that it is possible to relate
the variance of the error on the state of the Kalman predictor
(Ad(7|r —1) =d(7r) — d(r|r — 1)) at time 7 with that at time
7 — 1 via the Riccati Differential Equation (RDE)

P(r+1)= FP(r)FT + Vi — K(7) (HP(r)H" + V3) KT

13)
where P(7) = FE[Ad(r|r — 1)AdT (7|7 — 1)] and the
Kalman gain K(7) is defined as K(7) = (FP(r)HT +

Vig)(HP(T)H™ + V5)~!. When the observation at time 7 is
available, in addition to those up to time 7 — 1, the variance
of the error on the state (Ad(7|r) = d(7) — d(7|r)) of the
Kalman filter must be considered, instead of the one of the
Kalman predictor

E [Ad(T|T)AdT(T|T)]

= Prine(7)

= P(r)=P(r)H [[HP(r)H"]+ V5] " HP(7).(14)
In (13), upon convergence, P(t+1) = P(7) = P. Substituting
P into (13), we obtain the Algebrical Riccati Equation (ARE)
and we solve by P. Values of the matrix me(r) upon conver-
gence are obtained substituting P in (14). Diagonal values of

matrix Pf,“ correspond to the variances of the dlsplacement er-
rors o2 Ad; of the WZ frames into the GOP. Intuitively, each o2 Ad;

Fig. 2. (a)-(c) Rate-distortion curves obtained with the proposed model. Each
plot indicates the values of p and o2 used to obtain the curves. (d)—(f) Rate-
distortion curves obtained for real test sequences Salesman, Coastguard, and
Foreman.

value represents the displacement error between the true motion
and the estimated motion for the 7th frame, which is needed to
compute (4). Then, the average rate can be computed according
to (1).

IV. EXPERIMENTAL RESULTS

In order to obtain realistic values of p and 03 to be used in the
model simulations, we computed them for some test sequences.
We performed motion estimation with 1/4 pixel accuracy and
we obtained the parameters of the AR(1) model (8) that best fits
the estimated motion vectors along the motion trajectories.

Fig. 2(a)—(c) depicts the rate-distortion curves obtained ac-
cording to (1), indicating the estimated parameters p and ofl of
the AR(1) model (8) for the test sequences. The curves are cal-
culated according to the following steps.

* Set the GOP size N, the motion estimation accuracy U,Lzu,
the state-space parameters (o2, p) and the spatial spectral
density function (we use the isotropic PSD ¢ss(A) sug-
gested in [4].)

* Obtain the displacement error variances o3 4, by com-
puting the trace of the matrix in (14).

* For each value of 6:

— Compute R!(6), D!() for the first frame of the GOP
(intra-coded key frame) using (3) and (2).
— For each Wyner-Ziv frame ¢ = 2,..., N.
e Obtain the power spectral densny of the prediction
error ¢, (A), given 03xq, and ¢ys(A).
* Compute the rate-distortion point corresponding to 6
using (6) and (7).
— Compute the average rate-distortion point according to
().

The INTER curve is obtained with (6) and (7), where 0%, =
M?/12 (M = 4) regardless of the frame index, as explained in
Section II.

Fig. 2(a)—(c) shows that motion-compensated interpolation
is unable to achieve the coding efficiency of conventional mo-
tion-compensated prediction at the encoder for the studied se-
quences. Therefore, the lack of the original frame when gener-
ating the side information introduces a coding efficiency loss.
In addition, the optimal GOP size might depend on the target
distortion. At high bit-rates, shorter GOP sizes are usually pre-
ferred. In fact, high frequencies are preserved, and accurate dis-
placement estimation is needed to reduce the energy of the pre-



628

diction error. As the GOP size increases the displacement error
variance also increases, thus impairing the accuracy of displace-
ment estimation. Nevertheless, at low bit rates, quantization fil-
ters out high frequencies, therefore a higher displacement error
variance can be tolerated. This implies that the GOP size can be
increased to reduce the number of intra-coded key frames. The
optimal GOP size depends on the underlying motion statistics.
For sequences characterized by simple and temporally coherent
motion like Salesman, the proposed model suggests that the op-
timal GOP size can be as large as 16 to 32 frames. As the mo-
tion complexity increases (o3 increases), and the motion tem-
poral coherence vanishes (p decreases), the optimal GOP size
can be as little as 1 to 2 frames [see Fig. 2(c)]. Therefore, for se-
quences characterized by complex motion like Foreman, it can
also happen that pure intra-frame coding (i.e., GOP size equal
to 1) outperforms Wyner—Ziv coding.

In order to validate the proposed model, we obtained the rate-
distortion functions for some test sequences (Salesman—192
frames, Coastguard—128 frames, and Foreman—192 frames)
at QCIF resolution and 15 fps. Results are provided for H.264/
AVC, using either I-slices (I-I-I) or P-slices (I-P-P, GOP size
32). For the other curves, we adopted the motion-compensated
interpolation algorithm described in [10], where the minimum
block size is set equal to 4 x 4.

In order to isolate the impact of the generation of the side in-
formation alone, we replaced Turbo coding with conventional
DCT-based intra-frame entropy coding of the prediction resid-
uals as in H.264/AVC. Therefore, we are providing results for
a pseudo DVC-based coding architecture, where other design
parameters that might affect the coding efficiency (i.e., correla-
tion channel estimation, stopping criteria for Turbo decoding,
encoder side rate-control) are explicitly singled out. In other
words, the results provided can be interpreted as upper bounds
that can be achieved if channel coding tools match the same per-
formance of conventional entropy coding, when the formers are
used for source coding.

By comparing Fig. 2(a)—(c) with Fig. 2(d)—(f), we notice
that coding efficiency of motion-compensated interpolation
at the decoder falls in-between intra and inter-frame coding.
Sometimes, it also falls below the intra-frame coding curve
for long GOP sizes and sequences characterized by complex
motion. Nevertheless, the coding efficiency of inter-frame
coding is never achieved, suggesting that the lack of the cur-
rent frame when generating the side information introduces a
significant coding efficiency loss with respect to conventional
motion-compensated predictive coding. In addition, the pro-
posed model provides a quite accurate indication of the optimal
GOP size for each of the tested sequences (16 for Salesman,
4 for Coastguard and 1, i.e., pure intra-frame coding, for
Foreman). The difference between different GOP sizes can
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be better appreciated at high bit rates, as suggested by the
proposed model.

V. CONCLUSIONS

In this letter, we propose a model that describes the rate-dis-
tortion characteristic of DVC-based coding schemes that per-
form motion-compensated interpolation at the decoder. Both the
model simulations and the experiments on real video sequences
show that the coding efficiency of motion-compensated predic-
tive inter-frame coding is not achieved. This is due to the fact
that the lack of the original frame introduces a displacement
estimation error, which is not only limited by the finite accu-
racy of motion vectors. We showed that the displacement error
depends on the GOP size and on the intrinsic motion charac-
teristics of the sequence. In addition, the proposed model pro-
vides a good estimate of the optimal GOP size. We argue that the
combined use of motion-compensated interpolation with other
coding tools (frame hashes, motion refinement, etc.) might par-
tially bridge the gap observed in this letter. This is a subject of
current investigations.
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